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Preface

One theory is the most impressive,
the simpler are its premises,
the more distinct are the things it connects,
and the broader is its range of applicability.

Albert Einstein

There are two ways to teach some topic of modern science, namely:

1. the systematic theoretical form and
2. the application-oriented way.

The first means a systematic presentation of the material, governed by the desire for
perfection (from a mathematical point of view) and completeness of the presented
results. In contrast to the first, the second approach begins with the question “What is
the most important application of the considered topic?” and then tries to answer this
question as quickly as possible without wandering all the good and possibly interesting
side roads.

The present book is based on both methods, giving the mathematically precise
foundations of mechanics as a natural science, complemented by several practical ex-
amples that illustrate the basic enunciations under consideration. The reader feels that
the theory is being developed, not only by itself, but by the effective solution of con-
crete problems. This course deals with different kinds of mechanical, electrical, and
electromechanical models providing deep analysis of each one, including the corre-
sponding numerical calculations.

This book is aimed at graduate students (Masters and Doctorate) of the Electrical
Engineering faculties, studying mechanics, mechatronics, and control, who wish to
learn more about how the elegant theory of classical and analytical mechanics solves
different problems that arise in the real world.

The modern word “mechatronics,” also called mechatronic engineering, is a mul-
tidisciplinary branch of engineering that focuses on the engineering of both electrical
and mechanical systems, and also includes a combination of robotics, electronics,
computer science, telecommunications, systems control, and product engineering. As
technology advances over time, various subfields of engineering have succeeded in
both adapting and multiplying. The intention of mechatronics is to produce a design
solution that unifies each of these various subfields. Originally, the field of mechatron-
ics was intended to be nothing more than a combination of mechanics and electronics,
hence the name being a portmanteau of mechanics and electronics; however, as the
complexity of technical systems continued to evolve, the definition was broadened to
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include more technical areas. Many people treat mechatronics as a modern buzzword
synonymous with robotics and electromechanical engineering.'

The presented material is based on more than 25 years of teaching experi-
ence of the author, initially in Russia (Technical Institute of Physics of Moscow
[MFTI] during 1979-1993) and then in Mexico (Center for Research and Ad-
vanced Studies of the IPN [CINVESTAV], Automatic Control Department, Mexico
City, during 1993-2018). The fundamental concepts of this course were created by
world-renowned scientists such as F.R. Gantmacher, M.A. Aizerman, and E.S. Pyat-
nickii and later developed by I.P. Devyaterikov, G.N. Yakovenko, N.M. Truhan, and
Yu.l. Khanukaev.

The author would like to express his wide thanks to his colleagues from MFTI
(Russia) and his Mexican ex-PhD students (now doctors) J. Medel, J. Correa-Martinez,
Daishi Murano, F. Bejarano, M. Jiménez, and 1. Chairez for their kind collaboration
and help in the creation of this manuscript.

Alex S. Poznyak
Mexico City and Avandaro, Mexico
2020

! The word mechatronics originated in Japanese-English and was created by Tetsuro Mori, an engineer of
Yaskawa Electric Corporation. The word mechatronics was registered as trademark by the company in
Japan with the registration number “46-32714” in 1971. However, afterward the company released the
right of using the word to public, the word begun being used across the world. Nowadays, the word is
translated into many languages and the word is considered as an essential term for industry.



Notation

Scalars

Scalars are the elements of the real (R) or complex (C) fields and are denoted by
lowercase letters in italics, for example, a, b.
Given the scalar a, |a| represents its absolute value if a € R and its module if a € C.

Vectors

The vectors are denoted with bold letters, for example, a, K.

The unit vectors in the Cartesian coordinate directions x, y, z are represented re-
spectively by i, j, k.

Given the vector a, its magnitude is denoted by a, or |a|.

(a, b) denotes the internal or scalar product of vectors a and b.

[a, b] denotes the vector product of vectors a and b.

:;,T) denotes the smallest angle between the vectors a and b.

a || b indicates that the vectors a and b are parallel.

a L b indicates that the vectors a and b are orthogonal.

AB denotes the segment with extreme points A and B.

g denotes the gravity acceleration vector.

ZAOB is the angle in the triangle A O B with the vertex in O.

Matrices

The matrices are tables, represented by uppercase letters in italics, for example,

,,,,,

Given the square matrix A, its determinant is denoted by det A and its trace by trA.
Given matrix A, its transpose is represented by A” = ||aj; .
Ker(A) denotes the kernel of matrix A, i.e.,

Ker(A) ={x: Ax =0}.
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Functions

To represent the functions, the letters are used according to the type to which the value
of the function belongs, for example,

fi:R— R, f>:R"— R,
g :R— R", g :R"— R"™,
A1:R— R™™, Ay:R®— RV,

where n, m are positive integers.

Derivatives

a, a indicate the first and second time derivatives of vector a.
For the real function f (r) : R” — R the following notations are used:

first derivative or gradient,

LY
r

ary’ orp’ T,

second derivative matrix or Hessian,

2 f 9% f 2f ]
drdr,  ardry  dridrm
Ok ?f B P
sl = V2f=| ordr  9rdr aradry
2 f 9% f 9% f

L 9rndr1 drndra  drgdr, |

The derivative of the vector function g (r) : R” — R™ is the functional matrix given
by

do ds B
8}’1 8}”2 arn
dg_| 0 dm de
ar ary arp ary
Bgm dgm . Ogm

ary orp ory
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Quaternion

A quaternion is a complex number of the form

3
A=do+ Y Ajij=ho+A,
j=1

where A; (i =0, ..., 3) are real numbers and i; are imaginary units that satisfy certain
conditions.'
The product A o A of two quaternions A = Xg + A and A = §p + § is defined as

Ao A:=Xxody— (A, 8) + rod + Soh + [A, 8],

where (A, §) is the scalar and [A, 8] is the vector product.

Quadratic forms

We have

n n
2.
1% :=xTQx =) > gijxix;,

i=1j=1

Q = ”('Iif ||i:1,.4.,n; j=l,...n"

! Recall that when Hamilton passed from complex numbers to quaternions, multiplication lost one of its
normal properties: commutativity.
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Introduction

Several good books dedicated to physical, mechanical, electrical, and electromechan-
ical models are well known within the area of technological sciences. Among them
we can quote (Rutherford, 1951), (Becker, 1954), (Seely et al., 1958), (Corben and
Stehle, 1960), (Kittel et al., 1968), (Symon, 1968), (Landau and Lifshitz, 1969), (Gant-
makher, 1970), (Barger and Olsson, 1973), (Kibble, 1973), (Titherington and Rimmer,
1973), (Lawden, 1974), (Bartlett, 1975), (Burghes and Downs, 1975), (Abraham and
Marsden, 1978), (Devaney and Nitecki, 1981), (Takwale and Puranik, 1979), (Gold-
stein, 1980), (Kotkin and Serbo, 1980), (Aizerman, 1980), (Desloge, 1982), (Hestenes,
1986), (Fowles, 1986), (Arnold, 1989), (Matzner and Shepley, 1991), (Marsden,
1992), (Chow, 1995), (Barger et al., 1995), (Bhatia, 1997), (Arya, 1998), (Kwatny and
Blankenship, 2000), (Kibble and Berkshire, 2004), (Fowles et al., 2005), (Deriglazov,
2016), (Torres del Castillo, 2018).

This book differs from the aforementioned books in different aspects. Maintaining
the precise and rigorous form of mathematical explanation, this book is basically
oriented towards readers in the engineering area, while the above cited classical
books are aimed at specialists in the fields of theoretical and mathematical physics.
In this book the most discussed models of practical systems (gyroscopes, robots, and
some electrical schemes, in particular, power converters) are considered in details.

The discussion of the contents of the book is presented below.

The Lagrangian formalism is presented in Chapters 1-9.

The study of the kinematics of a point as in Chapter I has the purpose of obtaining
the expressions that describe the temporal behavior of its position, speed, and accel-
eration. This chapter introduces the necessary basic concepts and shows how these
expressions are deduced. A fundamental aspect of the subject is that concerning the
coordinate system used, since the obtained mathematical expressions depend on it. In
view of the fact that the most natural system and therefore the employed one is the
Cartesian system, the generalized coordinates are defined based on this system. The
corresponding relationships that allow the transformation of the kinematic quantities
between different types of coordinates are obtained.

In Chapter 2 the concept of rigid body is introduced and quite general expressions
are obtained for the description of the kinematics of this mechanical entity. A funda-
mental tool for the study of the kinematics of the rigid body is Euler’s theorem, with
which important concepts such as angular speed and acceleration appear, and which
allows the calculation of the speed and acceleration of any point of the rigid body. In
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particular, this method can be extended to the case of the movement of a point in the
presence of a mobile relative coordinate system. This topic is addressed in the final
section. The description of rotations, using quaternions as generalized coordinates, is
also considered.

The motivation of Chapter 3 is the study of the relationship between the kinematic
quantities of a point system and their causes, that is, the forces. This study leads to the
introduction of important concepts, such as kinetic energy, momentum, impulse mo-
ment, and force moment, which will allow obtaining very important relations between
them.

The relationships obtained in the previous chapters are based on the consideration
that the “absolute reference system” is not accelerated. Systems in which this con-
dition is met are called inertial. In Chapter 4 the dynamics of non-inertial systems
are analyzed, that is, systems whose “absolute reference” undergoes an acceleration.
Another aspect of this chapter deals with the case when the mass is admitted to be
variable, which is another aspect of this chapter.

In Chapter 5 we continue with the study of the dynamics of solid bodies. The dy-
namic equations corresponding to the rotation of bodies and referred to as the dynamic
Euler equations are obtained. To do that, a fundamental concept of the geometry of the
solids is introduced, namely, the inertia tensor, which is key in the description of the
equations sought. The inertial tensor will allow calculating fundamental quantities
such as kinetic energy and impulse moment with reduced expressions. In the central
part of the chapter, the proposed objective is achieved, once some main properties of
the inertia tensor have been stated. The chapter concludes with the application (not
trivial, but very productive) of Euler’s equations to the study of special movements
such as the gyroscope and dynamic reactions. Some examples and exercises illustrate
the presented theory.

Newton’s second law and Euler’s dynamic equations are the formalism that allows
to obtain the equations of movement in mechanical systems; however, their applica-
tion is usually complicated if the geometry of the movement is not simple and/or by
the presence of restrictions to it. The Lagrange equations, whose study is addressed in
Chapter 6, are an essential tool for these cases, since they naturally include the con-
straints, in addition to being based on the concept of generalized coordinates, which
allow describing the dynamics in terms of the variables, associated with the degrees
of freedom of the system. This particularity also makes it possible to apply the same
formalism to electrical and even electromechanical systems. A fundamental part of
the Lagrange equations are the generalized forces, which characterize (constitute) the
essential part of these equations.

In dynamic systems in general and in mechanical systems in particular, the deter-
mination of equilibrium positions and their quality of stability are traditional problems
of fundamental importance, which to date have been partially resolved. In Chapter 7,
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based on the concepts and results obtained up to this point (such as coordinates and
generalized forces), the study of these topics is addressed and the most important re-
sults are reported. As will be seen, the most developed theory is that dealing with
conservative systems, which occupy most of the chapter.

The Lagrange equations are an invaluable tool in determining the important prop-
erties of mechanical systems. The application of these equations and the study of the
consequences derived have been the object of the two preceding chapters. In Chap-
ter 8§ one more application is presented to the study of the important properties of
small oscillations of a system around the points of its equilibrium. By the usual tech-
nique of linearization around a point of equilibrium, the Lagrange equations can be
approximated by a linear expression that describes in sufficient detail the dynamics
of the system in a neighborhood sufficiently close to the point of interest. In this ap-
proximate expression all known techniques for linear dynamic systems can be applied,
leading to very useful conclusions. In addition, if the considered system is restricted
to being of the conservative type, then the expression is reduced, which allows to
characterize and calculate its solutions in a very simple way.

In Chapter 9, the study of the linear systems obtained from the process of lineariza-
tion of the Lagrange equations is continued. This continuation covers two aspects:
first, the consideration of non-potential forces dependent only on time allows the use
of the important tool of Fourier transformation, which leads to the consideration of the
frequency response of the system; second, dissipative systems are considered, which
generalize to those of conservative type and allow the introduction of the concept of
asymptotically stable equilibrium, extending the previously discussed idea of equilib-
rium.

The Hamiltonian formalism is presented in Chapters 10 and 11.

In Chapter 10, conservative systems are considered and generalized impulses are
introduced. Hamilton’s variables are also considered and it is demonstrated that they
can completely describe the dynamics of a system in the canonical Hamiltonian for-
mat. Some properties of these canonical equations are studied as well as their first
integrals.

The canonical transformations of the dynamic variables, describing Hamiltonians
in new variables, are considered in Chapter 11. Several criteria of canonicity (such as
the S-criterion) is studying. The Hamilton—Jacobi (HJ) equation (partial differential
equation) that corresponds to Hamilton’s canonical equations (the system of ordinary
differential equations [ODEs)) is also considered.! Its complete integrals are found.
The considered technique allows to find the solution of the canonical Hamiltonian
equation without direct resolution of the corresponding system of ODEs, but resolv-
ing only the system of special nonlinear algebraic equations. This chapter also shows
the relation between the HJ equation in mechanics of conservative systems and the
dynamic programming method in optimal control theory.

I It is named after William Rowan Hamilton and Carl Gustav Jacob Jacobi.
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Some models of electromechanical systems (such as a robot of the PUMA type,
the pendubot, DC and induction motors, and also a power converter) are developed in
Chapter 12.

The formulations of the majority of the presented exercises have been taken from
(Pyatnickii et al., 1996).

The basic idea of this book is to build a bridge between theory and practice
related to mechanical, electrical, and electromechanical systems.
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The study of point kinematics has the purpose to obtain the expressions that describe
the temporal behavior of its position, speed, and acceleration. This chapter introduces
the necessary basic concepts and shows how these expressions are deduced. A funda-
mental aspect of the subject concerns the coordinate system used, since the obtained
mathematical expressions depend on it. In view of the fact that the most natural system
and therefore the employed one is the Cartesian system, the generalized coordinates
are defined based on this concrete system. The relationships that allow the transforma-
tion of the kinematic quantities between different types of coordinates are obtained.

1.1 Products of vectors

In the following presentation two operations on vectors are defined. The product, being
one of the most interesting both in its scalar and in its vectorial mode, and its most
important properties are obtained.

Classical and Analytical Mechanics. https://doi.org/10.1016/B978-0-32-389816-4.00012-0
Copyright © 2021 Elsevier Inc. All rights reserved.
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1.1.1 Internal (scalar) product

Fig. 1.1 illustrates the details of the following two definitions related to the so-called
internal or scalar product.

A

)

a

comp?

| |
Figure 1.1 The projection of the vector b to the direction of another vector a.
Definition 1.1. For the two vectors a and b, the component compg of b over a is
defined as
compp :=bcos (a,b). (1.1

Definition 1.2. The internal or scalar product (a, b) of vectors a and b is the scalar,
defined as

(a,b) :=abcos (a/,T)) = acomp?. (1.2)

The main properties of the scalar product (1.2) are described in the following
lemma.

Lemma 1.1 (The main properties of the internal or scalar product). Let a, b, ¢ be
vectors in R3.

1. Commutativity: We have
(a,b) = (b, a).

2. Distributivity: We have
(a,(b+c¢))=(a,b)+(a,c).

3. Criterion of parallelism: If a, b # 0, then

ab —1, ifand only if the vectors a and b are antiparallel.

(a,b) : 1, if and only if the vectors a and b are parallel,
4. Orthogonality criterion: If a, b # 0, then
(a,b)=0

if and only if the vectors a and b are orthogonal, that is, a L b.
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5. Magnitude (length) of a vector: This is defined as
a=+/(a,a).
Proof. Both vectors a and b have the following representation:

a=ay ki +ag,ks +agks,
b= bqlkl + bq2k2 + bq3k3,

where the unitary vectors ki, ko, k3 satisfy the relation

(ki kj) =i ;

1, i=j,
5i.j = =l =123,
0, i#}],

referred to as the Kronecker symbol. So,

(@, b) =agq,bg, +aq,bq, + ag;by;.

(1.3)

(1.4)

(1.5)

Properties 1, 3, 4, and 5 immediately follow from the definition. As for property 2, it

results from the projection property:

(a, (b+¢)) = acompPT¢ =g (compg + compg) =(a,b) + (a,c).

O

Remark 1.1. By the definition (1.2) and properties 1 and 2 it follows that the scalar

product is a bilinear operation.

1.1.2 Vector product

Now we present the basic concepts related to the vector product, whose details are

illustrated in Fig. 1.2.

c=[a,b]

Figure 1.2 Vector product of two vectors a and b.
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Definition 1.3. For a, b € R? their vector product, denoted by
c:=[a,b],

is defined as the vector which is orthogonal to the plane, formed by a and b, with the
direction of the advance of a right screw that follows the rotation of a to b and with
the magnitude

c=absina, (1.6)

where @ :=a, b.

As can be seen from Fig. 1.2, the area of the parallelogram, formed by a and b, is
given by

A=ah,

with
h =bsinca,

that is,
c=A=|[a,b]|.

From the definition of the vector product it is possible to obtain several conse-
quences, which are given in the following lemma.

Lemma 1.2 (Properties of the vector product). For any three vectors a, b, ¢ € R3 the
following properties hold:

1. Anticommutativity, i.e.,
[a,b] = —[b, a].

2. Distributivity on the sum, i.e.,
[a,(b+c¢)]=[a,b]+[a,c].

3. Criterion of parallelism: If a, b # 0O, then
[a,b]=0

if and only if a and b are parallel.
4. Orthogonality criterion: If a, b # 0, then

la.bll
ab

if and only if a and b are orthogonal.
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5. Vector products between the unit vectors: If the unit vector system (K1, Kz, Kk3),
associated with the generalized coordinates q, is orthogonal and has the configu-
ration as in Fig. 1.3, then

ki, ko] =ks, [ko, k3] =k, [k3, ki]=Kk;.

Figure 1.3 Right orthogonal system.
6. Explicit formula: If

a=ay ki +ag,ks +agks,
b= bql k| + qukz + bq3k3,

then

[a,b] = (aqzbqs - aq3b(12) ki+ } (1.7)

(a‘Bb(II - amb%) ky + (aqlqu - aﬂnbm) k3

making use of the determinant concept matches as

ki ky k3
[a,b] = |lag, aq, ag,
by, bg, by

Proof. Properties 1, 3, 4, and 5 are obtained directly from the definition of the vector
product. The demonstration of property 2 is left as an exercise to the reader, while
property 6 follows immediately from properties 1, 2, and 5. O

Remark 1.2. Again, it is easy to follow the definition (1.6) and properties 1 and 2 and
verify that the vector product is bilinear.

In the following definitions three vectors are involved, so the considered operations
are referred to as triple products.

Definition 1.4. Given vectors a, b, ¢ € R3, the scalar
(a, [b, c])

is called the triple scalar product, while the vector
[, [b, cl]

is called the triple vector product.
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1.1.3 Main properties of triple products

The following lemma presents some useful properties of triple products.

Lemma 1.3 (Properties of triple products). For any vectors
a,b,ceR?
the following properties hold:
1. Alternate formula of the triple scalar product: Under the condition of orthogonal-

ity of the unit vectors (K1, ko, K3) by the representation

a= aq1k1 + aq2k2 + aq3k3,
b = by K1 + by, ko + by k3, (1.8)
¢ =cq k1 + ¢y ko +cy5k3,

it follows that

dq1  dqy  dgs
(a,[b,c]) =det|by, by, by - (1.9)
a1 Cq Cq3
2. Cyclic rotation of the triple scalar product: We have
(a, [b, c]) = (b, [¢, a]) = (¢, [a, b]). (1.10)
3. Alternate formula of the triple vector product: We have
[a,[b,c]]=b(a,c) —c(a,b). (1.11)
4. Jacobi’s identity: We have
[a, [b, ¢]] + [b, [c, a]] + [c, [a, b]] = 0. (1.12)

Proof. By (1.5) and (1.7) we have

(a,[b, c]) =qq, (qucfb - bqacﬂ) +

Agp (bq3cq1 - bqucqs) +ag; (bqucqz - bq2CQI) )
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which coincides with (1.9). Property 2 follows immediately from the property of the
determinants. To show property 3, note that
ki k> k3
[a, [b,c]] = dq, ) Ags
bgyCqs — bysCqy  bgsCqy — bgiCqz bygiCqr — byycq,
= [blh (agy¢4, + agscqs) — cqy (agsbg, + ag; 43)]
[64, (ag,cqi + dags¢q5) — g, (ag by, + agsbg;) ko
( Jks

[bgs (ag cqr + agycq,) — cqs (ag by, +ag,by,)

+

+

(1.13)
and
b(a,¢c) —c(a,b) =

(bg K1 + by, K2 + by K3) (ag, cqy + ag,Cqr + agsCqs)

— (cq K1 + ¢, ka2 + ¢4;K3) (aq,bg, + ag,by, + agsbg;) =

[6g, (ag,cqi +agycq, +agscq;) = cq, (aq g, + agbg, + agsbg;) ki

+ [qu (agicq, + agybg, + agycq;) — co, (aqlbql + ag,by, + a%b%)] ko

+ [bys (aqi cqy + agycqy + agscq3) = cqs (aqibgy + agybg, + agsbg;) 1 Ks.
(1.14)

Direct comparison of (1.13) with (1.14) leads to (1.11). The application of property 3
to the left-hand side of (1.12) implies

[a, [b, c]] + [b, [c, a]] + [¢, [a,b]] =
b(a,c) —c(a,b)+c(a,b) — (b,c)a+ (b,c)a—b(a,c) =

O
Remark 1.3. If in formula (1.11) we put ¢ = a with a # 0, then we get
7b b b’
bz(az)a—i—[a [za”, (1.15)
a a

that is, any vector b can be represented as a linear combination of a vector a and the
vector which is perpendicular to a being contained in the plane formed by a and b.

The following exercise demonstrates the effectiveness of the direct application of
formula (1.15).

Example 1.1. Consider the following system of four algebraic equations with respect
to the components of the vector r € R3:

(r,a)=m,
[r,a]=b,



8 Classical and Analytical Mechanics

where vectors a, b € R? and the scalar m € R are supposed to be given. We need to
find r. Taking in (1.15) b =r we get

_ (a, r)a+ [a, [r, a]] _m . [a, b]

- 2 2 a2 2 "

a a a

1.2 Generalized coordinates

1.2.1 Different possible coordinates

Let p be a moving point in space and let r(¢) be the vector that describes its position at
time ¢ with respect to some given reference system. The description of r can be carried
out in as many ways as possible with the reference system. Within these descriptions,
the most used reference system is the Cartesian system, but in certain problems it may
be more natural to use others, for example, representations in cylindrical or spherical
coordinates. In Fig. 1.4 these three types of description and their relationships are
shown.

(X,y,2) Cartesian

(p,9,2) Cylindric
(r,9,8) Spheric

| —
/ e

~
~

P
I
|
I
|
|
I
I
|

Figure 1.4 Cartesian, cylindrical, and spherical vector representations and their relations.

1.2.2 Definition of generalized coordinates

The relationship between different vectorial descriptions of the position of the point p
has special importance in the derivation of the expressions that describe its movement,
such as the expressions of position, speed, and acceleration.

Definition 1.5. A triad of numbers q = (g1, g2, ¢3) that allow to uniquely specify the
position of a point p in space is said to form a set of generalized coordinates of p.
The set of generalized coordinates q of all points of a system in space is called the
coordinate system corresponding to the generalized coordinates q.

It is clear that the Cartesian coordinates form a system of generalized coordinates
too.
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1.2.3 Relationship of generalized coordinates with Cartesian

Criterion 1.1. The set of all possible triads q = (q1,q2,q3), where q; € S; € R
(i =1,2,3), forms a generalized coordinate system if and only if there is a one-to-
one relationship between the Cartesian descriptionr = (x, v, z) of each point p € R3
and a triad q = (q1, 42, q3)-

In other words, the previous definition states that set
S:={a=(q1.92.43), €S SR, i=123)Ck’

forms a generalized coordinate system if and only if the mapping

r:S—R?
given by

r=r(q) (1.16)
with

r=(x,y,2)7 (1.17)

constitutes a one-to-one transformation.
The following criterion characterizes this transformation.

Lemma 1.4. A vector functionr (q) : R3 — R3 is a one-to-one smooth transformation
if and only if the derivative of v, called the Jacobian matrix of x, given by

ary ar;  0rp
dq1  9q2  9g3
or drp  drp O

0" |91 g2 Oqs
ary  drz  0r3

g1 g2 g3

is not singular, which in turn is satisfied if and only if for all x, y, and z

or
det(—) £0. (1.18)
aq

The existence of the transformation (1.16) ensures that the Cartesian coordinates
of a point p can be determined from the triad q by some functions

x=x(q1,92,93), Y=yq1,92,93), z=2(q1,92,93).

If a set of coordinates has the property (1.18), you can easily derive the expressions
that describe the kinematics of the moving point they represent from those correspond-
ing to the description in Cartesian coordinates and vice versa. This derivation requires
some concepts, which are introduced next.
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Definition 1.6. Suppose that in the transformation (1.16) two constant generalized
coordinates are maintained and the other one is allowed to vary; the generated curve
is known as the coordinate curve corresponding to the variable coordinate, and the
direction that such a curve follows when the coordinate increases is said to be its
positive direction. A system of generalized coordinates is called rectilinear if its
coordinate curves are straight; if they result as curves, then it is called curvilinear.

The coordinate curves make it possible to determine the unit vectors of the gener-
alized coordinate system in question. The unitary vector, corresponding to the coordi-
nate g;, i = 1,2, 3, is given by the positive direction of the tangent to the coordinate
curve corresponding to g;. This concept is formalized in the following two definitions.

1.2.4 Coefficients of Lamé

Definition 1.7. The values

ax\2  [ay\> [ 8z)\>
:\/(_x> +<_y) +<_Z), i=1.2.3, (1.19)
aq; ag; 9g;

are called the Lamé coefficients corresponding to the generalized coordinates q.

or

H,‘ = |
9gi

Definition 1.8. The vectors

1 or .
kii=———, i=1,2,3, (1.20)
H; 9q;

are referred to as the unit vectors of the generalized coordinate q.

The defined unit vectors constitute the base in the space of the generalized coordi-
nate (. Note that in general these bases are not orthogonal; besides, they vary from one
point to another. For this last reason they are known as local bases. By the previous
concepts, given a system of generalized coordinates q, the representation of a generic
vector p with respect to this system is given by

P = pg ki + pg. k2 + pys ks, (1.21)

where p,;,i =1,2,3,is the component of the point p on the coordinate g;.

1.3 Kinematics in generalized coordinates

The concepts introduced up to now allow to obtain in a simple way the expressions
for the speed and acceleration of a mobile particle p, when the description is made in
the generalized coordinates q.
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1.3.1 Velocity in generalized coordinates

Let r (#) be the vector that describes the position at time ¢ of the moving point p in the
Cartesian coordinate space. The velocity v of the point p is defined as the temporal
derivative of the position vector r (¢):

dr
vVi=—.
dt
Now let a system be given in generalized coordinates . Then there is a transformation
r(t) =r(q())

such that, by the rule of chain differentiation,

dr(q(t)) o + o, + o, (1.22)
V= — =—q1+—q2+ —43, .
dt 9q1 0q2 g3
where

) dg; .

qi::%, i=1,2,3.

Now, using the definitions of the coefficients of Lamé (1.19) and of the unit vec-
tors (1.20) for the coordinate system q, expression (1.22) can be rewritten in the form

3
v=>Hijik;, (1.23)
i=1
where

v, = Higi, i=1,2,3, (1.24)

is the component of vector v in direction k;.

Remark 1.4. The magnitude of v is given by
v=1+/(V, V), (1.25)

and by (1.24), if the system q is orthogonal, formula (1.25) is reduced to

(1.26)

1.3.2 Acceleration in generalized coordinates

The acceleration of point p is defined as the temporal derivative of its velocity vector,
that is,
_dv

=— 1.27
W= (1.27)



12 Classical and Analytical Mechanics

Since in the generalized coordinates, v is given by (1.22), the expression of w in these
coordinates is presented as

w d(Br_+8r, +8r,)
=—|—qa+—@p+—4¢),
dt a61!161 3612q 3613q

whose development leads to an expression of complex structure. A simpler expres-
sion can be obtained by an alternate method: note that in the generalized coordinate
system ¢, the acceleration vector w has an expression of the form

w = wy, ki + wg, Ko + wy;ks. (1.28)
In the case when the generalized coordinate system is orthogonal, satisfying
1, ifi=j,
(ki kj) =8;; == e,
0, ifi#j,

where §;; is the Kronecker symbol, the i-th component wy, (i =1, 2, 3) may be rep-
resented as

wy, = (ki, W), (1.29)

or, using the definition (1.20) of k;,

1 /0
Wy = — <_r, w) , (1.30)
H; \ 9¢gi
we may conclude that
ar dv
Hw, = —,— ). 1.31
i (3%' dl) (13D

The additional steps require some relationships, which are the subject of the following
lemma.

Lemma 1.5. The vector v (see (1.22)) complies with the following relationships for
alli =1,2,3:

ov ar

—_— =T, (1.32)
dg;  9gq;

d or _ av (1.33)
dtdq;i g '

aq;
Proof. Since r is not a function of ¢; and 8_61, = §;j, equality (1.32) follows directly
gi

from (1.22): [

3 2 .
a°r ar d0q; or
=> (— qj+ o q.’)=—, i=1,2,3.
0g;9q; dq; 9q; aqi
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Since in mechanics the function r = r(¢) during any admissible movement is assumed
to be smooth we have

9%r _ 9%r
dq;dq;  9qidq;’

which implies

Remark 1.5. The derivative of the scalar product of two vector functions f(¢) and
@(t) results in

d d d
5 (0. 0() = (Ef, (,,) n <f, E"’) ,

implying
d d d
f,—o|=—&0), @) — | —f, . 1.34
(m"’) = (). (1) (m w) (1.34)
As the result of (1.34), for the right-hand side of (1.31) we have
ar d d ( or d or (1.35)
—,—vV)=—|—,v]—-|——.,v], .
dq; dt dt \ 9g; dt 9q;
and, by the relations (1.32) and (1.33), it follows that
d (0 0
Huwg =~ v) = (. v). (1.36)
dr \ 9g; aqi

The following definition is required to obtain the desired final expression for wy,.

Definition 1.9. Consider a particle of mass m and velocity v. The amount

T .= %zﬂ = % (v, v) (1.37)

will be referred to as the kinetic energy of this particle.

Using the concept of kinetic energy with m = 1, formula (1.36) can be equivalently
represented as

H d (0T aT
W,y — — E—— -,
T dr \og 9qi
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which finally leads to

1 d (0T oT
ey _or 1.38
Ve =, [dr(aéﬁ) aq,} (13%)

In view of (1.38) and using the representation

w =+ (W, W), (1.39)

we get

3 2
1 [d [oT aT
S D Ay A B 1.40
v — H? [dt (3éi> 36]5} (140

keeping in mind that coordinate system q is orthogonal.

1.4 Movement in the cylindrical and spherical coordinate
systems

The importance of the concepts introduced before and the obtained relations are em-
phasized in the examples presented below.

1.4.1 Movement in cylindrical coordinates

The position of a particle in space is referred to using a cylindrical coordinate sys-
tem, as illustrated in Fig. 1.5. We need to get the expressions for the velocity and
acceleration vectors with respect to these coordinates.

T (0.9:2)

Figure 1.5 Representation of a point’s position in cylindrical coordinates.
Following the used notation, we have

qg1=p, q92=¢, q3=2,



Kinematics of a point 15

where
q1>0, 0<q»<2m, —00<q3<o00,
and from Fig. 1.5 it is easy to conclude that

X = pCcosg = q1cosqa,
ysing =qising, (1.41)
=43,

which defines the component transformation from Euclidian to the generalized coor-

dinates q. Using (1.41) and (1.19), it is easy to obtain the Lamé coefficients. Indeed,
the partial derivatives of functions (1.41) with respect to g1 are given by

0x ay . 0z 0
— =cosqy, — =singy, — =0,
9q1 9q1 9q1
which results in

Hi=1.

By the same manner, the partial derivatives of functions (1.41) with respect to ¢> and
q3 are

ox . ay z 0
- :_CI] Slnq27 —:ql C05q2y ~—— =Y
9g2 g2 9g2
0 0 0
Mo oo &g,
993 9g3 9g3
implying
Hy=q1=p
and
H;=1.

Having the expressions for the Lamé coefficients, the velocity components in the co-
ordinates q immediately follow from (1.24):

Vg =q1, Or Vp=0p,
Vg, = 4192, OF Uy = p@,
Vg3 =¢3, Or v;=2.

Substitution of these expressions in (1.26) in view of the orthogonality of the system q
implies that

v=1/p%+ p2p? + 2.
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This expression permits to calculate the kinetic energy (1.37), which for m = 1 results
in
1/, 2 22 -2
T= 3 ( +pT9"+2z ) .
By (1.38) we conclude that

o _d . 2 )
wq]—wp—E(p)—pcp =p =Py,

1 d<2.> 0 1<2..+ 2..) 256 + pi
w =W, = — —_— —_ = — = .
92 =5 ldr o 0 ppY T+ p-¢ PP T pY

d . .
wq3:wzza(z)—0:z.

1.4.2 Movement in spherical coordinates

Consider the same particle of the previous example, but now with its position referred
to using a spherical coordinate system (the situation is shown in Fig. 1.6). Get again
the expressions for velocity and acceleration vectors with respect to these coordinates.
Now the coordinates q are

q=r, @=¢, q3=0,

Figure 1.6 Representation of a point’s position in spherical coordinates.
where

120, 0<g<27m, 0=<g3=<m.
Using Fig. 1.6, we have the relations

Xx =rsinf cos¢ = g1 singz cos gz,
y =rsin6 sing = g sing3 singa, (1.42)

z=rcosf =g cosqgs,
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which, as can be easily checked, constitutes the coordinate transformation, so that q
composes a system of generalized coordinates. The partial derivatives of the functions
in (1.42) with respect to g are as follows:

ox . ay . . 0z
—— =singzcosgy, —— =singzsing,, —— =cosg3,
g1 9q1 9q1

which, according to (1.19), gives

H| = \/(sinq3 cosg2)? + (singz singz)? + (cosg3)* = 1.

Proceeding in a similar way, the partial derivatives of the functions in (1.42) with
respect to ¢» and g3 result in

0x . . dy . 0z

— = —qising3sings, —— =gqisingzcosqz, — =0,

992 g2 g2

0x ay . 9z .
—— =(g1€08¢g3C08q2, —— =¢g1C08qg3singy, —— = —q1Sings,
g3 9q3 0g3

which leads to

H, = \/(—ql sings singa)? + (g1 sing3 cos g2)*> = ¢ singz = r siné,

Hs = \/(ql €082 €08 q3)* + (g1 singa cos g3)* + (—q1 sing3)* = q1 =r.

The calculated Lamé coefficients and (1.24) allow to determine the components of
velocity with respect to the system q:

Uqlqu, or v =p,
Vg, =q1428ing3, or v, =r@sind, (1.43)
Vg3 =4q143, OF g =7r6.

The presentation (1.43) together with (1.26) (taking into account that this system of

coordinates q is orthogonal) permits to conclude that the magnitude v of the velocity
v is given by

v= \/pz + (r¢sinf)? + (;'9')2

and, by (1.37), we obtain the “kinetic energy” with m =1 as

I .
T =3 (6% +r7¢?sin?0+r%%).



18 Classical and Analytical Mechanics

Based on this representation and applying (1.38), we finally get the formulas for the
acceleration components in the spherical coordinates q:

d . .
Wg, :w,:E[)—rgb2sin29—r@zzi‘—r<gbzsin29+62),
1 [d (s,
qu :u)(p = S sing [E (r @ Sin 9) _O} =
r (¢sind +2¢6 cosd) + 2p¢sin, (1.44)
1[d .
Wq, =Wo = — [E (rzé) —r?¢? sin90059:| =
r
r(§—¢2sin9c059)+2,bé.

1.5 Normal and tangential accelerations

A particle in motion, in general, is subject to an acceleration that can be seen as con-
sisting of two perpendicular components: one tangential to the trajectory, responsible
for the change in the magnitude of the moving point speed, and another one normal,
characterizing its direction change.

Fig. 1.7 shows the directions of these accelerations and their relation to the trajec-
tory, where T and n are unit vectors in the tangential and normal directions, respec-
tively.

v //
T
p
n
k r \ Curvature
VP radius
\
\/ : y

i
X

Figure 1.7 Normal and tangential vectors to the trajectory.

In the orthogonal Cartesian system, formed by vectors 7 and n, the acceleration w
can be represented as

W = w;T + wyh, (1.45)

where, in particular,

_dv
Cdr’

We
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with v being the magnitude of the velocity at point p. Regarding the component wy,
its value is given in the following lemma.

Lemma 1.6. If the radius p of the curvature of the trajectory at point p is non-equal
to zero, namely,

p#0,

then the normal component wy of the acceleration w in the point p is expressed by
2
v
Wy = —. (1.46)
o

Proof. Since the normal component of the acceleration is only responsible for the
change in the direction of the velocity, to determine its normal component we may
consider that the magnitude of the velocity is constant.

v(t+At)

trajectory

p(t)

Figure 1.8 Speeds, radii, and centers of curvature in two different instants.

Fig. 1.8 shows a segment of the trajectory of the particle in Fig. 1.7 with the velocity
vectors and the radii of curvature in two instants of time: in instant # it is assumed that
the particle has velocity v (¢) at point A of the trajectory, where the radius of curvature
is denoted by p (¢) and its center is located at point Oq; at the second instant, t + At,
the particle is at point B with velocity v(z 4+ At¢) and the trajectory has radius of
curvature p(t + At) and its center at O,. The point at which the radii of curvature
intersect is denoted by O. Points A and C are on a circle with center O, so they are at
the corresponding distance from this center: A on p(¢) and C over p(t + At).

D
v(t)

AY T V(tHAL)
(a) (b)

Figure 1.9 The detail of the previous figure.

Part (a) of Fig. 1.9 shows in detail the triangle A D E formed by the velocities v(z)
and v(t + At), which is isosceles in view of the fact that the magnitude of speed
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remains constant. On the other hand, part (b) of the same figure shows in detail the
isosceles triangle AC O in Fig. 1.8. Clearly these two triangles are similar, and the
following relationship can be established:

DE AC
v A0’
where AC, DE, and A O represent the distances between the points in question. From

the previous relationship, dividing by the time difference and taking the limit when it
tends to zero, we get

. 1 AC
lim — =v lim ——.
At—0 At At—>0AO At
But
AC — As and AO — p (t) when At — 0,

where s is the displacement on the path made by the particle. These considerations
and the fact that

ds
v=—
dt

lead to the final expression

O

Although the test was done considering that the movement is planar, the above is
valid in the three-dimensional case, since in the limit the latter tends to the first.

The previous lemma involves the radius of curvature p of the trajectory. In the
following exercise useful expressions are given for the calculation of this important
element.

1.6 Some examples

Example 1.2. The ring in Fig. 1.10 moves with constant velocity of magnitude v on
the fixed wire whose configuration is described by the function

y=ax", a>0. (1.47)

Determine the components of the acceleration w experienced by the ring, as well as
its magnitude, as a function of the abscissa x.
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V-COHV

Figure 1.10 Ring moving with a constant magnitude speed.

Since the reference system is Cartesian, it is verified that
Ve =X, Uy=Yy
and
wy =%, wy=}.

Hence

V=x2+3% wr=i+y> (1.48)

The expression for x is obtained from (1.47), noting that
y=2axx. (1.49)

This expression, being substituted in the first relation (1.48), transforms it into
v = (1 + 4a2x2) )'62,

implying

) v?

= e (1.50)

The implicit temporal derivation of this expression, considering that v is constant,
leads to
4 2.2
PR i (1.51)
(1+4a2x?)

since X # 0 by (1.50). On the other hand, to obtain the corresponding function ¥ let us
derive (1.49):

o .2 .

y=2a (x + xx) .
This expression, after substitution of (1.50) and (1.51), becomes

2, 2
j=— (1.52)

B (1+ 4612)(2)2 .
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The determination of w is immediate once you have functions (1.51) and (1.52). Sub-
stitution of these functions in the second expression in (1.48) results in

2av?

W= ———+.
(1 +4a2x2)3/2

Example 1.3. A particle that moves in the three-dimensional Cartesian space in
Fig. 1.11 is subject to the acceleration given by

w(t) =[a,v(1)], (1.53)

z

o),

y
w=[a,v] a=const
X

Figure 1.11 Trajectory of a particle in a Cartesian system.

where a is a constant vector. Find the coordinates of the position as functions of time.
In view of the definition w = v the differentiation of (1.53) leads to

w=[a, V()] = [a, W],

where
i j k i j Kk
W=|ax ay a;|=| ax ay a (1.54)
Wy Wy Wy X y z

with i, j, and k as the unitary vectors in the directions of the coordinate axes x, y, and
z, respectively. From the development of expression (1.54) the vector components of
the acceleration derivative may be obtained:

Wy = X =ayZ —a;y,
Wy =Y =—a,Z+a;X,

W, =7 =a,J —ayX,

or in matrix form,

by 0 —a; a X
yi=| a; 0 —a||¥]. (1.55)
Z —ay ay 0 Z
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Using the notation

0 —a; ay X
A=\ a; 0 —al|, ©:=]|y]|,
—ay  ay 0 4

Eq. (1.55) can be rewritten as
©=40, ©(0) =0,

where @ is the initial condition for the acceleration vector. The solution of this linear
differential equation is given by

O (1) =exp (Ar) O,
which, after double integration, gives the solution of the initial problem:

x(t) t u
y(t) :/ O (t)dtdu =

Z(l) =0J7t=0

t u t u
/ / eXp(AT)d‘CdMG():A_lf / exp (At)d (At)du®g =
u=0J1=0 u=0Jt=0
t

t
A—‘/ [exp (Au) — 1] du® = A_zf [exp (Au) — I]d (Au) ©g =
u=0 u

A2 [exp (A1) — I — At] @ = [A*Zexp (Ar)— A~2 — A*‘t] 0.

Note that here matrix A is assumed to be invertible and the function exp (Af) is the
matrix exponent defined as

e¢]

1
exp (At) = Z a (ADk.

k=0

Example 1.4. Consider the particle from the previous exercise, whose acceleration is
given by

w(r) = [a,v(1)], (1.56)

with a as a constant. Show that in such a case the magnitudes of w(z) and v(z) are
constant.
By the condition (1.56) we have

dv(t)
w(t) = 5 = [a,v(D)]. (1.57)
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Multiplying scalarly both sides by v(#) and taking into account that vectors v(¢) and
[a, v(#)] are orthogonal, we get

(V(l‘), d:;(;)) =(v(t),[a,v(®)]) =0 forallr. (1.58)

But

avi)y 1d o ld 5 .
(V(t), 7) =57 (v(t), v(@®)) = EEU @) =v()v(1),

and in view of (1.58), it follows that v(¢) = 0, or equivalently, v(¢) is a constant. On
the other hand, deriving (1.56) leads to

dw(t) |:a dv(t)

and by the same reasoning we may conclude that

dw(t)
(w(t), T) = (w(t),[a,w()]) =0 V.

So,

(1) W) Ld (w(t), w(t)) Ld (1) (Hw)=0

w(t), =——(w(),w =——uw =w@®)w() =0,
dt 2dt 2dt

from which it follows that necessarily w(¢) is constant.

Example 1.5. A point moves following the elliptical path as in Fig. 1.12, in such a
way that the following restriction is met:

()¢ (1) =k. (1.59)

Ve
N4

P,e=const

r=
l+ecosg¢

Figure 1.12 Particle on an elliptical path.

If the equation of the ellipse is given by

P

= 1.60
1+ ecos¢ ( )

r
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with P and e as known constants, we need to find w, and wg as functions of r and ¢,
namely,

wy =wy (1, @), wy =wy (r,P).
Define

g =r, @=9¢,
where

r>0, 0<¢<2nm,
and by Fig. 1.12 we have

X =7rcos¢ =qjcosqa,
y=rsin¢g = q sing.

As can be verified very easily, these functions make up a one-to-one transformation,
and hence, the coordinates (7, ¢) form a generalized coordinate system. The Lamé
coefficients are now determined:

ax \? 3y \2
H,»:=\/(—x> +(—y>, i=12,
aqi ag;

and are given by

Hi =1 Hy=q,
taking into account that
X dy .
— =cosq2, —— =singa,
9q1

9q1
0x

, dy
—— = —q1811¢qg>, —— =(d1C08¢q2.
992

992

So, by (1.24), the velocity components are
vy, i=Higi, i=1,2,

or equivalently,
Vg =q1, O Uy =T,
Vg, =q142, O Uy = rq'ﬁ.

Since the coordinate system in question is orthogonal, the kinetic energy, with m =1,
is given by

1 . .
T=3v2 =5 (31 +4i33).

N =
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which allows the calculation of the components of the acceleration via expres-
sion (1.38):

1 [d /oT oT .
Wq; = T\ ) 5 | 1= 1, 2,
H; | dt \ 9g; 9qi

implying
Wy, =§1 — q1d43, or w, =F — ré?,
1dy/,. . . . . (1.61)
Wgy = q—la (6]1612> =2q192 + q1G2, Or wy =27 P +re.

On the other hand, in view of (1.59) we have

q3—k
=3

and by (1.60) it follows that

Pegsi .
F= _ Pegsing 5 = ir2¢sin¢> = k—esinqb.
(14 ecosg) P P

Combining these equations we get

. i 2k2e sing
= Dk~ =-""27

¢ r3 P 3

.. ked'Jcosd) k%e cos¢

yr = — = —

P P r?

Substitution of these relations into (1.61) leads to the final representation which we
are interested in:

k? 5 P k?
w,=—=|ecosp —— | =——,
TP r Pr? (1.62)

wy =0.
Example 1.6. Let the velocity v and the acceleration w be known. Determine the
expression for the calculation of the radius of curvature p. The sought expression can

be obtained in two different ways.
1) By the relation (1.15), taking

b=wanda=v,

we have

(v, w) [v, [w, v]]
=Tz Yt

’
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where the vectors v and [v, [w, v]] are orthogonal. Considering the representation
v=uvT

[w, v]]

. . v, . . ..
and taking into account that the vector [72 has the direction n, by (1.45) it is

v
concluded that the tangential and normal accelerations are given, respectively, by

(v.w)

Wy = (1.63)
v
and
Wy = I[v, [V‘; V]]| (1.64)
v
Here, applying (1.6), we have used the identity
[lv, [w, V]Il = v|[w, V]|,
and since vectors v and [w, v] are orthogonal too, we get
wy = 1YL (1.65)
v
Then, using the relation (1.46)
02
Wp = —,
P
we conclude that
3
v
p= . (1.66)
[[w, v]|

2) From the vector diagram of Fig. 1.13 and considering the Pythagorean theorem,
one has

wp =,/ w? —w2. (1.67)

Figure 1.13 Acceleration vector composition.
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Now, taking from the first solution the relation (1.63) and replacing it in the previous
expression, formula (1.67) can be rewritten as

2
, (v,w)
Wp =4/ W — ——— .
v
v2
Again using the representation wy = —, it allows to express the radius of curvature
1)
as
2
v
p=——. (1.68)
,  (vow)?
w2 —
V2

Although expressions (1.66) and (1.68), obtained in the previous exercise for the cal-
culation of p, seem different at first glance, they clearly must be equal. The following
steps show this fact. The following equality is verified:

v3 v?
|[Wa V]| s (V, W> 2
w2 —
2
Note that
2
vV, W _
{ 3 ) =wzcos2(v,w),
v
and hence,
2
V. W — . W,V
w? — v. w) =\/w2[1—cosz(v,w)]=w|s1n(v,w)|= I ]l,
v? v

which gives the desired result.

1.7 Exercises

Exercise 1.1. A point describes a circle of radius R. The acceleration of the point
forms a constant angle « (o 7 7/2) with its speed. Show that the speed of the point
increases by n times in time,

_n—1 R

ty, =

n vgcota’

if at the initial moment it equals vg.
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Exercise 1.2. The motion of a point in a plane is given in the polar coordinate system
by the components

1
V= —,
r }’2

1

vy = et a =const# 0.

Show that

r=ro+a(p—¢o),

2 1
-3
= — . e . :O
wy r <2+a2> Wy

r
if at the initial moment r (0) = ro and ¢ (0) = ¢o.

Exercise 1.3. The position of the point is determined by the dependence of its radius-
vector r on curvilinear orthogonal coordinates g1, ¢2, g3, namely,

r=f(q1.92,93) .

Assuming that the coordinates and their derivatives are known (measurable) at any
time ¢, show that the radius p of the trajectory curvature is

3
(z quf)
_ i=1
p= =120

() ()

i=1 "1 i=1

3/2

where
d o (1 3 (1S
Li=—— (5> HNqH| - — |5 HY?).
! dlaqi <2s_] sqs> 85]i (2 sqs

Exercise 1.4. Show that the unit vectors t, n, and b = [, n] of the accompanying
trihedron (7, n, b) as functions of the velocity v and acceleration w vectors are as
follows:

2

v V2w — (W, V) v [v,w]
T=—, D= ) = )
v v I[v, wlll v, wlll
supposing that

[v,w]=#£0, (t,v)>0.
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Exercise 1.5. When a point moves, the projection of its speed v on the O X-axis has
a constant value u. Prove that the relation

3

v . .
w = — (where p is the curvature radius)
up

is valid if and only if the trajectory of the point is a plane curve.

Although the speed and acceleration have been obtained by a similar derivation
process, they have very different characteristics. In particular, the acceleration is the
result of two very important acceleration components. The study of these elements
constitutes the motivation of the next chapter.
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In this chapter the concept of rigid body is introduced and fairly general expressions
are obtained for the description of the kinematics of this mechanical entity. A funda-
mental tool for the study of the kinematics of the rigid body is Euler’s theorem, where
important concepts such as angular speed and acceleration appear. This allows the
calculation of the speed and acceleration of the points of the body. In particular, this
method can be extended to the case of the movement of a point in the presence of a
mobile relative coordinate system. Matrix rotations and quaternions are addressed in
the final section.

2.1 Angular velocity

2.1.1 Definition of a rigid body

The following concepts are fundamental in this chapter.
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Definition 2.1. It is said that a set C of points in space forms a rigid body if

lra®) —rp@®)| = coPst for any points A, B € C, 2.1

where r4 () and rp(¢) are the position vectors of points A and B, with respect to some
reference point O. In other words, C is a rigid body if the distance between any of its
points remains invariant in time.

Definition 2.2. Suppose that C is a rigid body. Let the reference point O be such that

lra@®)| = colnst for any point A € C.

In such a case it is said that O is a pivot of the rigid body C. This situation is illustrated
in Fig. 2.1.

Figure 2.1 Rigid body with a pivot.

In physics, a rigid body is a solid body in which deformation is zero or so small it
can be neglected. The distance between any two given points on a rigid body remains
constant in time regardless of external forces exerted on it. A rigid body is usually
considered as a continuous distribution of mass.

2.1.2 The Euler theorem

The important movement in a rigid body in relation to a pivot is the rotation with
respect to this point. The following theorem characterizes this movement.

Theorem 2.1 (Euler). If O is a pivot of the rigid body C, there exists a vector @(t)
such that

%rA(z) =[w(t),ra(t)], YAeC, 2.2)

where 1 A(t) is the vector from the point O to the point A. It is important that @(t)
does not depend on the point A.

Proof. Since O is a pivot of C, we have

ra(t) = cotnst, VA eC,

and hence,

ri (t) = COPst,
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or equivalently,
(ra(®),ra@) = const.

The temporal derivative of this expression results in

d
7 (Ea@, 1) =0, 2.3)

where, by the properties of the internal product,

d

o (ra(), ra()) =2(xa(t),ra®)),
implying

(Fa(®),ra(1)) =0,

which means that the vectors r4(¢) and r4(¢) are orthogonal, and therefore, there
exists a vector @(¢) such that

f4(1) = [@(), ra(0)]. 2.4

Now, we need to show that w(¢) does not depend on the point A. By that reason, a
Cartesian coordinate system, originating in the pivot O and with respect to which C is
fixed, does not experience any movement. These conditions are illustrated in Fig. 2.2.
In this system of coordinates we have on one side

(1) = wx (Di(1) + oy () (1) + 0 (OK (1) 2.5

Z) 'S

%'
Figure 2.2 Rigid body with pivot O and a coordinate system fixed to the solid body.

and on the other

ra(t) =xai (1) + yaj (1) + zak (1), (2.6)
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with x4, ya, and z4 fixed as the coordinate system moves with C. So

d d d
A (1) =x4—1i(t —jt A—K (). 2.7
ra(t) XAdtl()4-yAdtJ()-FZAdt (1) 2.7
In view of the representations (2.6) and (2.5), for the right-hand side of (2.4) we obtain

(). ra()] =i(wyza — w;ya) +j (@ x4 — 0r24) + K (0xy4 — 0yx4)
=XA (wz.] - a’yk) + ya (0xk — ;i) + 24 (a)yi - wxj) )

(2.8)

where the dependence of ¢ has not been written in order to simplify the expressions.
Substitution of (2.7) and (2.8) in (2.4) allows us to obtain the following relationships:

Zi=w.j— ok,

dt

d, .

7 = wyk — w;i, (2.9)
d

—k = wyi — w,j,

dt Y

or equivalently,

d . d . d,
a)xz(k, EJ): a)y=<l7 Ek>7 a)zz(‘], El>7

which shows that to characterize w(t) it suffices to know the behavior of the unit
vectors of the chosen system located in the pivot, without any dependence on point A.
O

Definition 2.3. Given a pivot O of a rigid body C, the vector w(¢) that appears in Eu-
ler’s theorem, Theorem 2.1, is called the angular velocity of the body C with respect
to the point O, and the line, passing through O and coinciding with the direction of
w(1), is referred to as the axis of rotation.

Three interesting conclusions emerge from the previous theorem, which are listed
below.

1. Asexpected by (2.2), from (2.9) it is verified that

d d d
—i= " 5 —j= 5- 3 _k= 7k . 2.10
7 (@, ] 77 (@, j] yr (@, K] (2.10)
2. From (2.2) it follows that if @ # 0, then 14 = 0 if and only if A is on the axis of
rotation.

3. A coordinate system can be seen as a rigid body. It is clear that the origin of the
system is a pivot. Since a generic vector r referenced to this coordinate system
can be expressed in the form

r=rey,
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with ey as a unit vector in the direction of r, its derivative is given by
I =rep + ré;.

But
ér = o, er]

for some @, and
ro, er] =, 1]

results in the derivative of r:

r=rer+ [w,r]. (2.11)

2.1.3 Joint rotation with a common pivot

The result that follows deals with the case presented in Fig. 2.3, in which a body is
subjected to rotations around different axes, but it is possible to refer all of them to a
common pivot.

Figure 2.3 Rotations with common pivot.
Lemma 2.1. If in the movement of a rigid body C we can distinguish several angular
velocities w;, i = 1, ..., n, all of them referring to a common pivot O, then the vector
L=w+wr+ 4w,
is such that any point p € C has speed
vp=[21,], (2.12)
where both v, and r, are referred to O.

Proof. By the superposition principle, the velocity of any point p € C may be ex-
pressed as

n
Vp = ZVW
i=1
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where, since the pivot is common,

Viip = [i,1p].

and by the distributivity property of the vector product on the sum of vectors

n
Vp = Z“’i»P’rP

i=1

So, the result is obtained. O

2.1.4 Parallel and non-coplanar rotations

The following examples illustrate two cases: the first meets the conditions required in
the previous lemma, so that the present rotations can be reduced to one; the second
one does not.

Parallel rotation

The cylinder in Fig. 2.4 is simultaneously subjected to the coplanar angular velocities
w1 and w; as illustrated. It goes on to show that these rotations can refer to the same
point, the common pivot, so there is an equivalent angular velocity.

11
w,

()
[~ 2

el

)|,

a|&
—1—

Figure 2.4 Cylinder subject to two parallel rotations.

In Fig. 2.5 the diagram with vectors @ and w, is shown. The effect of this set is
not altered if the two vectors designated wy and —wq are added. This gives

0] =0+ @y, ©)=w)— . (2.13)

Figure 2.5 Cylinder rotations.
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Immediately it is seen that a common pivot O can be identified for the vectors @} and
w’z, so that in view of the previous lemma there is the vector

Q =] + o),
which has the same joint effect of @/ and ), but by (2.13) it follows that
QL=w; +ws.

The common pivot found depends on the magnitude of wg chosen, that is, the common
pivot for €2 is not unique, but all possibilities are on the same vertical, whose position
is now still determined. With regard to Fig. 2.5 we have

wy ¢ w ¢
w( a a ’ () - b’
where
b=224. (2.14)
w1
Since
l=a+b,

in combination with (2.14) this gives

l:a(l—}-%),
w1

or equivalently,

—1
a=1(1+%) .
w1

Non-coplanar rotations

Consider a body subject to two non-coplanar angular velocities, referring to pivots
O1 and O3, respectively, as detailed in Fig. 2.6. Show that there is no rotation that
produces the same combined effect as @ and @>.

Again, the velocity of a generic point p of the solid is given by the principle of
superposition. To simplify suppose that the pivot O, is fixed in space, so by Euler’s
theorem

vp =[@2, O2p] + @1, O1p].

But, note that

O2p= 0,01+ O p,



38 Classical and Analytical Mechanics

Figure 2.6 Rotations in oblique planes.

which gives

vp =@+ w2, 01p] + [@2, 0201]. (2.15)
This is an expression that cannot be reduced to one of the kind

vp= [an + 2, 0_/17]

for some pivot O’.
Note, however, that in the case when w1 and w; are coplanar, their rotation lines
intersect at some point O, so then we have

[w2,0/—02] =0, [a)l,O’—Ol] =0. (2.16)
The sum of expressions (2.16) leads to

vp=[01+ @2, 01p] + 02,070 + 0201 | + [1, 0701 2.17)
and since

0’02+ 0,01 =0'0q,
expression (2.17) is reduced to

Vp = [an +a)2,0’—01+Tp].
In view of the relation

0’01+ 01p=0'p,
we finally have

Vp = [wl -I—wz,O—’P]

as expected by the previous lemma. But in the general case, we have only (2.15).
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2.2 Complex movements of the rigid body

2.2.1 General relations

Up to this point, we have studied the velocities of the points of a rigid body due to
the rotation with respect to one of its pivots, which may be moving too. In this section
the velocities and absolute accelerations of the points of the body with respect to an
immobile coordinate system external to the body are obtained.

Let C be arigid body and O one of its pivots, which has been chosen as the origin of
a coordinate system S that moves being fixed to the body, so that S receives the name
of relative system. In turn, this set is referenced to an immobile coordinate system S’,
called absolute system, originating in a point O/. Fig. 2.7 illustrates the details.

Xl

Figure 2.7 A rigid body and its absolute and relative references.

A point p € C whose position is a temporal function can be represented by two
time-dependent position vectors: r,, () with respect to system S, called relative posi-
tion, and O’ p (t) with respect to system &', called absolute position. Between these
position vectors there is the relationship

O'p=0'0 +r,,
whose temporary derivative is
0p=00+iy,

or equivalently,
Vp=Vpo +1Ip,

where
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represent, respectively, the velocities of p and O with respect to &', for which they are
called absolute velocities . Now, by Euler’s theorem there exists a vector @ such that

iy =[w.r].
So, the absolute speed (velocity) of p is finally given by
Vp=vVo +[w.1,]. (2.18)

Remark 2.1. Letf, g : [0, o0) — %3 be temporary functions. It is easily verified, from
the definition of the vector product given in Chapter 1, that

d .
7 [f(). g]=[t@),gO] +F@),g0)]. (2.19)

Using (2.19), the temporal derivative of expression (2.18) may be obtained:
Vp=vo +[@.r,]+[w5,],
or, in the equivalent form
Wy =Wwo + @, r]+[e,1], (2.20)
where
W, =V, Wp:i=Vo.

They receive, respectively, the names of absolute accelerations of the points p and O,
since they refer to S'.

Definition 2.4. The amount
£=w®
is called angular acceleration of the solid body C with respect to pivot O.

By the above definition and Theorem 2.1, the relation (2.20) may be finally rewrit-
ten as

w=wp +[e,r]+|w,|[w,r]]. (2.21)

Definition 2.5. In view of the characteristics of the term [w, [, r]], which appears in
expression (2.21), it is called acceleration tending to the axis.

The following example represents an interesting use of Euler’s theorem to calcu-
late e.

Example 2.1. The solid cone shown in Fig. 2.8 is rolling without sliding at constant
speed. Let us calculate @ and e. Due to the geometric characteristics of the solid, the
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a5° y

w,
Figure 2.8 Solid cone rotating.
movement can be decomposed in the two rotations shown in Fig. 2.8, where @ is
constant in both magnitude and direction. From (2.12) we have
Q=w +w,
where, according to Fig. 2.8,
w] = wk.

Since the set of points of the cone on the y-axis has zero velocity (no sliding), it can
be considered as the axis of rotation, that is, €2 is on this axis. Therefore (see Fig. 2.9)

Q= —wij.

Figure 2.9 Diagram of angular speeds.

Then, since w; is constant, it follows that

) d.
e =®w=—-w—j.

dt
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Then by Euler’s theorem

J=lo1,]j] = wii,

dt
which finally implies
&= —a)%i.

2.2.2 Plane non-parallel motion and center of velocities

Let us consider a plane solid body, which moves in a plane (two-dimensional) space
and realizes a non-parallel motion (see Fig. 2.10).

A

center of
velocity

Figure 2.10 Plane non-parallel motion and center of velocities.

Choose two points A and B of arigid body, which in the case of non-parallel motion
will have corresponding non-collinear velocities v4 and vp ([va, vg] # 0). Draw the
lines passing through the selected points and perpendicular to the corresponding speed
vectors. The intersection point of these lines is denoted by the letter O and will be
referred to as the instantaneous center of velocities (or simply the center of velocities)
of a given rigid body.

Lemma 2.2. The velocity vo of the point O is equal to zero, that is,
vo =0. (2.22)

Proof. Select the pole in the considered moment in the point O. In view of (2.18) we
have

Vp=vp +[w,rp].
Applying it for both points P = A, B, we get

Va=Vo +[®,rpal, VB =Vp +[@,rpal. (2.23)
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Since w is orthogonal to both vectors ro4 and roppg, which in turn are orthogonal to
va and vp, it follows that

0=(va,rpa) =(vo.roa) + (roa, @, roal) = (vo,roa),
—
0
0= (vB,roB)=(vo,ro) + (ros,®,ropl) = (vo,roB),
_Nf_'J
0

which leads to
0=(vp,roa —TroB). (2.24)

Since the points A and B are chosen arbitrarily, equality (2.24) is possible if and only
if vo =0. O

This permits to conclude that the vector @ passes (in the considered moment)
through the point O and is perpendicular to the plane. Hence this movement can be
considered as a rotation around the point O with the instantaneous rotation rate equal
to w. Therefore from (2.23) we have

VA =WroA, VB =WroB (2.25)
and

roa ros rop

where P is any point of this solid.

Summary 2.1. a) If O(z) is the center of velocities, by Euler’s theorem there exists
® (1) such that

vp(t)=[w (), 0P (1)],

where P represents a generic point of the solid.

b) If the body of the previous definition has purely translational movement, then the
velocity center is located at infinity.

¢) If we know the direction of the velocities of two solid-flat body points, then the
center of the velocities C will lie at the intersection of the directions orthogonal
to these velocities.

The relations (2.25) and (2.26) turn out to be very useful for the solution of a wide
class of problems concerning plane non-parallel motion of rigid bodies.

Example 2.2. The disk of radius p and the shear of length / are pivotally connected
at point A and, in turn, the end point B of the rod may move along the horizontal line
DD’ (see Fig. 2.11). Let us try to represent the speed vp of point B as a function of the
angle ¢, provided that the disk currently rotates with angular velocity wg. Constructing
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Figure 2.11 The disk and the shear which are pivotally connected.

the center of velocities, from (2.25) we derive
VA =WroA =w®op, VB =WIroB,

which gives

roB
VB =Wwrop = wop—.
roA

By the “sinus theorem” we have

roa _ _ToB _ l
sin(ZABO) ~ sin(ZBAO)  sin(ZAOB)’
o } i DB (2.27)
sing  sin(ZADB) sin(/DAB)’
Since
/ABO = % — ¢, /BAO =7 — /DAB, sin(/BAO) =sin(/DAB),
it follows that
rop _ sin(LBAO) sin(£LBAO)
roa sin(ZABO) . (T _ \
s ( 2 ‘”) (2.28)

sin(/BAQO) sin(/DAB) sing DB DB
= = — = ——tang.

cos ¢ cos ¢ " cosg p

But by the cosine theorem
,o2 = (DB)2 +17 - 2plcos(p),
implying

(DB)?> = p* — 1% 4+ 2plcos (¢) . (2.29)
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Substituting (2.29) into (2.28), finally, gives

2124 2pl A
fos _ \/'0 +2pleos(y) tang = \/1 - (—) + 2—cos (¢) tan ¢.
TOA o P 0

2.3 Complex movement of a point

The description of the movement of a point with respect to a fixed system, but using a
moving auxiliary system, has very interesting results. These aspects are discussed in
this section.

Consider a point p, referred to using a coordinate system S with the origin O,
which is going to be called a relative system. The system S is a moving system when
it is referred to as a fixed coordinate system S’ with the origin O’. We will call this
system S’ absolute. This situation is depicted in Fig. 2.12.

'S

xl

Figure 2.12 A point p in the absolute and relative systems.
Let

r=[x y 2]

be the position vector of the point p in the system S, called the relative position vector.
It can be represented as

r = xi+ yj + zk, (2.30)

where i, j, k are orthogonal unitary vectors. The absolute position of the point p can
be represented as

Iaps = 0’0 +r,
or by (2.30) as

Taps = O'0 + xi+ yj + zk.
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2.3.1 Absolute velocity

So, the absolute velocity v, of the point p is

d d d
o ik r L v L L 231
Vabs :=Taps =Vo +Xi+yj+z +xdtl+ydt']+zdt (2.31)

where

vo =00

is the velocity of the origin O in the system S’. Defining the relative velocity of the
point p as

Vel = Xi+ yj+ zk (2.32)

and using the relations (2.10),

di [w, ] d. [@, j] d k =[w, K] (2.33)
—1= , 1], —] = s s —K=|Ww, ’ .
dt dtJ J dt

where @ is a rotation of the system S around the pivot O, we are able to represent the
absolute velocity of the point p (2.31) in the form

Vabs = V0 + Vil + [0, 1] . (2.34)
Moreover, defining the translation velocity v;, of the point p as

Vi =V + o, 1], (2.35)
expression (2.34) results in

Vabs = Vir + Vrel- (2.36)

2.3.2 Absolute acceleration

Through a process similar to the previous one, the temporary derivation (2.34) allows
obtaining the expression for the absolute acceleration of the point p with respect to
the system S’ in the following form:

d d d
Waps := Vabs = W0 +x1+yj+zk+xai+ya,]+z$k+[w,r]+[w,r],
(2.37)

where
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and the definition (2.32) is used. Note that by (2.33) and the relative velocity defini-
tion (2.32) we have

'd'+'d'+'dk [ ] (2.38)
x—i — —k=[w, v,o]. .
ar TValt T rel
Moreover, in view of (2.11) and using the relation

r=v. +[owr],
the last term in the right-hand side of (2.37) can be rewritten as

[@,F] = [@, Vo] + [0, [@, r]]. (2.39)
Defining the relative acceleration of the point p as

Wrel = Xi+ yj + 2k (2.40)
and substituting the relations (2.38), (2.39), and (2.40) in (2.37) implies

Waps = W0 + Wrep + [6, 1]+ 2[@, Vo] + [, [0, 1]], (2.41)
where we have used the definition of the angular acceleration € := ®, previously
introduced.

By the same idea, which the translation speed was defined with in (2.34), the trans-

lation acceleration of the point p may be defined as

Wi i=Wo + [e, 1]+ [, [@, 1]]. (2.42)
So, expression (2.41) can be represented in the form

Wabs = Wir + Wrel + Weor, (2.43)
where

Weor 1= 2[®@, Vyei] (2.44)

is referred to as the Coriolis acceleration of the point p.

2.4 Examples

Although the following example can be easily solved without resorting to the results
obtained in the previous section, it is preferred to use them because it is very suitable
to illustrate the main concepts introduced before.
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Example 2.3. It could be thought that the translational and relative accelerations de-
fined in the previous section are those derived from the respective velocities. The
following exercise shows that this is not the case. Let us show that

Wir # Virs Wrel 7 Vrel-
Recall that
Vir =Vo +[w, 1],
and therefore
Vir =Wo + [@, 1] + [0, F].
But in view of (2.39) we have
=V +[o@,r],
which implies
Vir =Wo +[e, 1] + [0, [@, r]] + [@, Vo],

or equivalently, using the definitions (2.42) and (2.44),

Vir =Wy + Ewcor-

Also we have
Vyel = )éi + }}j + Z’kv
SO

. "'+"'+"k+‘d‘+'d‘+'dk
v =X1 X—1 — —K,
rel yJT2z dt ydIJ Zdl

and in view of (2.40) it follows that
“'rel =Xi+ yj +zk + [@, Vrel].
So, finally, combining (2.40) with (2.44) we derive

. 1
Vrel = Wrel + Ewcor- (2.45)

Example 2.4. A particle slides on the rod as in Fig. 2.13.The rod oscillates with
respect to the vertical forming an angle that evolves according to the law

@ (t) = go sin (wot) ,
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y
o=0' ,
) y
=z
S=(Oxyz)
S!=(le!y|2|)

%'
Figure 2.13 Particle sliding on an oscillating bar.

while the particle moves on the rod in such a way that the distance traveled on it
follows the rule

1 2
OP ()= zar®

Let us try to determine the velocity v, and the acceleration w,, of the particle with
respect to the given fixed coordinate system.

Denote by S’ the fixed coordinate system with origin O’ as it is illustrated in
Fig. 2.13. Let S be the coordinate system with origin O common with O’ that os-
cillates with the rod and whose axis of abscissas coincides with this one. Denote by
i, j, k the unit vectors of S and by i/, j/, k’ those of &’. In the system S the relative
position vector of the particle has the expression

r = —at’i.
2
Now, according to (2.36), the absolute velocity of the particle is given by
Vabs = Vir + Vrel,
where, in view of the conditions of the problem, expression (2.35) results in
Vir =lo, 1],
with
w () =wk, ©=¢@=¢powycos(wot).

So, we have
1
Vir = Eatza)j.
On the other hand, for the present case expression (2.32) has the particular form

Viel = ati, (2.46)
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SO
s 2 .
Vabs = atl+ Eat w],

or, in view of the relations

i=cosgi +singj/,
j= —sinei’ 4+ cos¢j,

in the fixed system i/, j/, K’ we have
o/ . o/ 1 2 . o/ o/
Vabs = at (cos @1 + singj ) + Eat w (— S @l + cos @) )
1 . o/ . 1 s/
=at|cosy — Etwsmw I +at|sme+ Etwcosgp J-
The absolute acceleration is determined by (2.43), i.e.,
Waps = Wir + Wrel + Weor,
where in the considered case
Wi =[e, 1]+ [o, [@,1]],
with

e=¢ck, e=¢= —(poa)g sin (wot) .

So,
le,¥] = ar’]
e,r] = —at“gj,
248
(@, [w,r]] = —Eatza)zi,
implying

1
W, = Eat2 (—a)zi + sj) .

Regarding relative acceleration, it is given by (2.40), which in the current case has the
expression

Wrel = ai’
while the Coriolis acceleration is determined by

Weor = 2[@, Vrer] .
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These representations together with (2.46) result in
Weor = 2atwj.

Finally, the absolute acceleration may be expressed as
woro = (—Lo2,2 . 1 5.
abs = 2at o +a i+ | 2atw+ 2at e

or equivalently,

1 1
Waps = a [(—Etza)z + l) cos @ — <2ta)+ 51‘28>i| i+
1o, . 1, y
a _Et w4+ 1 )sing + | 2tw + Et glcosg|j.

The example that appears next illustrates the application of Euler’s theorem, Theo-
rem 2.1.

Example 2.5. Fig. 2.14 shows a disk running at constant speed v and without sliding.
Let us calculate the speed and acceleration of the generic point p on the circumference
of the disk and, in particular, of the indicated points A, B, C, and D.

Figure 2.14 Disk rolling with constant speed v.

The most suitable point to serve as a pivot of the disk is its center; that is why
it is chosen as the origin of the system with respect to which the body is immobile
and whose configuration is chosen as shown in Fig. 2.14. This system is designated
as § = (Oxyz) and its unit vector system as i, j, k. The absolute velocity of p with
respect to the absolute system S’ = (0/ x/y’z/), with unit vectors 1/, j, K/, is given

by (2.18), that is,

Vp=Vo+[@. 1], (2.47)
where

vo=vi, w=—wk, r,= per,, (2.48)

with er, as the unitary vector in the direction of r),, which is the position vector of the
point p with respect to the system S. To calculate the angular velocity w, note that the



52 Classical and Analytical Mechanics

absolute velocity of point A is zero as there is no sliding movement, that is,
va=0,
while its position vector r4 with respect to S is
rqg = —pj. (2.49)
Substitution of these relations into (2.47) leads to
vi+wp[Kk,jl=@Ww—wp)i=0,
from which it follows that

w=—. (2.50)
0

In view of (2.48) and (2.50), the relation (2.47) is reduced to
vy=v(i—[ke,]). (2.51)

Expression (2.51) now allows to calculate the velocities of points B, C, and D, whose
unitary position vectors with respect to S are

ery, =—1, e, =], e, =1i. (2.52)
So, we have

vg=v(i—-[k,—iD=v(i+})),
ve =v (i — [k, j]) = 2vi,
vp=v(i—[ki)=v@i—j).

Given that the choice of S configuration was made in such a way that

in the fixed (absolute) system S’ we finally get
vg=v({i'+J), ve=2vi, vp=v (i —j).
By (2.21), the acceleration of the point p is expressed as
w,=wo +[e,rp] + o, [@.1,]]. (2.53)

But, taking into account that
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in view of (2.48) and (2.50), formula (2.53) is reduced to

U2

wy = [k e ]].

By the formula for the triple vector product (see Chapter 1), it follows that
[k, [k.er,]] = (k. er,) k— (k. K)er, = —er,, (2.54)

which finally leads to

U2

Wp=——¢€r,.
Therefore, considering (2.49) and (2.52) for the points A, B, C, and D, we get

v? v? v? v?

Wp = _j’ Wp = _iv Wp = jv Wp = ——i.
P P P P

With respect to the system S’ we have
wa=—j, wp=—i, wp=——j, wp=-——1i.

Fig. 2.15 graphically shows this result.

Vip Vi
Vip

Figure 2.15 Accelerations in the points of the disk.

Example 2.6. Consider the same disk as in the previous example, but now rolling
with constant velocity of magnitude and without sliding on a circular surface as seen
in Fig. 2.16. Determine the speed and acceleration of the same generic point p on the
circumference of the disk and specify for points A, B, C, and D.

1) Again, the center of the disk is chosen as the origin of the coordinate system
S = (Oxyz) fixed to the disk, while the absolute reference system S’ = (0'x’y'?/)
is located in the center of the disk, the circumference on which the disk rolls. For
purposes of the problem posed, it is convenient to choose for S the configuration
shown in Fig. 2.16. The absolute velocity v, of the point p is given by the general
expression (2.18), namely,

vp=vo+[o,rp], (2.53)
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Figure 2.16 Disk rolling with constant magnitude speed on a circular surface.

where
vo = vi,
w = —wk, (2.56)
rp = per,,

with er, asa unit vector in the direction of r,,, which describes the position of p with
respect to the system &, whose unit vectors are denoted as i, j, k. The magnitude of
the angular velocity  is determined from the fact that the absolute velocity of point
A and its position vector with respect to S are

va =0,
. (2.57)
ra=—p),
whereby expression (2.55) gives for this point
vitwp [k, jl= (v —-wp)i=0,
implying
v
w=—. (2.58)
P
With (2.56) and (2.58), the relation (2.55) is reduced to
Vp =0V (i — [k, er,,]) . (2.59)

For the points B, C, and D we have

el‘B = _ia eI‘C =j7 eI‘D =i7
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and in view of (2.59), we get
vg=v(i—[k —i)=v(i+})),
ve =v (i— [k, j]) = 2vui, (2.60)
vp=v(i-[ki)=v(@i—}).

Now, if we denote by i/, j/, K’ the unit vectors of the fixed system &', the following
relations hold:

i=cosgi +singj/,

j= —singpi’ + cosgj,
k=K.

So, in the fixed system, the relations (2.60) are presented as

v =v (cospi’ +singj — singpi’ + cospj’)
=v(cosg —sing)i + v (sing +cosg)j,
ve =2v (cos i’ + singj')

(2.61)
vp = v (cos gi’ + singj + sin i’ — cos ¢j’)
=v(cosg +sing)i + v (sing —cosg)j.
2) Recalling (2.21), the acceleration of point p is given by
w,=wo + [e,1r,] + [, [0 1r,]]. (2.62)

Since the angular velocity @ is constant and the trajectory of O is circular with radius
of curvature R — p, we have

e =0,

. (2.63)
J-
R—p

The relationships (2.63) together with (2.58) allow to represent (2.62) as

v 2
it [k e ]

Wp=

or, in view of (2.54),
v 2

— —€r .
R

W, =

(2.64)
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Finally, expression (2.64) together with (2.57) gives for the accelerations of the or-
dered points A, B, C, and D

R—p p
w v2(11+ ! j)
B= - —),
p  R—p
1 1
2 .
we=v\>————J
(R—p p)

or, with respect to the absolute system &,

+ %) (—singi’ + cos gj')
v2
(—singi’ + cospj’) =
—p

1
WA:vz(_
R—p

v2

o/ . o/
wp = — (Cos@l + sin +
B=- (cosg i) I

1

2(1 1
v°| —cosp —
P R —

: g o1
sing |1 +v° | —sing +
P o R

)

:)) (—singi’ + cos ¢j'),
v? .y o/
i (—sm(pl + cos ) ) =

1 ),/
cose ) j.
P

1
wczvz(_
R—p

wp = _v_2 (cos i’ + singj’) +
Jol R

2( 1 1
v: | ——cosp —
o R

sin >'/ 2(—1 i
QT +v sme +
0 R

(2.65)

Example 2.7. In the gear train of Fig. 2.17 the first gear rotates with an angular
velocity wg around its axis, while the train as a whole does so with an angular velocity
2 around an axis that coincides with that of the first gear. Determine the angular
velocity of each gear w; (i =1, 2, - - -, n). To make the formula

Vp=vVo +[w,1,]

&1 p, P
i n-1
//\/7'\/7\///\0\/@\
1)
M\ﬁ/,\ w X

Figure 2.17 Rotating gear train.
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to be appropriate to solve this problem, let us choose the coordinate system S’ =
(0'x'y’z’), shown in Fig. 2.17, as the absolute system. In this system we have

Q=-QK'

For the determination of w1 note that the contact point Ag; between gears 0 and 1 has
the same speed on the two gears. To calculate the speed of Ag; on gear 0, note also
that the system Sp = (Opx0yozo) is fixed to this gear with unit vectors denoted iy, jo,
Ko, coinciding with the unit vectors i, j, k of S’, and with origin in the center of said
gear. For these reasons, we have

@) = woko,

while the position vector of Ag; with respect to Sy is

ry = —piip,
so that
Vag = Vo, + [wo, rol = wopojo. (2.66)

with v, = 0. On the other hand, to determine the speed of the same point Agq, but
now on gear 1, note that the system S; = (O1x;yz1) is fixed to the center of this gear
in a similar way as it was done with gear 0, that is, with the unit vectors iy, ji, and Kk,
coinciding with the unit vectors i, j, k of S’. In this situation

w1 = —wikj,
while the position vector of Ag; with respect to Sy results in

r| = —p1ir.
Thus

Vag = Vo, + @1, r1] =[=2(po + p1) + w1p1]j1- (2.67)
From (2.66) and (2.67) we may conclude that

po + P1

w] =w0@ + Q
P1 P1

The knowledge of w; allows to determine w; following a similar procedure, and so
on. To obtain the general formula, consider the gears (i — 1), and i and their contact
point A;_1 ;. Fixing gear (i — 1), the system S;_1 = (O;_1x;—1y;i—1zi—1) With the unit
vectors i;_1, ji_1, Ki_1 coincides with the system S’ of the unit vectors i, j, k, where

wi—1= (=D w_1ki_y,
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while the position vector of the point A;_; ; on the gear (i — 1) is expressed asr;_| =
pi—1i;—1. Therefore

Vai =Vo, Hlwi-1,ric1]=
i—2
i . (2.68)
Q| po+2> pj+picr |+ =D 0o it
j=1

Now, fixing the system S; = (O;x;yiz;), again with its matching unit vectors i;, j;, K;
with the unit vectors i, j, k of the system &', for gear i we have

w; = (—1) wik;,
ri = —pji;,
and hence,
VA, = Vo + [wiv ri] =
i—1
. . (2.69)
Q[ po+2) pj+pi |+ D wip | i
=1

From the equalization of the right sides of (2.68) and (2.69) we get

4ot QPR (2.70)

i Pi

Di—

wj = wj—1

Example 2.8. Consider the two-gear train shown in Fig. 2.18. Assuming that at a
given time ¢ the angular velocities and accelerations wg, &9 of gear 0 and €2, € of the
train are known, determine the corresponding w1, €1 of gear 1.

Figure 2.18 The two-gear train with acceleration.

The gear in Fig. 2.18 is a particular case of the one considered in the previ-
ous example. So, if the absolute coordinate systems S’ = (O'x’ y’z/) as well as
So = (Ogx0pypzo) and Sy = (O1x1y1z1) are related to gears 0 and 1 as in the previous

example, a procedure similar to that followed allows to conclude that

,00+,01

—a)o— +Q—
p1 o1
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which after differentiation leads to

00 Po + p1
g1 =¢&)— +&e—.
P1 P1

Example 2.9. The cylinder (see Fig. 2.19) is subjected to two rotations, one of them
around its main axis. Let us calculate the angular acceleration & that the body experi-
ences. Since O is the common pivot of @ and w;, the angular velocity

Q:=w; +w

@

Figure 2.19 Cylinder subject to two rotations with common pivot.

produces the same effects on the cylinder as the separate application of said rotations.
So, the angular acceleration € is given by (2.11)

e=Q= d)lewl + d)zewz + a)léwl + wgéwz.

Note now that the configuration shown in Fig. 2.19 rotates with angular velocity given
by @>. So, by Euler’s theorem, we have

w14, = w1 [wz, ewl] =[wy, 1], €y, = [wz, ewz] =0,
and hence,

€ = wi€y, + W€y, + [@2, ®1].

2.5 Kinematics of a rigid body rotation

Definition 2.6. If a rigid body moves in such a way that one of its points remains fixed
with respect to some coordinate system, it is said that the body realizes a rotation
movement with respect to the immobile point.

2.5.1 Finite rotations

Suppose that the rigid body shown in Fig. 2.20 is subject to a rotation movement with
respect to the center of coordinates. Suppose that a coordinate system is attached to
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Figure 2.20 A rotation movement with respect to the center of coordinates.

the body, that is, the system is subject to the same rotation movement as the body.
Consider that the coordinate systems shown are the positions of the coordinate system
fixed to the body at two different times: for example, at time #; the position of the body
corresponds to that of the coordinate system x, y, and z, while at instant ¢, the position
is described by the system coordinate £n¢. A movement like the one described in
Fig. 2.20 receives the name of a finite rotation of the body and it is denoted, for the
situation described in the aforementioned figure, by

(xyz) = (En¢).

A finite rotation can be obtained as the sequential application of rotations around the
coordinate axes of the system, corresponding to the initial instant (in this case xyz),
called elementary rotations. The sequence, chosen for the elementary rotations, is
referred to as the description of the rotation.

Euler’s description

This description corresponds to the following sequence:

1. Elemental rotation around the z-axis at an angle ¥, that is,
(xyz) = (x'y'Z), z=2z:-action, (2.71)

where x"y’z’ is the configuration presented by the axis coordinate of the system at
the end of the turn. The rotated angle i is called the angle of precision.
2. Elementary rotation around the x’-axis at an angle 6, i.e.,

(x'y'z') = (x"y"Z"), x'=x":6 — x-action, 2.72)
where x”y”z" is the configuration presented by the coordinate system at the end
of the movement. The rotation angle 6 is called the angle of nutation.

3. Elementary rotation around the y”-axis at an angle g, i.e.,

(x//y//z//) N (x///y//lz///) , y// — y/// . ¢-act10n, (273)
where x”"y"'z"" is the coordinate system configuration at the end of the rotation.
The angle of rotation is called the proper rotation angle.

Definition 2.7. The angles (¥, 8, ¢), corresponding to Euler’s description, are called
Euler angles.
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Natural description

The sequence chosen to carry out the movement is as follows:
1. Elemental rotation around the x-axis at an angle «, that is,

(xyz) = (x/y/z’) ,  x=x":a-action,

where x’y’z’ is the configuration presented by the coordinate system at the end of
the rotation given by the angle «.
2. Elementary rotation around the y’-axis at an angle 8, i.e.,

('y'2) = (x"y"2"), ¥ =y": p-action,

where x”y"z" is the configuration that presents the coordinate system at the end

of the rotation given by the angle S.
3. Elementary rotation around the z”-axis at an angle y, i.e.,

(x//y//z//) N (x///y//lz///) , Z// — Z/// : y—aCtiOn,

where x”"y"'z"” is the configuration of the coordinate system at the end of the

rotation given by the angle y.

Definition 2.8. The angles («, B, y) of the natural description are called natural an-
gles.
2.5.2 Rotation matrix
Definition 2.9. A matrix A € R3*3 such that
lAr] = [r| VreR’ (2.74)

is called rotation matrix, since the longitude of the vector Ar, characterizing the new
position, remains the same as the longitude of the initial vector r.

In what follows, the matrix
A=aij], i,j=12,3, (2.75)
denotes a generic rotation matrix.

Properties of the rotation matrix

The rotation matrix A has a series of properties, which are enunciated and tested in
the lines that follow.

P1. We have
ATA=1, (2.76)

where [ is the identity matrix of order 3.
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Proof. By contradiction, suppose that A is a rotation matrix, but
ATAAL
Then for every r € R® we have
rT AT Ar #* rTr,
or equivalently,
Il Ax(? # i)
So by (2.74), A is not a rotation matrix.
P2. We have
detA ==1.
Proof. In view of P1 it follows that
det(ATA) =1,
But
det (ATA) =det AT det A = (det A)? |
which proves (2.77).

Remark 2.2. Based on P2 matrix A is qualified as:

e pure rotation if
detA=1,

e rotation plus specular reflection if
detA =—1.

P3. We have

AAT =1.

(2.77)

(2.78)

Proof. By P2 there exists (AT)_I; therefore premultiplying by (AT)_1 and postmul-

tiplying by A7 the relation (2.76) becomes
-1 -1
(A7) ATaAT=(aT) AT,

and since (AT)_l AT = I we obtain (2.78).
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Corollary 2.1. From P2 and P3 it follows that

AT = A~

Moreover, any matrix A € R3*3 satisfying (2.79) is a rotation matrix.

Proof. Postmultiplying (2.79) by A we get
ATA=1
So, forany r € R3
rT AT Ar = rTr,
or
[Ar(l = x|,
and hence, A is a rotation matrix.
P4. Representing a matrix A as
4

A:[c_ll ap 6_13], A=la, |,
a3

(2.79)

where a; and a;, i = 1,2,3, denote the i-th column and the i-th row (line) of A,

respectively, we have

(ai.aj)=éij, (gi,g,-)=5ij’

which means that the column vectors of A are orthonormal between them and the

same happens with their line vectors.

Proof. The orthonormality of the column vectors follows from P2 and that of the row

vectors from P3.

O

Remark 2.3. By P4 the rotation matrix A is said to be orthonormal. Now, from the
previous corollary it follows that the orthonormality of A is equivalent to the condi-

tion (2.79).

To state the following property of A requires remembering a concept presented

below.

Definition 2.10. Given the matrix
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the product
Bij := (=)' Mj;

is called algebraic complement of the element (i, j) of matrix B. Here M;; denotes
the (7, j)-minor of matrix B which is the determinant obtained from det B in which
the i-th row and the j-th column have been deleted.

Remark 2.4. The previously defined concept has immediate application in the calcu-
lation of the inverse matrices, namely, if det B # 0, it is verified that

plo_ 1 [B.T.], (2.80)
detB LY

where BS denotes the algebraic complement of the element (i, j) of BT .

P5. If the rotation matrix A defines a pure rotation, then

ajj = Ajj. (2.81)
Proof. From (2.80) and since we deal with a pure rotation (det A = 1), we have

A= [AiTj] . (2.82)
But

Al =Aji.
So by (2.79), the relation (2.82) can be rewritten as

AT =T4;].
or equivalently,

T

A=[4;] =[Ai].

which proves (2.81). O

Corollary 2.2. Property P5 allows to obtain the following relations between the ele-
ments of the rotation matrix A:

ajl] = dazzdaz3 — Aa3dasn,

aip = —(a21a33 — asraz), (2.83)

As is known, the scalars A and the vectors ry # 0 (k =1, 2, 3) that are solutions
of the equation

Bry = Ary (2.84)
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are called the eigenvalues and eigenvectors of the square matrix B. The properties that
follow deal with the values and eigenvectors of the rotation matrix A given by (2.81).

P6. The eigenvalues A; (k= 1,2, 3) of a rotation matrix A are given by

A =1,
A=e /9,

where
eti? =cos¢ + jsing, j>=-—1,

with

(trA - 1)
¢ :=arccos 5 .

Proof. By (2.84) the eigenvalues A (k = 1, 2, 3) are the solutions of the characteristic
equation

det(A —AI) =0, (2.86)
and it is easily verified from the orthonormality of A and the relationships (2.83) that
det(A—al)=—-23+22rA—AtrA+1.
So, it follows immediately that
A =1
and that the remaining solutions are given by
AM—AtrA—1)+1=0,

implying

trA—1 trA—1\2
A3 = + —1. (2.87)

2 2
On the other hand, since A (k =2, 3) must satisfy (2.84), that is,
Ary = ATy, (2.88)
for some vectors ry £ 0. Therefore,

ATl = [Aarell® = [ael? el (2.89)
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But by P1

AR = (Ari, Arg) = (ri, AT Are) = (w0 = 2, (2:90)
which leads to the relation

el =1, k=2,3. (2.91)

The condition (2.91) is not met if the discriminant in (2.87) is positive, because in
such case both Aj are real and

A2l # |A3].

In the case where said discriminant is not positive, (2.87) can be rewritten as

trA—1 . rA—1)\2 9

satisfying the property (2.91). It can be represented as

Aoz =el?, (2.93)

such that by the Euler formula we are able to make the following association:

rA—1 rA—1)\2
cos¢p = T sing =,/1— > . (2.94)

Note that the second relationship (2.94) is another way of writing the first one (2.93)
if we take into account that

(sin ¢)2 + (cos ¢)2 =1.
Finally, the two expressions (2.93) and (2.94) lead to the desired result. O

Remark 2.5. If the discriminant in (2.92) is equal to zero, which occurs if

)

trA—1
2

we have
M=A=1lori,=A3=-—1.

The case A; =1, i =1, 2, 3, appears when A = I, and is not interesting, because no
rotation is properly given.
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P7. The eigenvector corresponding to A1 = 1 and denoted r; is given by

1 aszy —as
rp=— a1 —aiz | . (2.95)
2sing a1y — an)

Proof. Representing r; as

=[x »n Z1]T

and substituting A1 in (2.84) leads to the following system of equations for the deter-
mination of the components of ry:

(a1 — D) x1 +apyr +ai3z1 =0,
azixy + (a — 1) y1 +axsz1 =0, (2.96)
az1x1 +azxny + (a3 —1)z1 =0.

Because A1 =1 is the eigenvalue of the rotation matrix A, assuming that A # [, it is
verified that one of the equations of (2.96) is not independent. However, after normal-
izing (2.88) by |[|r1||, without loss of generality, we can consider the case |ri| =1
only, that is,

x12+y12+z%=1,

which is independent of (2.96). So, we may conclude that there is only one solution,
given by (2.95). O

P8. [Itis easy to check that

0 0
rn=|1|, r=|0
0 1

Below we need the following definition.
Definition 2.11. Define the parameters of Rodriguez—Hamilton as follows:

¢
AQ :=COS —,
0 2

which defines the angle of rotation;

A ::xlsin%, A ::ylsing, A3 ::zlsin%,

which define the axes of rotation.
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It is easy to check that the following property for the parameters of Rodriguez—
Hamilton is satisfied:

AT AI=1.

2.5.3 Composition of rotations
Suppose that A and B are two rotation matrices and that r € R3. The notation

A /B /!
r—-r —r

indicates that the rotation of r given by A is applied first, and then the rotation given
by B is applied to the obtained vector r’. In other words,

r = Ar, r’=Br.
So, by immediate substitution we have
r =Cr,
where
C := BA. (2.97)
The following result characterizes the properties of the matrix C.
Lemma 2.3. The matrix C is a rotation matrix, that is,
ch=c. (2.98)

Proof. By the definition (2.97) and taking into account that both matrices A and B
are rotation matrices too, on the one hand,

CTc=(BATBA=ATBTBA=ATA=1,
and on the other hand,
ccT =BABAT =BAATBT =BBT =1,
which leads to (2.98). |

Up to this point we have studied the effect of a rotation matrix A applied to a
vector r € R3, defined in the original coordinate system. However, the rotation can
also be studied in another coordinate system, which has interesting results. Suppose
that A is a rotation matrix, acting as

i =Ai, j=Aj, K =Ak (2.99)
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The vectors i, j/, kK’ are the unitary vectors obtained by the rotation of the original
unitary vectors i, j, k. Now, consider a vector r € R? with its representation

r = xi+ yj+zk. (2.100)

Since there exists A~! (which coincides with AT), from (2.99) the following relation-
ships can be obtained:

i=ATi, j=ATj, k=ATK.
Substitution in (2.100) gives the representation of r in the unit vector system i/, j/, K’
r=A" (xi' + yj/ + zK). (2.101)

The previous expression has important details. If we denote by T the representation
of the vector r with respect to the rotated system, then the relation (2.101) can be
represented as

r=A"r,

where r is represented with respect to the original system. So A and A7 can be seen
as opposed base changes.

In what follows we investigate the change that a rotation matrix A undergoes
when it is represented in the base of the rotated system, given by the same matrix A.
Consider matrices A and B, where A defines a first rotation. If § and S’ denote, re-
spectively, the coordinate system before and after the application of the rotation A,
that is,

s> 8, (2.102)

where the base of S’ is given by (2.99), the lemma presented below allows obtaining
the representation of B in the base S’, denoted By/.

Lemma 2.4. Suppose that A and B are matrices, where the first is a rotation. Then
By = ATBA, (2.103)
with S’ given by (2.102).
Proof. Let
y = Bx (2.104)

for x € R3. Since AT is non-singular, it can be seen as a base change: in the new base
equation (2.104) takes the form

Aly=ATBA TATx, (2.105)
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where A~ denotes the inverse of A”. Let x' and y’ be the representations of the
vectors x and y in the new base, that is,

x =ATx, y :=ATy,
whereupon (2.105) may be written as
y =ATBATY,
and, since A~T = A, we get
y = AT BAX'.

This expression shows that the matrix A7 BA is the representation of the matrix B in
the new base, which proves (2.105). |

Definition 2.12. The representation of the rotation matrix A with respect to the rotated
system, obtained from itself, that is, the one given by the base (2.99), is called the
proper (own) matrix of A, and it is denoted by A*.

Lemma 2.5. It is easy to check that
A*=A.

Proof. Note thatif B = A in (2.103), then Ay = A*, which immediately gives
A*=ATAA

and the desired result follows if we take into account that AT A = 1I. O

The previous results, applied to the composition of rotations, lead to the following
fact.

Lemma 2.6. Let A and B be rotational matrices, where B is described with respect
to the rotated system obtained via A. Denote by C the matrix, obtained from the com-
position of the rotations in order A, B, that is,

C:=BA.
Then the following property holds:
C* = A*B*.

Proof. Let S be the original system before the application of no rotation; denote by
S’ the system obtained by applying to S the rotation A, and by S” the system obtained
from S’ when applying the rotation B, that is,

sAgB g
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With the notation used previously and by the previous lemma we have the expressions

A" = Ag,
. (2.106)
B* .= Bgy» = Bg
whose product (in the order that follows) is obtained:
B*A*=BgAg =Cy. (2.107)
On the other hand, in view of (2.103) and using (2.107),
_nT _pT
Cs»=ByCsyBg =By BgAg By
But in view of the property BST, By =1, we get
CS// :AS/BS/. (2108)
Since
C>‘< = CS”,
by (2.106) and (2.108), it follows that
C*=A*B*.
1

The newly tested result has its natural application in obtaining the matrix that de-
scribes the rotation, corresponding to the description in the Euler angles, which is the
object of the example in the end of this chapter.

2.6 Rotations and quaternions

As shown below, the so-called quaternions represent a very useful tool for the model-
ing and analysis of rotations.

2.6.1 Quaternions

Definition 2.13. A construction of the type

3
A:i=ho+ Y Ajij, AjEeR, j=1.2.3, (2.109)
j=1

is called the Hamiltonian quaternion, hereinafter simply called quaternion. The set
of quaternions is denoted by .
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In mathematics, the quaternions are a number system that extends the complex
numbers. They were first described and applied to mechanics in three-dimensional
space by Irish mathematician William Rowan Hamilton in 1843. A feature of quater-
nions is that multiplication of two quaternions is non-commutative. Hamilton defined
a quaternion as the quotient of two directed lines in a three-dimensional space or
equivalently as the quotient of two vectors.

Definition 2.14. Consider the quaternions
3
A=ho+ Y Ajij.
j=1

3
A:=8+ Y 8jij.
j=1

(i) Itissaid that A = A if and only if

(ii) The sum A + A is defined as

3
A+A=20+80+ Y (hj+8))i;.
j=0

(iii) The product of quaternions A o A is defined as the distributive operation on the
sum, where the following relations are satisfied:

i =i3, hiz=1I;, Izij =iy,
i = —i3, i3y =—i1, ijiz=—iy, (2.110)
ljlj:—l, ]:1,2,3.

Remark 2.6. It is clear that the set of quaternions with the defined addition operation
forms an Abelian group structure whose neutral element is 0, defined by

3
0:=0+ ) 0ij.
j=1
The algebraic structure formed by the set of quaternions with the operations of sum

and product, defined above, is denoted by .

Remark 2.7. By the given product definition, the quaternion of (2.109) may be rep-
resented in the form

A= Ao +A, 2.111)
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where Ao and

3
A= Z)\jij
j=1

are called the scalar and vector parts of A, respectively.

From the product definition property (2.110) and with the representation (2.111)

the following formula for the quaternions product is obtained immediately.

Lemma 2.7. If
A=+, A:i=8p+36,
then
Ao A:=2%xp0 — (X, 8) + Aod + Sod + [A, 8],
where (-, -) and [-, -] denote the usual scalar and vector products.
Proof. Using the properties (2.110) it follows that
3

3
AoA=ao+Y ajij || s+ 8 | =
j=1 j=1

3 3
)L080+)»06+80X+Z)Ljij28jij =

j=1 j=1

33

2080 + 208 + 80k + Y Y 2idjijii =
i=1 j=1
3 3
Ao + Aod 4+ SoA — (A, 8) + Z Z)»,-S.,‘ijii =
i1 j£i
Ao8o — (A, 8) + Aod 4 SoA + [A, 6].

Definition 2.15. Let
A= o+ A

Then the quaternion
A* =k —A

is referred to as the quaternion conjugated to A.

(2.112)



74 Classical and Analytical Mechanics

For given
A=)+ A
and
A*:=80+38, So=xo, §=—A,
by the properties of the scalar and vector products, it is verified that
4
AoA*=A*oA =280~ (A.8)=) X;; €R.
j=0
Definition 2.16. The scalar amount
1Al := (A o A*)"? = (A* 0 A)'/? (2.113)
it is called the quaternion norm of A.

In addition to the properties of the product already given, the operation A o A of
the product satisfies several more, which are easily verified from the previous devel-
opments.

Lemma 2.8 (Additional properties of the quaternion product). Let A, A, T be quater-
nions, that is, A, A, T' € H. Then the following properties hold:

1.  No commutativity: We have
AoA#AoA.
2. Associativity: We have
(AoA)oT=Ao(Aol).
3. Unity: We have
Aol=10A=A, (2.114)

where 1 € H is given by

3
I=14) 0i;.
j=1

4. Conjugate product: We have

(Ao A)* = A* o A*. 2.115)
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5. Given that
[AoA|>:=AocAo(AoA)*,
inview of (2.115) and (2.113) it follows that
IAoA[>=AoAoA* o A*=[A>AoA* = A A],
which means that
[AoAll=[AllA]. (2.116)

6. If A £ 0, we may define the multiplicative inverse of A as the quaternion, denoted
by A™Y, with the property

AT'oA=AoA =1, (2.117)
whereby

A*oAo A" =A%,
implying

S !
A%

*
’

where (2.113) has been used.

Remark 2.8. As can be seen immediately, the set H turns out to be a ring with
division.

The next exercise illustrates the use of the quaternion set H in the solution of
quadratic equations.

Example 2.10. Consider the following quadratic equation with respect to the variable
X defined in the quaternion space H:

X*+aX+b=0,

a? (2.118)

T—b<0, a,beR.

The solutions of (2.118) depend on the algebraic structure to which X belongs.

a) If X is considered as a real number, i.e., X € R, then there are no solutions at all.
b) If X is considered as a complex number, i.e., X € C, then there exist two solu-
tions:
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¢) If X is considered as a quaternion, i.e., X € H, then it has the following repre-
sentation:

3
X =x0+Xx, x:Zxkik, xxr €R, k=0,...,3,
k=1

and we need to find the exact expressions for xx (k =0, 1, 2, 3).
In view of (2.112) we have
X2:=XX :xé — (X, X) + 2x0X,
which after substitution into (2.118) leads to
x§ — (%,X) + b +axo + 2xo +a)x=0. (2.119)

The relation (2.119) is satisfied if and only if the real and vectorial parts are equal to
zero simultaneously, namely,

xg — (X,X) +b+axg =0, (2.120)
(2x0 +a)x=0. (2.121)

Since it has already been seen that if x = 0 there are no solutions (x = xg € R),
from (2.121) it follows that

X0 = —5

This value, being substituted in (2.120), leads to
(12
(x,x) = 7 + b, (2.122)
which must be non-negative and which matches the condition given in (2.118). Ex-
pression (2.122) is a condition only on the magnitude of x:

2

a
=,/b—=.
Il 1

So, all x are of the form

where e is any unitary vector (||e|| = 1). Then the set of quaternions that are solutions
of (2.118) is given by

X—a+ba2e
T2 4
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This means that there are infinitely many solutions of the quadratic equation (2.118)
in the quaternion space H.

Quaternions as rotation operators

Below we illustrate one of the possible effective applications of quaternions.

Definition 2.17. It is said that a quaternion A = X¢ + A is normalized if
3
2_ .2 2 _
IAIP =25+ ) 25=1.
j=1

We can observe that A% < 1 and hence there exist ¢ such that Ay can be represented
as

¢
Ao :=cCo0S =,
0 2
and
: 3
]2 =Zx§ =1— 2% =sin? >
j=1
A =¢-sin E,
2
so that

A =esin £ llefl =1.
2
This finally gives the general representation of a normalized quaternion Ay, :

Ajorm = cOS % + esin % (2.123)

Theorem 2.2. Consider a vector r that has a common point O with a vector €. Then
the transformation

' =ApormoroAl, .. =
(cos % + esin %) oro <cos% —ésin%) = (2.124)
rcos¢ +[e,r]sin +e(e,r)[1 —cos¢]

is a rotation of the vector r with respect to the axis € with the angle (see Fig. 2.21)

¢ =2arccos Ag.
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Figure 2.21 Quaternion as a rotation operator.

Proof. 1) First we have to show that (2.124) defines a rotation, that is, its norm
is the same both before and after the application of the rotation. Indeed, using the
rule (2.116) we get

1] = 1A norm I || Ao || 11 = lIxll,

since || Ay orm || and |A;orm || are normalized quaternions.
2) Using (2.112), let us calculate first

(cos% +ésin%> or= rcos% — (e, 1) sin% + [e, r]sin %
Then, by the same rule (2.112), it follows that

Apormoro S, = <cos% +ésin%) oro (cos% —ésin%) =

|:— (e,r) sin% + <rcos % + [e, r] sin%):| o [cos% + (—ésin%)}

erreossinE 4 cost (reost 4 (6 rlsin
= — (e, r)Cos > sin > + cos > (rcos > + [e, r]sin 2)

I O I < & = . ¢ S ¢
—(e, 1) sz [—esm §j| — <rc085 + [e, r]sin 3 |:—esm E])
I Y _ . ¢
+ |:<rcos 5 + [e, r]sin E) , (—esm §)i| .

r'=—(&r)cos % Sin% + (r, @) cos % sin%

So,

¢ S & W o N
cos 5 (rcos 5 + [e, r]sin 5) — (e, r)sin 5 |:—esm E]
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e 81cos S sind — (j6.x]. 61sin? &

[r,e]cos2s1n2 [[e, r], e]sin >
oo St e reos S sinE 4 ecersin? &
=Trcos 2+[e,r]coszsm2—}-e(e,r)sm >
e 8105 L sin & (6 (6 rl]sin? & —

[r,e]coszsm2+[e, [e, r]]sin 5=

é(er)—r
286 28 - ST S Y Y

r(cos > sin 2)—1—2[es,r]cos2sm2—i—Ze(e,r)sm >
=rcos¢ +[e, r]sin¢ +e(e,r)[1 —cos¢].

Here we have used the following trigonometric relations:

coszg—sin2£=cos§,
2 2
2§, .28

cos” = +sin“ = =1,
2 Ty

2sin2%= 1 —cos¢.

So, finally we have (2.124).
Note that the square of the norm of the right-hand side in (2.124) is equal to
)% = r2. Indeed, defining the angle 6 := (é/,\r), we have
Ircos ¢ +[& rlsing +&(@ 1) [1 —cos¢ll* /r* =

cos? ¢+ sin” 0 sin® ¢+ (1 —cos {)2 cos?6 + 2cos> 0 cos¢ [l —cos¢]=
cos? ¢+ sin” 0 sin® ¢+ (1 —cos {)2 cos’ 6 +2cos’ 0 cos¢ [l —cos¢]=
cos’ C+ sin” 0 sin® .+ <1 —2cos¢ + cos? ;) cos” 6 + 2cos> 0 cos¢
—2cos? 0 cos? .= cos? C+ sin” 0 sin® C+ cos? 6 — cos’ 6 cos® .=
cos? C+ sin” 0 sin® .+ cos? 6 sin’ .=
cos? ¢+ [sin2 6 + cos’ 9] sin® ¢ =1.

3) To prove that this is a rotation around the direction € we need to prove that the
projections of r’ and r to the vector € are equal. In view of (2.124) it follows that

(r',€) = (e]r)cos¢ + ||&]|> (& r)[1 — cos]
=(e,r)cos¢ + (e,r)[1 —cos¢] = (e,r).

4) Finally we need to prove that the angle ¢’ of rotation is ¢. For ¢ € [0, /2] (see
Fig. 2.21) it follows that

—he,r’ — he _
Cosgfz(rel;—;e)=p—2[(r,r/)_h(e,r+r/)+h2]=



80 Classical and Analytical Mechanics

p 2| (r,x') —h(e,2rcos¢ + [€ rlsin¢ + & (&, 1‘)[1—008§])+h]

2rzcosg h2rcos¢ cosf — hrcos@[l—cos;]—i—hz]

[
[
2[2
[

b

b

r“cos¢ — hrcos¢ cosf — hrcosG+h2]

-21..2

p “|rccos¢ — cos{cos 6 — cos? 6 + cos® 0] = [£ sin6]? cos¢ =cos¢,
o

——
1

which means that
(=¢+mk k=..,-101,..
For physical reasons only the unique value k = 0 makes sense, such that
¢'=¢.
O

Summary 2.2. From this fact one can see that the parameters of the normalized
quaternions Ao, coincide with the Rodriguez—Hamilton parameters which define
a rotation, that is,

¢ Y Y Y
)\o=cos§, Al =ey s1n§, )L2=eysmE, kg:ezsmi,

2 2 2 __
extey+er=1

2.6.2 Composition or summation of rotations as a quaternion

Suppose that Ay, and M,,,,, are two normalized quaternions and that r € R3. The
notation

Anorm /Mrmrm /!

r - r — r

indicates that the quaternion given by A, is first applied on r and then the quater-
nion given by M, is applied to the obtained vector r”. In other words,

/
r'=AyormoroAl, ..,
1
r’" =M,prmor o Mnorm =Morm © (Anorm oro A
*
= Myorm © Aporm) or o (A oM )-

norm norm

o M*

norm) norm

In view of the relation

A*oM*= Mo A)*
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and defining
Niorm :=Muorm © Aporm,

finally, we obtain

/!

r" =N,orm oroN*

norm:*

Since A, orm and M, are normalized quaternions, it follows that
NI = [IM] - Al =1,

which means that N is also normalized, namely, N = Ny, o1, -
If there are K rotations, that is, A,orm,; (i =1, .., K), then the final or summary
effect can be represented as only one rotation, given by

Nuorm = Anorm,K o Anorm,K—l o Anorm,K—2 0...0 Anorm,l-

It should be mentioned that all quaternions are given in the same initial coordinate
system.

Quaternion as a transformation of a coordinate system

Sometimes it occurs that two quaternions are given in different basis systems. This
provokes a problem in the analysis of the resulting two-step rotation. We will show
now how to avoid this trouble.

Now let us consider each quaternion as a transformation of the coordinate system

i/.:A Oi‘OI‘*< (_]:1’2»3)7
'y = Anorm 04 © Auorn (2.125)
ii=A . oijo Anorm-

Hence, we can represent the vector r as
r=Api; + Apip + A3iz = Azarm o (X]ill + )in/z + Xgig) o Anorm-

In this reduced form we can represent the expression above as

— . . . *
r(ii,ié,ié) = Anorm © T(i1,iz,i3) © Anorm’

where Tt i) is the vector r :=r(;, ;, i) given in a new coordinate system (i}, i, i).
Let now the quaternion A | .- be given in the basis (i1, iz, i3) and let the quaternion
Az’,w,.m’(ii i}.i4) be defined in the basis (i, i, i4). To present the second quaternion in
the original basis (i1, i2, i3) let us use formula (2.125):
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3
o/
A worm iy = 22,0+ ) ha i =
j=1
3

22,0+ Y A2 A1 norm,(iy,iziz) ©1j 0 AT PRPINES
jX_; ,norm,(iy,i2,i3) (2.126)

3

. « _
A norm,(iyin.iz) © | 22,0 + Z Az, jij | o Al,norm,(il,iz,ig) =
Jj=1

*
A1 norm, iy in.iz) © A2,norm, iy ,ia.i3) © Al,norm,(il,iz,i3)'

Remark 2.9. It is important to note that the coordinates A2 ; (j =0,1,..,3) of
the quaternions Ay ,orm (i1 ij.i4) in the basis (i1, i}, i4) are the same as in the basis
i1,i2,13).

Lemma 2.9. If

N= A2,nurm,(i i5,i4) © Al,norm,(il,iz,i3), (2.127)

1sigs

that is, N is a composition of two quaternions given in different basic coordinates,
then the same quaternion N, ;, i») given in the initial basis can be expressed as

N1 iz.iz) = Alnorm, iy i.is © A2,norm. (i in.i3)-

Proof. Substituting the relation (2.126) into (2.127) gives

N= AZ,norm,(ii,ié,ié) © At norm, (iy.in.i3) =
* —
(Al,norm,(11,12,13 o A2,n0rm,(11,12,z3) o Al,m)rm,(il,iz,ig) ° Al,norm,(11,12,13) =

At norm, (iy,i.is © A2,norm,(i1,i2,i3) 7= Ny in,i3)-

O

Definition 2.18. A quaternion A2 ,orm,(i,i»,i3) 1 called proper with respect to the

quaternion Ay o, (il i.if)-

Summary 2.3. We may conclude that if N is a composition of several quaternions
given in different sequential basic coordinates
N= AKV(i{K)’IéK)JéK)) o AK_L(iEK—l)’iEK—l)’éK—l)) 0 .. 0 Ai(iy,insiz)s

then

Ni1,i2,i3) = Al(iyinsiz) © AK=2,(i1,in,i3) © -+ © AK (i) iz, i3)- (2.128)
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Example 2.11. Let two rotations apply to the vector r: the first with respect to i, on
the angle ¢, and the second with respect to i3 on the angle 6. Let us obtain the final
position vector r”, using the quaternion composition approach. We have

r=ai —aip, a=r——.

2

Our rotations are realized by

¢ . .9
A| =cos = +iysin —,
1 2+2 >

N 0 vin?
= COS — 1, S1n —.
2 2 7B

Then, the composition of rotations is given by
0 0
N:=Ay0A; =(cos§ —i—iésina)o(cosg—i-izsin%) =

¢ .. o . .0
Al,norm,(h,ig,ig o A2,norm,(i1,i2,i3) = (cos E + 12 sin E) o (cos E + 13 81n E) =

cosgcosg+izsingcos€+i3cosgsing+ i3 singsin—.
2 2 2 2 22 == 2 2

iy
To simplify the obtained expressions let us define

1) (% . p 0
no:zcosicos—, 71 :=sin — cos —,

2 2 2

_ v . 2
np:=cos—sin—, n3:=sin—sin—.
22 22
Since the coordinates coincide we can eliminate the apostrophe, which finally gives

r"=NoroN*=
a(ng + niiy +naiy +n3iz) o (i —iz2) o (g — nyiy — naiz — n3iz) =
a(ng +nyiy +noip + n3iz)o
([n1 — nal + no(iy — i2) — nyiz — nais + n3iy + n3ip) =
a(no + niiy + naip + n3iz)o
([n1 —nal + [no + n3liy + [n3 — noliz — [n2 +n1]i3) =
ang[n1 —n2l+ano([no + n3liy + [n3 — noliz — [n2 +ni1liz)+
alny —na] (n1iy + naip + n3iz)—
—any [no +n3] —any[n3 —nol+anzny +n1]=
a(ny[n) —n2]+ng[n3 +nel) i+
a(no[n3 —nol +na[ny —n2)) ix+
a(n3[ny —n2] —no[n2 +n1))is.
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By performing operations and rearranging terms with respect to (i, iz, i3), we finally
obtain

r’ = ko + Aii) + A2ip + Asis,
where

lo=0,

Al =a(ny[ny —na]l+ngln3 +nol),
Ay =a(no[nz —nol+nafn —nal),
A3 =a(n3[n —na] —nolna +n1l).

2.7 Differential kinematic equations (DKEs)

2.7.1 DKEs in Euler coordinates

If the quaternion A, corresponding to Euler’s description of a rotation, is denoted by
the sequential rotations W, ®, and ®, respectively, then by (2.128) we have

A =00V, A* =U*Q*0*,

where (in view of (2.71)—(2.73))

[ cosy  siny O 1 0 0

V*:=| —sinyy cosy 0|, O :=|0 cosf sinb |,
| O 0 1 0 —sin6 cosf
[cos¢p 0 —sing

d*:=| 0 1 0
| sing O cos¢

This implies
A* =

—cos¢siny +singsinfcosyy cosfcosy  singsiny + cos¢ sinb cos Y
sin¢ cos 6 —sinf cos ¢ cos

|: cos¢pcosy +singsinfsinyy  cos@sinyy —singcosy + cospsind sin1//:|

Let us define the dynamics of the Euler angles in the following way:

. 0\ . 0 0
lIJ(X‘y,Z) = 0 s Q(X/,y/,z’) = 0 s @(x//’y//’z//) = (/)
0 0

This gives

= TaTyg T) -
w=> O \I"(x,y,z) + P e(x’,y’,z’) + O,y 7"y
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Define the components of @ as

®=

SR

where
p=sinfsing + 6 cos g,
g =V sinf cos ¢ + 6 sin g,
r=1cos + ¢,

from which it follows that
. . 1
Y= (psing +gcosp)—-,
sinf
6= pcosg —gsing, (2.129)

. . 1
¢ =—(psing +gcosp)—— +r.
cotd

Egs. (2.129) are referred to as the differential kinematic equations (DKEs) in Euler
angles.

2.7.2 DKEs in quaternions: Poisson equation

For a rotation, given by the quaternion A(¢), define its derivative as

. At +At)— A
A(t) ;= lim @+ A7 (t).
At—0 At

We can express the term A(f + At) as a composition of rotations, that is, the first ro-
tation A(r) = Ao(¢) + A(¢) is at time ¢, followed by application of the rotation § A (Ar)
with respect to a new basis, realized at time Af:

A(t+ At) =6A (A1) o A(1).

Here
w(t)At

a)(t)At) + e sin(

2 w
_ ()
:1+e@TAt+o(At),

SA(At) = cos( )

from which it follows that

A+ At)=(1+ égy?m +o0(At)) o A1)

—AQ) + Mm +o(AD).
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Reordering terms and dividing by Az, we obtain

AG+AD—AG) @) o A) | o(AD)
At - 2 + Ar

Taking At — 0, we finally get
. 1_ 1 _
AQ@) = 5w(t) oA(t) = 5A(z‘) 0@y vy, (1). (2.130)

This differential equation for quaternion dynamics is known as the Poisson equation.
If

w(t) = pOiy + g )iz + r (D3,
then (since the components are the same)
B,y (1) = p(Oi] +q(0)iy +r (D).

Substitution the last formula in (2.130) gives the representation of the Poisson equa-
tion in the “open format’:
2h0(1) = =p(OA1 (1) = g2 (1) = r (A3 (),
2h1(0) = p(Oho (1) + (D2 (1) — q(D33 (1),
2h2(1) = g (Do (1) = r(OA (1) + p(OA3 (1),
2h3(1) = (o (1) +q (A1 (1) = pOI2 (7).

(2.131)

Summary 2.4. From the above developments we can conclude that:

— the vector Poisson equation, given in quaternions (Rodriguez—Hamilton parame-
ters), is linear, but with time-varying parameters @(#),

— the dynamics (2.129), given in the Euler angle, is extremely nonlinear and may
have the non-singularity problem when sin6 = 0 or coté = 0.

2.8 Exercises

Exercise 2.1. A disk, mounted at right angles to the OC rod, rotates around the OC
with a constant angular velocity w; (see Fig. 2.22). The rod, in turn, performs har-
monic oscillations in the vertical plane XY according to the law

@ (t) = o sin (wot) .

Show that the time dependence of the angular velocity w of the disk and the angular
acceleration ¢ are described by the formulas

()= \/w% + (pga)% cos? (wot),
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X

v

Figure 2.22 The disk, mounted at right angles to the rod.

e(t)= wowo\/w% + (0} — &) cos? (wot).

Exercise 2.2. The “Segner wheel” rotates with an angular acceleration of &, currently
having an angular velocity of @ (see Fig. 2.23).

Figure 2.23 The “Segner wheel.”

The relative velocity of the outflow of fluid particles is equal to u = const. Show
that the absolute velocity and acceleration of fluid particles in the output section B are
equal to

|:u—a)ai| |: —(w2+8)a i|
V= , W= 2 ,
wa 20u +8a — w
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assuming that
OA=AB=a, ZOAB=m/2.

Exercise 2.3. The ends A and B of the rod move along two mutually perpendicular
straight lines O X and OY (see Fig. 2.24). The speed of point A is constant. Show that
the acceleration of any point of the rod is always orthogonal to the axis OY and varies
inversely with the cube of the distance of this point from this axis, that is, show that

0 Xp B’
Figure 2.24 The rod moving along two mutually perpendicular straight lines.
Exercise 2.4. Solve the quaternion equation with respect to quaternion X:
a)
XoA=M,
where the quaternions

Az)\‘()_’_x:(lsovla_l)? M:MO+IL=(1’11_1’1)

are given;
b)

AoX?*=XoA.

Exercise 2.5. A rigid body realizes the rotation (a regular precision) with w; = const
(the rotation with respect to its main axis of symmetry) and @, = const (the rotation
with respect to the axis z), keeping the constant angle 6 = (m). We need to de-
scribe the movement of this body in the Rodriguez—Hamilton parameters using the
Poisson equation (2.131).
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The motivation of this chapter is the study of the existing relationship between the
kinematic quantities of a system’s points and their causes, that is, the forces. This
study leads to the introduction of important concepts, such as kinetic energy, momen-
tum, moment of an impulse, moment of a force, etc., which will allow to obtain very
important results discussed below in detail. Konig’s and Steiner’s theorems are dis-
cussed. Friction effects are considered.
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3.1 Main dynamics characteristics

3.1.1 System of material points

Consider a set of mobile material points located in space. Now consider such a space of
a coordinate system originating in some point O. The obtained construction, denoted
by S, will be called a system of material points. For the particle i € S, m; represents
its mass, while r; and v; denote its position vector and its velocity with respect to O.
Fig. 3.1 shows these aspects.

Figure 3.1 A set of material points referring to a coordinate system.
Definition 3.1. A pole is a point A in space. If r4 is the position vector of the point
A with respect to O, the vector

IiA:=T; —TI4g 3.1

is known as the position vector of point i € S with respect to pole A (see Fig. 3.2).

Figure 3.2 Relationship between the pole A and the origin O.
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3.1.2 Three main dynamics characteristics

This chapter is heavily based on the concepts of kinetic energy, momentum, and im-
pulse momentum of a system of material points: the first of them is scalar and the
other two are vectors. The definitions of these concepts are presented below.

Definition 3.2. Consider the system of material points S.

1. The scalar quantity

1
T:= EZmiviz (3.2)
ieS
is called the Kinetic energy of S. Here v; := ||v;|| is the norm of the velocity v;

of the point i € S.
2. The vector quantity

Q=) mv (3.3)

ieS

is called the impulse of S.
3. The vector quantity

Ky :=Z[r,~,A,miV,’] 3.4

ieS
is known as the moment of the impulse of S with respect to pole A.

In the following paragraphs of this chapter we will obtain the main dynamics law
of mechanics, namely, we will try to get the exact expressions for Q, K4, and T'.

3.2 Axioms or Newton's laws

In addition to the concepts previously introduced, in the formal construction addressed
in this text Newton’s laws are presented in the form of the following axioms.

3.2.17 Newton’s axioms

Axiom 3.1 (Newton’s first law). Every material particle not subject to any external
stimulus, can only move with uniform rectilinear speed or remain at rest.

Axiom 3.2 (Second law of Newton). By the definition, the total force F is

F=0Q. (3.5)
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Denoting by F; the force exerted on the particle i € S one can represent F as a total
force acting in the system S, that is,

F:= ZFi = Zmiv,-. (3.6)

ieS ieS

Axiom 3.3 (Newton’s third law). Given i, j € S, we denote by F;; the force exerted
on the particle i by the particle j #1i. Then

F=—Fj.

The vector quantity F, defined in (3.6), as we have already mentioned, is the total
force acting on the system S. It can be represented as

F= Fext + Fintz

where F,,; is the force exerted on S by external agents and

F,’m = Z ZFU‘ (3.7)
ieS je§
i#]

is the net of internal forces that results from the actions of the particles among them-
selves.

Lemma 3.1. In any system S of material points
Fint =0.
Proof. By (3.7) we have

Fipp=Fr2+Fi3+--)+F+F3+-- )+ =
(Fi2+F)+ Fi3+F3) -+ (Fj +Fji) +-

and in view of Newton’s third law we get the desired result. O

3.2.2 Expression for Q
By the previous lemma, Eq. (3.5) is reduced to
Q=Fex. (3.8)

Definition 3.3. Whereas the mass of a system S of material points is given by

M=Y"m, (3.9)

ieS
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the point CI with position vector
1
rer = MZmiri (3.10)
ieS
is called the center of mass or the inertial center of S.

Remark 3.1. From the definition of center of mass (3.10), the expression of the ve-
locity of this point with respect to the origin O is immediately obtained: the derivation
of (3.10) results in

1 . 1
Yci :=MZmiri=MZmivi. (311)
ieS ieS
Definition 3.4. If F; represents the action on the material point i € S, the vector
quantity
Mg, =Y [ria.Fi] (3.12)

ieS

is called the moment of forces with respect to pole A.
Lemma 3.2. Only external forces contribute to the moment of the forces (3.12), that
is,

Mg, =Mg,,, . =Y [ri4. Fiex]. (3.13)

ieS

Proof. Since

Fi = Fi,ext + Fi,illtv
expression (3.12) can be rewritten as

My, = MFexI.A + MFinr.A’

where

Mg, 5 == Z [ri,Aa Fi,im] .
i€eS

But in view of the identities

MF,V,MZZ[I'i,A,Fi,im]ZZ TiA, Z Fij :Z Z [ri.a. Fij],

ics ics jes, j#i ieS jes, j#i
Mg, , =Y [tjaFim]=Y |ria Y Fi|=> > [rjaFjl.
jes jes ieS, i#j jeSies

i#]



94 Classical and Analytical Mechanics

summation of both identities and using Newton’s third law for i £ j we get

2Mp,,, , = Z Z [l'i,A, Fi/] + Z Z [rJ"A’ F/i] =

ieS jes jeSieS
i#] i#]
ZZ([ri,A,Fi,’] [rj.a.F ZZ ria, Fij] +[rj.a, —Fij]) =
ieS jes ieS je§
i#] i#]
ZZ[I‘,',A — rj,A,Fij] =0.
ieS jeS
i#]
Here we have used the fact that the vector r; 4 —r;j 4 is always parallel to the vector
F;;. So, My,,, , =0. The lemma is proven. O

In view of this result, it follows that

Mg, = Mg (3.14)

ext,A*

3.2.3 Expression for K,

The following is one of the key results in dynamics.

Theorem 3.1 (Rizal’s formula). In a system of material points with constant masses
Ki=Mg,, , +MI[vcr,val, (3.15)

ext,A

where vc and v4 denote, respectively, the velocities of the center of mass CI and the
velocity of the pole A with respect to the origin O.

Proof. By (3.1), the definition (3.4) can be represented as
Ky = Z[l'i —TrA,m;vi].
ieS

Deriving this expression under the consideration that m; is constant for all i € S, we
obtain

. d
Ka= Z 7 [rj —ra,m;vi]= Z[Vi — VA, mivi]+

ieS ieS
(3.16)
D o —ra,mivi] = [VA,val}rZ v A, mivi]
ieS ieS ieS

since

Z[Vz‘,mivi] = Zmi [vi,vi]=0

ieS ieS
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Now, in view of (3.3) we have
mivi = Q;,
and by Newton’s second law
Fi=Q;.
where F; is the force acting on i. Therefore (3.16) becomes
Ki=-M [VA,%;mivi}+§[ri’A,Fi]. (3.17)
Using (3.11) and (3.12), expression (3.17) can be rewritten as
Ki=—MI[va,verl +Mgyg, =M|[vcy,val+Mp,.

The theorem is proven. O

Remark 3.2. There are some important special cases of the Rizal’s formula.
1. Ifv4=0o0rvec; =0 we have
KA = MFext,A :

2. If additionally

Fex[’i = 0 Vl € S,

then

M, , =0,
implying

Ky = coPst.

3.3 Force work and potential forces

This section addresses its study, which is predominantly based on the concept of work
of a force. Potential forces are a type of forces with very specific and useful charac-
teristics.
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3.3.1 Elementary and total force work

Definition 3.5. Consider a force F acting on a particle that traverses a path L. Denote
by dr the differential element of L (see Fig. 3.3). The scalar amount

8A := (F,dr) (3.18)

(’L

dr

Figure 3.3 Relationship between a force and elementary displacement.

is called the elementary work of force F on path dr, and the value

A ::/ 5A (3.19)
L

is referred to as the total force work of F on path L.

Remark 3.3. The amount §A in general does not represent the total differential of
some function; that is why we are using § A instead of d A.

Below, we demonstrate some interesting results related with the notions above.

3.3.2 Potential forces

Definition 3.6. Assume that a trajectory L has initial r;,; and terminal 1., positions.
If the work of force F is such that it does not depend on the form of L but only on its
initial and terminal points, that is,

A=A (Xipi, Trerm) s (3.20)
then it is said that F is a potential force.

Lemma 3.3. Force F is potential if and only if there is a scalar function
I[I=TII(r) (3.21)
such that

F=—VII(). (3.22)
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Proof. Necessity. Since F is potential, we have
/ (F.dr) = A (¥ini. Trerm) (3.23)
L
and
r+Ar
/ (F.dr) = A (vipi, * + Ar) — A(Tipi, T). (3.24)
r

Now, the condition (3.23) implies that A is sufficiently smooth, and hence, by the
Taylor expansion, the relation (3.24) can be expressed as

r+Ar

/r (F,dr) = (F,dr)+o(|Ar]) =

A (Tjni, ¥ + Ar) — A (Tipi, ¥) = (Ve A (Tjni, 1) , Ar) + 0 (JAr]),

or equivalently, as

(F, Ar) + o (|Ar]) = (VrA (tini, 1) , Ar) + 0 (|Ar]).
This implies

(F — VrA (xini,r), Ar) =0 (|Ar]). (3.25)
Tending to Ar — dr, the relation (3.25) becomes

(F = VrA(ripi, 1), dr) =0,
and, since it is true for any dr, it is concluded that

F — VA (rjyi, 1) =0,
or

F= VA (ripi,r).

Once the point r;,; has been fixed and remains constant, it is possible to represent A
in the form

A (Tjni, 1) = —I1(r),
so that
F=-V,II(r).
Sufficiency. Since there exists IT: R® — R,

F(r)=—VII(r),
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and by the definition (3.18) we have
A= (F,dr)=—(VII(r),dr). (3.26)

But note that the term (VII (r), dr) turns out to be the total differential of the func-
tion IT:

(VII(r),dr) =dIl(r),
and (3.26) can be represented as
§A=—dIl(r), 3.27)

such that the work of F along path L with initial and final positions r;,; and r;er, 1S
given by

A= / JA = _[ drl (r) =TT (ripi) — I (Xrerm) = A Cini,s Trerm) -
L L
Here we have used that the integral of a total differential along any way L depends

only on the initial and final positions. The lemma is proven. 4

Remark 3.4. According to (3.27), in the case of potential forces only § A is effectively
a total differential.

3.3.3 Force power and expression for T

Definition 3.7. Let F; be the force exerted on the particle i € S. The elementary work
carried out by all the forces in S is given by

5A:::§:(thrn, (3.28)

ieS
which, suppose, is done in the time interval §¢. The quantity

. SA
BFY;

is said to be the power, developed by these forces.

Lemma 3.4. Let S be a system of particles with constant masses subject to the action
of external and internal forces. The elementary work of the forces and the variation of
the kinetic energy of S keep the relationship

dT =6A, (3.29)
or equivalently,

T =N. (3.30)



Dynamics 99

Proof. From (3.18) it follows that for S
SA=Y"(F;,dri)=Y_ (miV;,dr;),
ieS ieS

where Newton’s second law and the fact that m; (i € S) is constant have been used.
Equivalently, using the definitions of derivative and differential and the properties of
the internal product, we have

) Av;
5A = lim lni———,Ari =
b At—0 At
ieS
. Ar;
Zmi dim <Avi, A—f') = Zmi (dvi, i),
ieS ieS

where, considering the expression for the differential of the internal product and the
definition of kinetic energy T of S, we get

1
SA=d <§§mi (vi,vi)> =dT,
1

which implies (3.30). O

3.3.4 Conservative systems

Definition 3.8. Let S be a system in which all forces are potentials, that is, the force
acting on the particle i € S is given by F; = —VTII (r;), where r; is the position of the
particle. Such a system is called conservative.

Lemma 3.5. In a system S that is conservative the property

E@):=T @) +Zn(r,- (1)) = const (3.31)
ieS

is met.
Proof. Using (3.28) and the property of potential forces we have
SA=) (Fidrj)=—Y (VII(r;),dr))=—) dIl(r),
ieS ieS ieS
whose replacement in (3.29) leads to the relationship
d|:T+Zl'I(ri):| =0,
ieS

or equivalently, to (3.31). O
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Remark 3.5. The quantities Zie ¢ I1(r; (t)) and E (¢) receive the names of potential
energy and mechanical energy of the system S, and consequently, the result (3.31) of
the previous corollary is called the principle of conservation of mechanical energy,
which justifies the name of conservative systems.

3.4 \Virial of a system

In systems of material points certain average characteristics have interesting relation-
ships. These aspects are studied in this section.

3.4.1 Main definition of virial

Definition 3.9. Consider a scalar function 8 (¢) for > 0. The amount

1 T
,8,::—/ B)yde, >0, fo=p(0),
T Ji=0

is said to be the average value of 8 () in the interval [0, t].

Definition 3.10. Suppose that S is a system of material points subject to the action of
the forces F; (¢), i € S. The amount

1

Vei=— (Z (Fi (). 1i (r))) (3.32)
ieS T

is referred to as the virial of S.

In the following the forces and the position vectors are dependent on 7, but this
dependency by economy in the notation is omitted.

Theorem 3.2 (On the virial of the system). For the virial of a particle system S we
have

V=T, (3.33)

if any of two conditions are met:

a) trajectories and velocities of system points are bounded and v = co;
b) the trajectories of the points of the system are periodic with period Tp., and

T =Tper.

Proof. Define

G:=) (mviri), (3.34)

ieS
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whose time derivative is

G =Y [mVi,r) + (mivi,v)l = Y (Fi,x;) +2T.

ieS ieS

Here we have used the Newton’s second law as well as the definition (3.2) for the
kinetic energy. Integrating this expression in time interval [0, 7], T > 0, and dividing
by 7, we get

1 1 [7 2 (T
—[G(f)—G(O)]=—/ E (Fi(t),ri(t))dt+—f T (t)dt
T tJo gy tJo

or, with the concept of average quantity and definition of virial (3.32) it follows that

1
GO -GOI=2Ve+To). (3.35)
a) If the trajectories of the points of S are bounded, there exists

Gt :=max |G (¢)| < oo,
>0

which leads to
1
lim—[G (t) — G (0)]=0,
>0 T
and in view of (3.35) it follows that Vo = Too.
b) If the trajectories of the points of S are periodic with period 7., one has
G (Tper) =G0,
and by (3.35) we get
T, =V

Tper Tper*

3.4.2 Virial for homogeneous potential energies

The following results concern a special case when the potential energy is homoge-
neous.

Definition 3.11. A function f : R" — R with the property
foan=xfx, 1>0,

is said to be positively homogeneous (or simply, homogeneous) with homogeneity
order s.

We also have

F, =—VII; (r;), i€S. (3.36)



102 Classical and Analytical Mechanics

Lemma 3.6. Suppose that T1; is homogeneous with homogeneity order s and that
the trajectories of the points in S comply with the restrictions of the virial theorem,
Theorem 3.2. Then

T, =11, (3.37)
2
where
I, = (Z I; (r,»)) )
ieS T

Proof. By the virial theorem, Theorem 3.2, with T = 00 or T = 7)., depending on
the case, we have

.=V, (3.38)
Now, using the definition of virial of the system (3.32) and in view of (3.36),
1 [t
V, = 5/0 g(vrn,- (r;),r;)dt. (3.39)
But, we have

AT, (hr)

VeIl (1), 1) = —

r=1

Hence, (3.39) can be represented as

1 1 [F 9IT; (Ar;
vf:_z_/ ML o))y,
2 ics T Jo oA =1
and, in view of homogeneity I1;,
1 1 7 9ASTI; (x;
Ve=> > —/ T(’) dt =
ieS rJo A=l
S o1 1 (7 . s . s
3 L Z;fo M; (i) dr = (Z I; (rl)) =50
ieS ieS T
The lemma is proven. |

Corollary 3.1. Given

_Lf 2 r _
Tt+nt—;/0 [thvi (04‘2“1 (r; (t))i| dit =

ieS ieS
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1 T
- /O |:T )+ > T (r; (r))} dt,

ieS

taking into account that all forces are potential with the homogeneous potential energy
with the index s, by (3.31) we have

T + 1, =E = co?st.

Combining this equation with (3.37) leads to

) 2
T, = E, II;,= E. 3.40
=1 =312 (3.40)

3.5 Properties of the center of mass

In this section the dynamic properties of the center of mass (or inertia) are established.

3.5.1 Dynamics of the center of inertia (mass)

Lemma 3.7. In a system S of particles i € S the dynamics of the center of mass with
the coordinate vector rcy is as follows:

Micy =Fey, (341)
where M represents the total mass of the system S.

Proof. By Newton’s second law,
Q = Fexr

or, considering m; constant for all i € S and using the definition of inertial cen-
ter (3.10), we have

d d 1
zazmlvl MEMZWHVI—MI'CI»
ieS ieS
which gives (3.41). O

3.6 “King/Kénig/Rey” theorem

3.6.1 Principle theorem

Theorem 3.3 (Konig theorem). Suppose that we deal with two reference systems: one
absolute with origin O and another relative with origin O (see Fig. 3.4). The kinetic
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I‘i:I‘O.+r1-’O.

Figure 3.4 Relationship between the coordinates of an absolute and an auxiliary system for calculating
kinetic energy.

energy of a system S containing some material particles can be calculated as
T=To +Tret,00 + M (Yo, Ver,00) (3.42)

where

Vo is the absolute velocity of the pole (origin) O’,
Ver, o 1S the velocity of the center of mass with respect to the pole O’,
To = %M vzo/ is the kinetic energy of the mass of S if it were concentrated in the
pole O,

o Trp 0= % Yies m,-vl.% o I the kinetic energy of S calculated with respect to the
pole O,

e v, o is the velocity of the point i € S relative to O'.

Proof. By the definition of the kinetic energy (3.2)
1
T=> Zmi (Vi) Vi),
ieS
and taking into account that
Vi=VYo +Vio,
we have
1
T = 3 Zmi [(Vor.vo) + (Vi.or. Vior) +2(Vor. vior) | =
ieS
1

1
5MU20’+§Zmivi2,0’+ V0/,Zmivi’0/
ieS ieS
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Finally, multiplying and dividing by M and in view of (3.11) it follows that
T =To + Trer00 + M (Vo ver07) -
O

Corollary 3.2. The Konig theorem has two very important particularizations.
1. If the origin O’ coincides with the center of mass (inertia) of the system, then
Vcr,00 = 0 and
T=To + Trel,O/- (3.43)

2. If S is a rigid body, whose pivot coincides with O', then there exists a vector
w relative to O’ such that, if v; o/ denotes the position vector of the point i € S
relative to O’, the following relation holds:

d

Vi,o' ‘= Eri,o/ = [w, ri,O/]
and

v o = ’ri o sin? (@.Tigr).
so that

2
Trel.0r = > Zm ri o sin’ (@.1;, /) = Zm d?,
ieS ieS

where

di =Ti0! sin (m/)
denotes the distance to the line of action of @ (the axis of rotation). The quantity

I, == Zmidiz (3.44)

ieS

is called the instantaneous moment of inertia or simply moment of inertia of the
rigid body S with respect to the axis of . That is why

1
Tret.0r = Elwa)z. (3.45)

3.6.2 Moment of inertia and the impulse moment with respect
to a pivot

Definition 3.12. In general terms, for a system S of points and an axis A A/, the quan-
tity

Lo =Y mid}, (3.46)

ieS
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where d; denotes the distance from i € S to AA/, is called the moment of inertia of
S with respect to the axis AA/.

The concept of moment of inertia also appears in other developments, as the fol-
lowing exercise shows.

3.6.3 Arrigid flat body rotating in the same plane

Let S be a rigid flat body that rotates in its own plane with respect to the pivot O’ with
angular velocity @ (Fig. 3.5). The impulse moment with respect to the pivot is given
by

Ko = Z [ri.0r.mivi] = Zmi [ri0.vi]

ieS ieS

Figure 3.5 Flat body rotating in its plane with respect to a pivot O’.
and, by Euler’s theorem (see Chapter 2),
vi=|o. 1 0],
which implies
Ko = Zmi [ri.on [@.1i0]] =
ieS

Zmi [(ri,o/’ ri,O’)w - (rl‘,O/, (l)) ri,O’] ,

ieS

(3.47)

where the alternative formula of the triple vector product has been used (see Chap-
ter 1). Whereas

(l’,‘,o/,w) =0Vies§

and

(riorio)= d?
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(where d; is the distance from point i € S to the axis of rotation), one has

Ko/ = (Zmld12> ,

ieS
or, by the definition of moment of inertia (3.44), we finally arrive at the presentation

Ko =l (3.48)

Rotation of a body with geometric and mass symmetry

The result of the previous subsection is valid in a slightly more general situation,
namely, when we deal with the rotation of a body with geometric and mass symme-
try with respect to the axis of rotation. To see this, recall from Chapter 1 that

(w,ri,O/)wJr [@. [ri,0, ]]

ri o =
' w? w? ’

which, after substitution in (3.47), leads to

1
KO’ = Zmi {((ri,o/, ri,of) - E (ri,O” (())2> w—

ies (3.49)
1

.l (ri.01, @) [@, [rio w]]} ’

where the term [w, [r,-,o/, w]] has radial direction with respect to the axis of rotation.
So, under the condition of geometric and mass symmetry with respect to the axis of
rotation, for any i € S, there exists i* € S (the mirror image of i € S) such that

mij =mix, rio =rixo,¥, 0 =T 0,
and therefore,
[@. [ri.0n @]] + [@. [ri+ 01, @]] = 0.

where the second term on the right side of (3.49) is canceled, so that

1
Ko = Zm,- ((r,,(,/, ri0) — — (rio0, a))2> ®. (3.50)

ieS

But
1 2 r; o/ 2
2 i,0
(ri.0nri0r) =77 o and e (rion®) = (compw )
and by the Pythagorean theorem

2
r; o/
d}=riy — (compt;o ) .
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In view of that, (3.50) may be rewritten as
Ko = (Zm,-di2> w=1,, (3.51)
ieS

and since, in this case, the location of O’ is not important, unless it is on the axis of
rotation (we may move w along the rotation axis), the notation

Kw = Kof

can be used in all situations with geometric and mass symmetry with respect to the
axis of rotation.

3.6.4 Calculation of moments of inertia for different rigid bodies

The result (3.45) makes use of the moment of inertia, which is a function of the ge-
ometry and the distribution of the mass of the rigid body in question. In the following
examples this mechanical characteristic is calculated for several geometries.

Example 3.1. Using the definition (3.46), let us calculate the moment of inertia I,/
(with respect to the indicated axis) of the bodies shown in Fig. 3.6. All bodies have
mass M of uniform distribution.

(i) Disk (ii) Disk

X

(iv) Bar-Rod

(vi) Solid cone

xl
(v) Solid sphere

Figure 3.6 Some bodies of simple geometry for the calculation of their moment of inertia.
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i) For the disc, with respect to its center, we have

R
Lo =Y md? = dmp).

ieS =

where dm (p) is the mass of the elemental ring of radius p and width dp, whose
area is

dA =2mpdp,
while the total area of the disk is
A=nR>

Given the condition of uniform distribution of the mass, it follows that

am="2aa=2 4
m—A —RZ,O 0P,
so that
oM (R, MR?
b= fy M=

ii) For the disc, regarding a diameter,
5 w/2 prR 5 5
Lo =) mid; =4/ / psin” pdm (p, @),
ieS 9=0 Jp=0

where dm (p, @) is the mass of the differential element located at the point (o, ¢)
and whose area is

dA = pdpdy.

Since the mass has uniform distribution and the total area is

A:nRZ,
we have
d MdA M dopd
m—= — = —
N nRzp pay
Hence,
aM /2 prR )
Lo = ) _mid} = —7 / p’ sin’ pdpdp =
ies TS Jo=0 Jp=0

MR? [7/2 MR? ™2 (1 —cos2
/ sin2<pd(p= / < ¢>d¢=
4 =0 T ©=0 2
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MR? sin2¢]"*  MR?
21 2 1y 47
iii) For the shown solid cylinder the same procedure is followed as for the case disk
(i), only here dm (p) is the mass of the elementary hollow cylinder of radius p,
width dp, and height i, whose volume is
dV =2mhpdp.
Since the total volume of the cylinder V is

V=7ThR2,

in view of the uniform mass distribution we have

MM
M=y Al T e
So,
oM (R MR?
IxX/z—RZ 0 pdp: 2

iv) For the bar without thickness, with respect to the axis shown, it follows that

2
o =Y mid? =2 [

1/
szdm,
ieS =0

where dm is the mass of the differential element of length ds. Because of the
uniformly distributed mass condition, we have

M

dm = —ds,
l
which is why
M (12 M2
Ly =2— 2ds = —.
x z/szos T

v) For the solid sphere we have

Ixx/=ZMidi2=/ d* (o, p)dm (0, ¢,6),
ies M

where dm (p, ¢, 0) denotes the mass of the differential element with volume

dv = ,02 sin pdpdpdo
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vi)

and d (p, @) is its distance to the axis xx’, which is
d(p, ) =psing.
Since the total volume of the body is

1% 4 R3
= -7
3

and the mass is distributed evenly, we get

M IMm 5, .
dm = vdV = 471R3'0 sinpdfdpdy.

Therefore,

Mo (7R, 3MR? [T
Ly = —>3 psin” pdOdpdy = sin” pdg.
4 R> Jp=0Jp=0Jo=0 10 Jo

Taking into account that

b4 T P
f sin® odp = — f sin® od (cos @) — sin? pcosp| +
¢=0 ¢=0 0

e

s
/ cosod (sin2 go) = 2/ sin ¢ cos? odp =
=0

T T
—2/ cos? od (cos ) —2/ cos? od (cosp) =
=0 =0
2 cos? | 21—
—— cos =—(-1-1=
¢ 0 3

4
3 3

3

we may conclude that

2 2
Ly = §M R~

Finally, for the solid cone with respect to its longitudinal axis, the result of part

(i) will be used. So,

h
Ly = X:Wlldl2 :/ ()dex, @),

ieS =

where dI,,’ (z) denotes the moment of inertia with respect to its center of the
elementary disk of radius p and height dz (see Fig. 3.6(vi)). Now, given the
geometry we have the relationship

R

,OzzZ,
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so the volume of the differential disk results in

7R?
dV = 7T,02dZ = 7226&,

while that of the whole body is

v ="R2
3

The elementary disk has mass dm:

M 3M
dm=—dV = —7%dz,
"=V ARl
and according to the result (i),

2 2
3MR
P dm =

4
2 T

dlyy =

which gives

I _3MR2/h g 3 R
ST Jy T T 0

3.6.5 Konig theorem application

The following two examples are solved by a direct application of the Konig theorem,
Theorem 3.3.

Example 3.2. The rigid circular chain of Fig. 3.7 has mass M evenly distributed and
rolls with constant speed as shown. Determine its kinetic energy.

Figure 3.7 Rigid chain rolling with constant speed.

Locate two systems: one absolute fixed to the floor and the other relative fixed to
the center of the circle formed by the chain. Since in this case the center of inertia
coincides with the origin O of the relative system, the result (3.43) is applicable, and
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therefore
1 2, 1 2
T = EMV + E Zm[UiQO/.
ieS
But, applying the results of Chapter 2, point A contacts the floor:
Va=Vo +vVa,0=V+va0 =0,
which is why

VA, 0 = -V.

And since all the points of the chain have velocity relative to O/ of equal magnitude,
we have

vi,or=va,00 =V,
which implies

1 1
T = 5Mv2 + EMV2 =MV?Z

Example 3.3. The disk in Fig. 3.8 has mass M evenly distributed and rolls with con-
stant speed, as indicated. Determine its kinetic energy.

M

Figure 3.8 Rolling disc.

The solution procedure is very similar to that followed in the preceding example.
An absolute coordinate system fixed to the floor and a relative one fixed to the center
of the disk are placed. Since the center of mass of the disk coincides with the origin
Oy of the relative system, the result (3.43) is directly applicable, and in this case the
relative kinetic energy is given by (3.45). So,

1 1
T = 5Mv2 + Elwa)z. (3.52)

By the results of Chapter 2, we have for the point P, contacting with the floor,

ve=vo +Vpo=V+[orpo]=0. (3.53)
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But since V and [(o, I'pgo/] are of the opposite directions and considering that
rp.or = R, from (3.53) we obtain

V—-wR=0,

and as a consequence
w=—. (3.54)

On the other hand, the moment of inertia of the disk with respect to the axis of rotation
is given by (see the exercise in the end of the chapter)

MR?
I, = 5

(3.55)

So the substitution of (3.54) and (3.55) in (3.52) finally leads to

3 2
T=-MV~-.
4

3.6.6 Steiner’s theorem on the inertia moment

The result that follows is extremely useful in the calculation of moments of
inertia.

Theorem 3.4 (Steiner). Consider the solid of mass M depicted in Fig. 3.9. Denote
by 44 and 1 ¢ the moments of inertia with respect to the axes AA’, which does not
pass through the center of mass, and O O', which does and which is parallel to AA’
and is separated from it at a distance d. We have the following relationship between
such moments of inertia:

Taar=lpo + Mdz.

;Od "

Figure 3.9 Solid body rotating around an axis that does not pass through its inertial center.
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Proof. Denote by d; 44 and d; oo’ the distances of the material point i € S up to the
axes AA’ and O O/, respectively. By the definition (3.46) we have

2
IAA’ = Zmidi,AA/'
ieS
But, by the law of cosines

d? gy =d*+d} o —2dd; 00 cosa;

1
(see Fig. 3.10), and therefore
Taa = Zmi (d2 +di%00, —2dd; o0 cosai) =

ieS

(3.56)

Md? +Ipo — ZdZmidi,OO’ cos ;.

ieS

z=00" d AA X
Figure 3.10 Diagram of distances of a point i € S to the axes 0O’ and AA’.
Now, note that if C1 is chosen as the origin of the coordinate system, we have
1
rcy = M Zmiri =0.
ieS

By the component representation r = (x, y, z)7 it follows that

> mix=0, Y miy=0, > miz=0. (3.57)

ieS ieS ieS

If in Fig. 3.10 the coordinate system is selected in such a way that the axes z and O O’
are coincident and the x-axis is directed towards the axis AA’, it follows that

di,00r cosa; = x;,

from which by (3.57) we obtain

Zmidi,OO/ coso; = O,
ieS

and the affirmation follows from (3.56). O
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Example 3.4. Calculate the moment of inertia of the solid cylinder (see Fig. 3.11)
with respect to the axis shown. The body has a uniformly distributed mass M.

A" X dx
R {’a

h

Figure 3.11 Solid cylinder rotating on a transverse axis.

Here the Steiner’s theorem, Theorem 3.4, may be directly applicable. To do that let
us consider the volume of the elementary disk, which is

dV =7 R%dx.
Since the total volume of the solid is
V =nR%h,

the following mass of the elementary disk results:

dM = %dv = %dx.
Vv h

So, using the result of the aforementioned example (see Exercise (ii)), we have

M R?
4h

dloo/ = dx,

where O O’ represents the axis parallel to AA’ passing through the center of inertia of
the considered elementary disk. Now, by Steiner’s theorem, Theorem 3.4,

M(R>
dIAA/=7 T—l—x dx,

from which we get

hy2 M (2 [ R?
IAA’:2/ dIAA’(x):_/ <—+x2>dx
x=0 h x=0 4

M R2+h2
T4 3 )

The examples that follow illustrate some points studied in this chapter; particularly,
the first two make use of the concept of center of velocities (see Chapter 2) and its
applicability in the solution of kinematic problems.
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Example 3.5. In the articulated bar of Fig. 3.12 each half has length / and mass m,
and in addition, the bar is placed in such a way that the articulation is exactly half of
the opening in the floor, which has exactly a width /. In the initial moment, to which
the situation shown corresponds, the bar begins to fall. Determine the velocity of the
joint, denoted by D, at the moment when the ends of the bar are touching the corners
of the opening. Consider that the slippage is frictionless.

Figure 3.12 Articulated bar about to fall.

The general situation is illustrated in Fig. 3.13. First it will be shown that when the
bar falls, the velocities of the contact points of the bar with the corners of the opening
have direction towards the articulation D.

1/2

—

¥
D VBB—-IX

|

Vp

Figure 3.13 Bar falling.

a) For this, locate two coordinate systems: one absolute fixed to the floor and the
other fixed relative to D. Given the symmetry conditions of the problem, it is
enough to analyze the situation for the right half. So, for point B of contact we

have (see Chapter 2)

vg=vVp + [@, DB], (3.58)
where

w=|¢|. (3.59)

On the other hand, if sin ¢ # 0 we have

|DB|=—"— (3.60)
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and

X = —cotg.
B %

The temporary derivation of this last relation leads to

. [
X =—
2sin2<p(p
so that
. 2. .,
| = 7 |X|sin” @. (3.61)

Considering that vp = |X|, that @ is orthogonal to DB, and that the relations
(3.59) and (3.60) hold, the following equality is reached:

[e.DB]| _«[DB| 1|

vp vp  2|x|sing’
or, with (3.61),

|[«. DB]|

Up

=sing. (3.62)

Fig. 3.14 shows a vector diagram with the vectors vp and [, DB]. From this
diagram and (3.58) we can see that

vg = (vp — |[@, DB]|sing)i— |[, DB]|cos gj.

[w,DB]

Figure 3.14 Vectors vp and [@, DB].
But in view of (3.62) the last formula may be represented as
Vg = vp cos ¢ (cos ¢i — sin ¢j),

from which it follows that the direction of vp is towards D. This means that the
point B is always in the contact with the corner.
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b) The knowledge of the direction of vp allows locating the center of velocities C
of the right half of the bar; in particular, at the moment of interest, i.e., when
the bar is detaching from the floor, it has the configuration of Fig. 3.15. In this
situation it is known that with respect to C (the center of velocities) there exists
 such that

vp=[%.DC]

Figure 3.15 Bar detaching from the floor.
with € orthogonal to DC, so that
vp =Q|DC|. (3.63)
From Fig. 3.15 it is also seen that
/ U |
W =sin30° = ok
SO
|DC|=21.
But we deal with a situation with no loss of energy, and therefore
T+ Y M @0)= const. (3.64)
ies

So, taking g as the acceleration of gravity and as a reference level for potential
energy the level of the floor, we have for t =0

T(0)=0, Y M(r;(0))=0, (3.65)
ieS

whereas for the final moment ¢ (see Fig. 3.15)

1
T (tf) = EIQQZ,

(3.66)
Z I1 (ri (tf)) = —%mgl cos30° = —?mgl.
ieS
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Now, by Steiner’s theorem

Ie=14 —i—m‘ﬁz,

where [4 represents the moment of inertia with respect to the axis perpendicular
to the plane of Fig. 3.15 and passing through the center of inertia, denoted by A,
of the right half of the bar. Since

L — mi?
A=
|BC| = |DC] cos 30° = v/3l
and
[AC| =/ [BC]" + (/22 =13+ 1/4=131)2.
Therefore
—2 1 13 , 10,
Ig=1 AC| = =+ — | ml® = —ml?,
@=14+m|AC| <12+4)m T
and as a result
1 /10 5
T (1) = 5 <?m12) Q= gmlzﬁz. (3.67)

The results (3.65), (3.66), and (3.67) together with (3.64) give

5 3
5m1292 = %mgl
and
g2 3V38
20 [°

In view of (3.63), we finally obtain

=Q|D :‘/——2l:‘/— l.
op | C| 20 1 5 §

Example 3.6. The articulated bars in Fig. 3.16 have length / and mass M and the
structure is tied with a weightless rope at points B and C. At time ¢ = 0 the string is
cut and the assembly begins to slide without friction. Determine vp (#) considering
that the initial height is Aj.

Given the symmetry of the structure, the problem can be reduced to the study of
the left half, which is shown in Fig. 3.17. From this figure we have

vs = [0 AB].
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B e

Cutatt =0

Figure 3.16 Set of articulated bars.

h
i

Figure 3.17 Left half of the structure of articulated bars.
where, for the system shown,

w() =0k o@®)=¢@),
and

AB = (—singi + cos ¢j) ,
so that

v = —wl (cos ¢i + sin ¢j) . (3.68)

Now, considering that the only force to be taken into account (weight) is potential, it
is true that

E@®):=T @)+ ) T(r1)= const. (3.69)
ieS

In the initial state (r = 0), we have

D T (r; (0)) = Mghy, T (0)=0,
ieS

where g denotes the gravity constant. Hence, for all t > 0

E(t) = Mghy. (3.70)
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At the general instant ¢ the potential energy is

> T(ri (1) = Mgh (1), 3.71)

ieS

whereas, taking reference points absolute and relative to A and B, respectively, for the
application of the Konig theorem, we have for the kinetic energy

Ta(t)=Tg () + Tret,5 (1) +2M (VB (1), ver, (1)), (3.72)

where
1
Ty =5 2M) vy = M2
Since vg = wl, it follows that
1 2 2
Tret,p =2 Elww =Ilpo,

where I, is the moment of inertia of a single bar with respect to the axis of rotation
(perpendicular to the plane of Fig. 3.17 and passing B), which is given by

1 I
M 1
L,,:/ xzdmzf x> —dx =-MI’.
0 0 [ 3
So,
12
Trel‘B = ng w.

To calculate the third term, vcy p is required. The position vector of CI with respect
to point B, expressed in the absolute system located in A, is

rcrp = —5Cosg).
where
vCI.B = E(p sin ¢j,
which is why
(va.verp) = —%12w2 sin® .

By the previous results and in view of (3.72) we have

4 12
Ty = MI*w? (g — sin® w) = Mao? <§ + h2> , (3.73)
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because
2 _ 32
sin? @ = Pk (3.74)
12
Substitution of (3.70), (3.71), and (3.73) in (3.69) leads to
12
w? (? + h2> + gh = ghy,
and hence
1/2
ho—nh
= 120 (3.75)
Wy )
3 +

Relations (3.74) and (3.75) together with (3.68) finally allow to obtain

1/2

ve (1) =— glh;)_& (hi+\/lz — h(t)2j> )

? +h(t)2

3.7 Movements with friction

Friction appears on the contact surface with bodies when they tend to slide on a surface
or they are sliding. In the first case the phenomenon is called static friction, and in the
second, dynamic friction. The first has the effect of producing a force that opposes
starting the movement and whose maximum value is reached when the slip is about
to begin. This condition allows to derive a simple relation for the calculation of said

force. Regarding dynamic friction, its definition is given below.

Axiom 3.4. Dynamic friction force appears on the contact surface, is proportional to
the pressure force, and acts in the direction opposite to the movement (see Fig. 3.18),

namely,

Fsr=—frrNes, leg|=1,

Figure 3.18 Body subject to friction.

(3.76)
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where

— fyrr is called a friction coefficient which depends only on the physical (non-
geometric) characteristics of the surfaces in contact,

— N is the magnitude of the pressure force perpendicular to the contact surfaces,

— eg represents a unitary vector in the direction of the tendency to slide (in the di-
rection of the rolling force Fg in Fig. 3.18).

In Fig. 3.19 it is depicted how the amplitude of a friction force HF fr H depends on
the amplitude of the applied external force [|Q]|.

I Fg, 1

lol

static friction  dynamic friction

Figure 3.19 How a friction force |[F 7, | depends on the amplitude of the applied external force [|Q||.

Example 3.7. Letm, o, and f, be (see Fig. 3.20) the mass of the body, the angle of
the inclined plane, and the coefficient of friction, respectively. If m and f, are given,
calculate o*, which is the angle of the plane for which motion is initiated.

Figure 3.20 Body on an inclined plane.
The sliding condition is
Fs > Fyp,
that is,

mgsina > frN = frrmgcosa,
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which gives
tano > frp,
or finally,
o™ =arctan f,.

Example 3.8. Consider the solid sphere on the inclined plane (see Fig. 3.21) with the
mass m and the radius p. The friction coefficient is assumed to be f,. Calculate o,
the critical angle for which the sphere begins to slide, in addition to rolling.

Figure 3.21 Sphere on an inclined plane.

The force responsible for the bearing of the sphere is due to friction, so first, let us
determine the relationship between the value of this force and the angle of the plane
under conditions of pure bearing. Under these conditions we have by Newton’s second
law

my=Fs—Fr=mgsina — Fy, (3.77)

where Fy denotes the force generated by the friction, which under the conditions
indicated in Fig. 3.21 gives

Fy < Fyy,

since it is not necessarily close to starting the slide. On the other hand, the magnitude
of momentum of the impulse around the axis of rotation of the sphere is given by
(see (3.51))

Ky =Ipw,

where I, is the moment of inertia of the sphere around a diameter and w is its angular
velocity. From the exercise above we have

K, = gmpzw,

so that

)
Ko = gm,ozd). (3.78)



126 Classical and Analytical Mechanics

Now, by the Rizal’s formula
(o= Ffp,
which in combination with (3.78) leads to
.5
mpw = EFf. (3.79)

Additionally, since v4 = 0, we have the cinematic relation

V= pw,
and hence,
V= pw. (3.80)

This expression being substituted into (3.79) gives

.5
mv=—F
2"/

and, in view of (3.77), this implies

> r=mgsina — Fy,

or equivalently,
2 .
Fr= 5mgsma. (3.81)

On the other hand, from (3.76), the maximum friction force that can be generated at
contact point A is given by

Frr=fgeN,
with

N =mgcosa,
that is,

Fyr = frrmgcosa. (3.82)
The value o™ corresponds to the situation when

Fr="Fy,

which using (3.81) and (3.82) gives

N 7
o™ = arctan Eff, .
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3.8 Exercises

Exercise 3.1. A uniform circular cone is placed on the base of a smooth horizontal
table. The cone is given the angular velocity wg, so that the speeds of the points of its
axis of symmetry are zero. Show that the angular velocity of the cone will be equal to

3(1+k)
= 70)’
13 4+ 3k

if a ball is dropped from its top to the base, the mass of which is k times less than the
mass of the cone.

Exercise 3.2. Two identical balls can move without friction on the sides of a right
angle located in a horizontal plane. Balls carry charges of different signs and begin
to move from a state of rest. Show that they will simultaneously be at the top of the
corner.

Exercise 3.3. A homogeneous stick AB of length 2a is pivotally fixed at point B.
From the end of the stick, the material point D begins to move, the mass of which
is equal to the mass of the stick. At the initial moment, the stick is in a horizontal
position. Having received the push, it begins to rotate clockwise in a vertical plane.
Show that the time T, in which the point D reaches the end A of the stick, is equal to

Daw?

T = — arcsin
w

(2 —1n3),

if it moves in such a way that the angular velocity w of the stick remains constant.

Exercise 3.4. The physical pendulum consists of a homogeneous ball of radius r,
suspended on a weightless rod to the fulcrum point O. The lower point of the ball
describes a circle of radius R. Another same ball is placed in a circular groove of
radius R and rolls along it without slipping (see Fig. 3.22). At the initial moment the
balls are on the same level and begin to move without initial speed. Show that the ratio
of the highest speeds of the centers of the balls is equal to

- TR —r)?

V1 7r2 +5R% — 10Rr
v2

Show also that with the ratio of
R=2r
between R and r, these velocities will be the same.

Exercise 3.5. A homogeneous cylinder of radius r and mass m freely rolls from a
stationary cylinder of radius R. The cylinder begins to move from a state of rest as
a result of a small impulse (see Fig. 3.23). The coefficient of sliding friction is equal
to f. Show that:
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Figure 3.22 The physical pendulum, consisting of a homogeneous ball, is suspended on a weightless rod
to the fulcrum point O. Another same ball is in a circular groove and rolls along it.

F

Figure 3.23 A homogeneous cylinder freely rolling from a stationary cylinder.

e all values of the angle ¢, at which the rolling occurs without slipping, are given by
the inequality

VI+33f2-1
1f ’

@ < 2arctan

e the corresponding velocities of the center of the cylinder (as a function of ¢) are

4
v(¢)=/§g(R+r)(1 —Cos @),
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e the normal reaction force N = N (¢) is given by
mg
N(p) = 3 (Tcosp —4),
e the friction force F' = F(¢) is

mg .
F(p) = 3 sing.
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The relationships obtained in the previous chapters are based on the consideration that
the absolute reference system is not accelerated. Systems in which this condition is
met are called inertial. In this chapter we analyze the dynamics of non-inertial sys-
tems, that is, systems whose absolute reference undergoes an acceleration. Another
consideration made previously is in relation to the mass; this has been assumed con-
stant. The treatment of some cases in which the mass is variable is the other aspect
of this chapter. The Meshchersky and Tsiolkovsky’s rocket formulas are derived and
analyzed.

4.1 Non-inertial systems

Definition 4.1. A coordinate system that does not experience acceleration is called an
inertial system; otherwise it is called a non-inertial system.

Recall that in a system S of material points, referring to an inertial system, the
following three relationships, discussed in the previous chapter, are satisfied:

(a) the second law of Newton,
Q=Fey; 4.1)
(b) the Rizal’s theorem,

Ka=Mr,, o+ M[vcr,val; 4.2)
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(c) the following relationship between the work, developed by the forces acting on
S, and the increase of its kinetic energy:

dT =8AorT =N. 4.3)

4.1.1 Newton'’s second law regarding a relative system

In this subsection we will solve the problem of rewriting Eqgs. (4.1)—(4.3) for the case
in which the reference system is non-inertial. To do that, it will be sufficient to rewrite
them with respect to a relative reference system.

From what we observed in Chapter 2, it is known that the acceleration of a
point r,ps with respect to an absolute coordinate system can be described in terms
of the acceleration wg, the angular velocity @, and the acceleration e of a relative
coordinate system with origin O, namely,

Wabs = Wir + Wrel + Weor, 4.4)
where the translation w;,- and Coriolis w.,, accelerations are

Wir :=Wo + [€,Tre1] + [@, [@, Tre]] 4.5
and

Weor :=2[®, Vreil, (4.6)

while 1y, V1, and W, represent the relative position, velocity, and acceleration of
the point, and are given by

Yrei = Xi+ Vj+ 2K, Vyer = X1+ Vj + 2K, Wyror = ¥ + §j + 7k

(here i, j, k are unitary orths of a non-inertial coordinate system).
Now, it has been seen in Chapter 3 that the inertial center CI of a system S of
material points with constant total mass M satisfies the relation

Q = Micr abs, (4.7)
where rcy 4ps denotes the absolute position of C1. Since

WCI.abs = ¥Cl.abs>
expression (4.7) can be represented as

Q= MWc aps-
This, in combination with Newton’s second law (4.1), leads to

MWCI,ahs =Feys,
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or, using (4.4),

M (Werir +Werrel +Wercor) = Fext.
From the last equation it follows that

Mwcy el =Fext — MWerir — MWCT cor- (4.8)
Definition 4.2. The vector

Rerir = —Mwer 4.9
is referred to as inertial translation force, and the vector

Rercor = —=MWcy cor (4.10)
is called inertial Coriolis force.

The definitions (4.9) and (4.10) allow to obtain the final expression of (4.8), which
is the relative counterpart of the law (4.1) and describes the dynamics of C/ with
respect to the relative system:

MWCI,rel:Fext+RC1,tr+RC1,cor~ (411)

The example that appears next illustrates the usefulness of the expression obtained.

Example 4.1. Consider the inclined plane as in Fig. 4.1, which is subject to the accel-
eration w shown. On the plane there is a body of mass m that slides without friction.
Determine the magnitude of w so that the sliding of the body is towards the high-
est point of the plane. Look at the plane from the relative coordinate system that is
displayed. Since this system is not rotating, in view of (4.5) and (4.6) we have

Figure 4.1 Body on an accelerated inclined plane.

implying

RCI,tr = —mw, RCI,cor =0.
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From (4.11), in order for the body to accelerate in the negative direction of the x-axis,
we must have

Rciircosa > mgsina,
or

mwcosa > mgsina,
which finally gives

w > gtanc.

4.1.2 Rizal’s theorem in a relative system

Recall (from Chapter 3) that the moment of the impulse of the system S with respect
to pole A is given by

Ky = Z [l‘i,A, miVi,abs] )
ieS

where r; 4 denotes the position of the point i € S, with mass m;, with respect to the
pole A. In this context we can introduce the following definition.

Definition 4.3. Let the particle system S be referenced to a relative system with origin
O. The relative momentum of the impulse of S with respect to pole A is given by

Krel,A = Z [ri,Av mivi,rel] ,
ieS
where v; ,.; denotes the velocity of the point i € S relative to O.
In view of this definition we have
Kiei,a = Z ([Fr, 4. miVirer] + [xi,4. miViret]) . 4.12)
ieS

and in particular, if A = O, by (2.45) it follows that

. . 1
ri0 =Tirel, Ii 0o =Virel Virel = Wi rel + Ewi,cor:
and the relation (4.12) is reduced to
. . 1
Kio :=Kye1,0 = Z Yirel, Mi | Wirel + Ewi,cor (4.13)

ieS
since [vi,,el, mivi,,el] =0. Using (4.4) we have

Wi rel = Wiabs — Wi tr — Wi cor (4.14)
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and hence, (4.13) can be expressed as

Krel = Z [ri,reh miwi,abs] + Z [ri,reh _miwi,tr]

ieS ieS

1 (4.15)
+ Z |:ri,rel» _Emiwi,cori| .
ieS

Define for the particle i € S the inertial translation force as

Ri o= —miWi = —mi (Wo + [, ret] + [@, [@, ¥i rer]]) (4.16)
and the inertial Coriolis force as

1

Ricor = _Emiwi,cor =—m; [w’ Vi,rel] . (4.17)
Here we have used that w; ., 1= 2 [w vi, ,el]. Since by Newton’s second law

m;Wi qps = Fj, (4.18)

with F; as the total force acting on the particle i € S, expression (4.15) takes the form
I‘(rel = Z [ri,rela Fi] + Z [ri,rela Ri,tr] + Z [ri,reh Ri,car] . 4.19)
ieS ieS ieS

Recall (also from Chapter 3) that the moment of the external forces with respect to the
origin O is given by

MFext,O = Z [ri,rels Fi,ext] = Z [ri,rgl, Fl] .
ieS ieS

Defining the moments M;, o and M., o of the inertial translation forces and the
inertial Coriolis forces with respect to the origin O as

Mtr,O = Z [ri,relv Ri,tr] and Mcor,O = Z [ri,rela Ri,cor] 5
ieS ieS

respectively, we arrive at the final expression for the relative counterpart of (4.2), that
is, the law that governs the dynamics of the relative momentum of the impulse:

Krel = MFex,,O + Mtr,O + Mcor,O- (420)

Expression (4.20) takes simple forms in some particular cases.

a) For example, if

Vire =0 Vi€S,
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then

Ricor = —2m; [w’ Vi”'d] =0, Mcor,0 1= Zmi [ri,reb Ri,cor] =0,

ieS
and hence,
Krel :MF”,,O +Mtr,0- (42])
b) Another simplification occurs if the relative system does not rotate, that is,

w=0.

In this case (4.16) has the reduced form

R =—m;wo,
so that
er,O = Z [ri,rel, _miWO] =
ieS
4.22)
|:_ Zmiri,rels W0:| = [rCI,reb _MWO] s
ieS

where the definition of the inertial center has been used.

The example below uses the newly obtained results, in particular expression (4.22).

Example 4.2. Fig. 4.2 shows a sphere, of radius p and mass m uniformly distributed,
resting against a step of height 7 < p. Determine the magnitude of the horizontal
acceleration w that the “floor” must have for the sphere to climb the step. Look at the
sphere in a relative coordinate system with origin O at the point around which the
rotation of the sphere is to be verified. Since the coordinate system moves with the
solid, it is true that v; ,,; = 0 Vi € . So, formula (4.22) is applicable. In view of the
fact that in the limit case we have

Figure 4.2 Sphere against a step.
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by (4.22) we have

M0 = [rcrrer, —mw].

Moreover, the reaction of the top point of the step on the sphere has null moment.
Therefore,

1
MFEX,,O = Z [ri,rel’ ng] = |:n_1 Zmiri,rela mg:| = [rCI,rel» mg] .
ieS ieS
The limit condition is given by
My 0 = My,,,,0,

that is to say,

w(p—h)=gyp2—(p—h)?

and the sphere goes up when

()
w>g. /l——) — 1.
p—h

4.1.3 Kinetic energy and work in a relative system

From what we observed in Chapter 3, the kinetic energy of a system of material points
S referenced to an absolute system is given by

1
T = 5 g m; (Vi,abs» Vi,abs) ,
ieS

where v; 45 represents the velocity of the point i € S with mass m; with respect to the
absolute system. Likewise, in the same Chapter 3 the amount

1
Tret,0 = 3 Zmi (Vi.0.vi,0), (4.23)
ieS
where O is the origin of a relative system and v; ¢ is the velocity of i € § relative to
O, was called the kinetic energy of S relative to O. For clarity of the notation, in what

follows T,..;,0 will be denoted simply 7,..; and will be called relative kinetic energy,
while v; o will be denoted v; ,..;, whereupon (4.23) adopts the expression

1
Trel := E ;mi (Vi,relv Vi,rel) . (4.24)
i
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Taking into account the expression for the differential of an internal product
in (4.24) and the consideration that m; is constant we have

dTre = Zmi ("’i,reldt, Vi,rel) = Zmi (‘.'i,relv Vi,reldt) ,

ieS ieS
where using the relations (2.45)
) 1
Virel = Wi rel + Ewi,cora Vi,reldt = dri,rel»

with r; ,.; denoting the position of the point i € S with respect to the relative system,
we arrive at

1
dTrer = Z (miwi,rel’ dri,rel) + 5 Z (miwi,cor, dl'i,rel) .
ieS ieS

Now using the alternative expression (4.5) of w; ./, we then have

dT,e = Z (miwi,abm dri,rel) + Z (_miwi,tr’ dri,rel) +

ieS ieS
1
Z (_miwi,cor» dri,rel) + 5 Z (miwi,cor» dri,rel) =
ieS ieS
Z (miwi,ub59 dri,rel) - Z (miwi,trv dri,rel) - % Z (miwi,corv dri,rel) .
ieS ieS ieS

And considering now the definitions of the translatory and inertial Coriolis forces as
well as Newton’s second law (4.16)—(4.18) we find

dTre = Z (F,’, dri,rel) + Z (Ri,th dri,rel) + Z (Ri,cor, dri,rel) )
ieS ieS ieS
where
1

Fi =miWi abs, Rir =—miWir, Ricor = _Emiwi,cor = [w’ Vi,rel] .

Finally, remembering the concept of elementary work of a force on a trajectory, we
have as the final expression for the relative counterpart of (4.3)

dTre1 =8A +8A; +8Acor, 4.25)
with

SA:=Y " (Fi,drire), §Ay =) (Risr,drire),

ieS ieS
8Acor == Z (Ri,cora dri,rel) .

ieS

(4.26)
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However, there is an interesting simplification of (4.26).
Lemma 4.1. We have
8Acor =0, YVt >0,

which means that the Coriolis forces (normal ones as well as inertial) do not produce
any work.

Proof. In view of (4.26) it follows that

SAcor = — Z (mi [wa Vi,rel] ) dri,rel) )

ieS
and taking into account that
dri,rel =V redt,

we get

8Acor = — Z (mi [w: Vi,rel] s Vi,rel) dt=0

ieS
by the existing orthogonality of [@, Vi rer] and Vi re;. O
In view of this fact the final expression (4.25) looks as

ATy =8A + 8A,,. 4.27)

4.1.4 Some examples dealing with non-inertial systems

Some aspects of the results obtained in the previous developments are illustrated in
the exercises that are now presented.

Example 4.3. Assume that a ring with the radius p, shown in Fig. 4.3, is rotating with
angular velocity @ about the indicated axis. The distance between the axis of rotation
and the center of the ring is a > p. A small ring of mass m surrounds the wire that
forms the ring, being able to slide on it without friction. We need to find the value of w
such that the moving small ring maintains the angle ¢y with respect to the vertical line.
The answer can be achieved by expression (4.11). To do this, the relative coordinate
system shown is fixed to the ring. In these conditions, since the ring is small, we have

I'clrel =VCIl,rel =WCl,rel = 0.

Moreover

Wo =WCl,abs>
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Figure 4.3 Ring in rotation with a small ring.

whereby
RCI,tr = —mMWC][ abs, RCI,cor =0.

So, the expression to be considered is reduced to
Fex: — MWC] abs = 0.

We also have

Fext =R+ mg,

(4.28)

where R denotes the action of the small ring on the ring, which, in view of the absence
of friction and considering that the small ring does not move with respect to the main
ring, has a radial direction. It is also known (Chapter 2) that the speed of the ring has

magnitude
v=wh with h :=a + psingyp.
Then, from the observations in (4.29),

v2

WCl,abs = —zi = —w?hi.
So, from (4.28)
mw’h — R singg =0, —mg+ Rcosgo=0,

which gives

@*h
— =tangy,
8

and with the value of 4, given in (4.29) and which is positive, it follows that

gtangg
w=_[———.
V a + psingy

(4.29)
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Example 4.4. Consider the series of n articulated bars in Fig. 4.4. Each bar has
length / and mass m. The upper fixed point experiences an acceleration w. Calcu-
late the angles that the bars form with the vertical one when all the bars have reached
the acceleration w. The force diagram of the k-th bar in the state in which all the bars
have the acceleration w, and therefore do not rotate, is shown in Fig. 4.5. In this dia-
gram, a relative system originating in O is fixed to the bar. The force Ry, represents the
action exerted by the previous bar, while the forces — (n — k) mw and (n — k) mg de-
note the components of the traction exerted by the next bar. Since the relative system
has € = w =0, the expression to be used is (4.21) with K,ez = 0. In this case

Mg,,,.0 + Mir,0 =0. (4.30)

o4 —1
Lm
e N
W -mw
mg l,m
l_) -(n-k) mw
(n-k)mg

Figure 4.5 Diagram of forces on a bar.

Proceeding to calculate the terms of (4.30), we get
MFexz,O = Z [ri,rel’ Fi,ext] =
ieS

> " [Xirer.mig] + (n — k) ml (—g sin gy + w cos ) K,

ieS

where

1 .
Z [ri,rela mig] = [I'CI,rel, mg] = —Emgl sin @i Kk.
ieS
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Therefore
1 . .
Mg, .0 =ml —Eg singg + (n — k) (—gsingg + wcosgg) | k “4.31)
and
1
M0 = Z [Xirer, —miW] = [Xcprer, —mwW] = Emwl cos grk. (4.32)

ieS

Substitution of (4.31) and (4.32) into (4.30) leads, finally, to the following conclusion:
w
tangy = —, k=1,..,n,
8

which means that all angles are equal.

4.2 Dynamics of systems with variable mass

This section deals with a problem different from that of the previous section: it is
considered that the mass of the systems is not constant, which will generalize some
dynamic relationships obtained in Chapter 3. In this section no more relative systems
are considered, so the quantities are with respect to an absolute system.

4.2.1 Reactive forces and the Meshchersky equation
Recall that in a system S of material points, Newton’s second law has the expression
Q=F.y, (4.33)

where the impulse Q of the system S is calculated as

Q=ZmiVi,

ieS

so that
- d
=N v
Q= Z Vi
or, using the fact that the velocity of the center of inertia is given by

1
Ver =2 mivi,

ieS
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where M is the total mass of S. In the case when M is allowed to be variable we arrive
at the following dynamic equation:

Q= % (Mvcr) = Mver + My, (4.34)
If a reactive force is defined as

Freac := —Mvc1 = —sign (M) uver, (4.35)
where

b= |M|

is referred to as expenditure, the Newton’s second law (4.33) allows to rewrite (4.34)
as

Mvcr =Fexr +Frege. (4.36)

The relationship (4.36) is called the Meshchersky equation.’
The examples and exercises that follow illustrate several interesting cases of the
dynamics of variable-mass systems.

4.2.2 Tsiolkovsky's rocket formula and other examples

Example 4.5. Consider the mobile tank shown in Fig. 4.6. The container has a hole
through which its contents leak and the system is not subject to external forces. Con-
sidering that the expenditure is constant over time, we will try to determine the law
that follows the speed of the mobile. In view of the fact that the mass of the system is
decreasing, the law (4.36) adopts the simplified form

M(@t)oc(t) = pocy (). (4.37)

Figure 4.6 Tank with drain.
Since the expense is constant, we have

M(1) = M(0) — pr,

LIt was obtained by I.V. Meshchersky in 1897 for a variable-mass body of the material points.
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so (4.37) is expressed as

dvcr iz J
ver M@O0) — ut

’

whose integration with respect to time leads to

ver(t) M(0) — ut

In =—In
vcr(0) M(0)

or, equivalently, to

ver(t) = UCI(O)ilu,
BTON

MO
valid forany 0 <r < —()

Example 4.6. Fig. 4.7 shows a rocket from which mass with a relative velocity u
emerges. Let us try to find the expression for the speed of the rocket. Recall that the
general impulse of the system at time 7 is given by

Q)y=M@)v (),

AM(t)

il — >

whereas at time ¢ + At, at which the mass quantity AM (¢) has the additional speed
u(r),itis

Figure 4.7 Rocket shedding mass.

QUt+AN=M@)[vt)+Av@®)]+ AM (t)u(t),

from which it follows that

Qt+A—Q(@) — M@ Av (1) n AM(t)ll
At At At

OF
If At — 0, by the definition of derivative, we obtain
Q=M@®O)V(E)+MHu(),

where, by the Newton’s second law (4.33) Q =F,,;, the following relationship fol-
lows:

M)V (1) + M (t)u(t) =F,y. (4.38)
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In the particular case where F,,; = 0 and u is collinear with v (0), Eq. (4.38) is reduced
to

M (1)

0L (4.39)

V() =—u(r)

Note that here M (t) is negative, since the mass of the rocket is decreasing in time.
If in addition the magnitude of u is constant, the integration of (4.39) leads to the
expression

M (0)

v(t):v(O)—I—ulnM(t),

(4.40)

which is known as the Tsiolkovsky rocket formula.’

The Tsiolkovsky rocket equation (4.39), classical rocket equation, or ideal rocket
equation is a mathematical equation that describes the motion of vehicles that follow
the basic principle of a rocket: a device that can apply acceleration to itself using
thrust by expelling part of its mass with high velocity can thereby move due to the
conservation of momentum.’

Example 4.7. In Fig. 4.8 a rocket is shown with n fuel tanks, each of which contains a
mass my, in addition to a capsule of mass m. Assuming that u is the relative speed with
which the combustion gases are released and supposing that the rocket starts from a
given level with the velocity v(0) = 0 and that v* is the speed that is required to be
reached by the capsule, we need to calculate the number n of tanks required. This
problem can be resolved with the formula of Tsiolkovsky (4.40). To do that, note that

v(0)=0, M(@O)=nmgy+m.

Figure 4.8 Rocket with n fuel tanks.

2 Konstantin Eduardovich Tsiolkovsky (September 17, 1857-September 19, 1935) was a Russian rocket
scientist and pioneer of the astronautic theory. Along with the French Robert Esnault-Pelterie, the German
Hermann Oberth, and the American Robert H. Goddard, he is considered to be one of the founding fathers
of modern rocketry and astronautics. His works later inspired leading Soviet rocket engineers such as
Sergei Korolev and Valentin Glushko and contributed to the success of the Soviet space program.

3 The equation is named after Russian scientist Konstantin Tsiolkovsky, who independently derived it and
published it in his 1903 work. The equation had been derived earlier by the British mathematician William
Moore in 1810, and later published in a separate book in 1813. The minister William Leitch, who was a
capable scientist, also independently derived the fundamentals of rocketry in 1861.

While the derivation of the rocket equation is a straightforward calculus exercise, Tsiolkovsky is
honored as being the first to apply it to the question of whether rockets could achieve speeds necessary
for space travel.

Robert Goddard in America independently developed the equation in 1912 when he began his research
to improve rocket engines for possible space flight. Hermann Oberth in Europe independently derived the
equation about 1920 as he studied the feasibility of space travel.
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If we denoted by M (¢) the amount of fuel mass, consumed up to time 7, we obtain the
expression

M @) =nmog+m—M@).

So, from formula (4.40) it follows that

nmo+m

v@)=uln —.
nmo+m — M (t)

(4.41)

Now, at the moment t* when v(¢) = v*, the mass consumed should be equal to
M (t*) =nmyo.
Hence by (4.41) we get

« nmo +m
Vi=uln ———,
m

from which it follows that

-2 fen(t) ]

Since n can only take integer values we may conclude that

el fon(5)

where int {-} denotes the “integer part” function.

Example 4.8. The container in Fig. 4.9 is a hollow cylinder of radius p that can rotate
about the vertical axis. In addition to the possible external forces, the content of the
cylinder is leaking tangentially with a relative speed of magnitude u (z). Consequently,
an action that rotates the container is exerted. Let us determine the expression that
governs the dynamics of angular velocity.

From Section 3.2 of Chapter 3, it is known that for the considered configuration of
the problem the impulse moment K, () at time 7 is given by

Ko (t)=1p(t)w(t), (4.42)

whereas for the instant t + A¢, with At > 0, in which the mass AM (¢) has come out,
the impulse moment K, (¢ + At) is

Ko+ A) =1y () [0 () + Aw ()] + pAM (H)u (1), (4.43)
s0, by (4.42) and (4.43) it follows that

Ko(t+ A1) — Ko (1) Aw (1) AM
s _I“’(t)—m + pu (1) A
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Figure 4.9 Cylinder driven by the tangential leakage of its contents.

If At tends to zero, by the definition of the corresponding derivatives,

. AM
)= Jim, =

implies
Ko (1) =1y () o (1) + pu () M. (4.44)

Now, considering the relationship

Ko ()= (My,,, ,.€00').

where My, , , represents the moment of the external forces with respect to the point
O and e’ denotes a unit vector in the direction O to O’, expression (4.44) adopts
the final expression

Lo ()@ (1) = (My,,, ,.€00') — puM. (4.45)
In our case the problem on the container in Fig. 4.9 has as conditions

w(©0)=0, u=const, Fey =0, h(0)=h, |M|=p= const,  (4.46)

where A (1) represents the height of the content at time 7. Let us obtain the expression
of

w=w(t) andw=w(h).
From (4.45) and considering the conditions (4.46) we have

Iy (1) & (1) = —puM,
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whose integration is reached:

w(t)=— u/l am
T @y

But recall from Chapter 3 that

It)—lMt 2
o =3 @) p°,

which leads to

M (0)
M@’

o) = 2% In (4.47)

If we denote by § the density of the content of the container, we have the following
relationships:

M 0) =68mp’hy, M (t) =ndp’h(1). (4.48)

This allows to rewrite (4.47) in the form

0 =2" 1m0 (4.49)
w()=2—In——, .
p h()
which represents one of the requested dependences:
h
wh)=221m20
p h
Also from (4.48) we have
M (t)=m8p*h (1),
so that
. M (t
h(t)= L (4.50)
8p2

and considering that the expenditure p := |M (t)| is constant and M (1) = —u < 0,
integration of (4.50) gives

n

h(t)=hy— —=t.
(t)=ho e

(4.51)

Finally, substituting (4.51) in (4.49) yields the other sought expression:
ho

h ——t.
0 wp?

w@)=2%1n
0
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The example that follows is interesting because a very important differential equa-
tion (namely, Bernoulli’s equation) appears in the solution process.

Example 4.9 (Kelly problem). Suppose that one end of the chain in Fig. 4.10 is
falling. We will try to determine the law that governs the length x (¢) of the segment
that is in the vacuum (no friction appears), considering as initial conditions

x (0) = % (0) = 0.

x(t)

ls

Figure 4.10 Chain with one end falling.

If the constant y represents the mass per unit length of the chain, by Newton’s
second law (4.33), applied to the segment, we have

4 yxi) =
i YXx)=yxg,
from which it follows that
x4+ xk =xg. (4.52)

The nonlinear differential equation that is obtained is called the Bernoulli equation.
To solve Eq. (4.52), note that the velocity x is a function of x, and then, with the
notation

x=v(x), (4.53)

by temporary derivation we get

. od d . ,
x—av(x)—av(x)x—v x)v(x), (4.54)

where v’ denotes the derivative of v with respect to its argument x. Note now that
1d
1 2
=—-— . 4.55
v v =zt (x) (4.55)
So, the relationships (4.53)—(4.55) allow to rewrite (4.52) as

v? (x)+ l)civ2 x)=x
2" dx =
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or, with the change of variable
u(x) =v> (),
as
1 /7
u(x)+ Exu (x)=xg.
If for u (x) we propose the form
u(x)=kx, k=const, x>0,
X
its derivative with respect to x is
u' (x) =k,
and consequently (4.56) is represented as
kx + ! k
X+ —xk=uxg,
5 8

from which it follows that

and therefore

2 2
v'(xX)=u(x)= ggx,

or, by (4.53),
2
.2 _ =
X°= 3gx,
implying
2

Separating variables, it can be represented as

dx_ 2dt
Jx 3840

whose integration, given that x (0) = 0, leads to

/2
2\/)_(?: ggf,

(4.56)
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or finally,

2
X () = %, (4.57)

Expression (4.57) is referred to as the Kelly formula.

4.3 Exercises

Exercise 4.1. A homogeneous disk can roll without sliding along the horizontal di-
rectional axis Ox, rotating with a constant angular velocity @ around the vertical axis
of Oy. Show that the law of relative motion of the disk is described by the equation

3X (1) =2wx (1),
and its dynamics may be expressed as
x(t)= Cle)‘[ + Cze_’\’,
where C|, C; are constants depending on the initial values x (0), x (0) and

6
A= £a)

3
Exercise 4.2. A mine has been dug in the Earth, the direction of which at each point
coincides with the direction of the plumb at this point. Show that the shape of the mine
is given by the formula

x=ay’, 0<y <1,
if the Earth is considered a homogeneous rotating ball.

Exercise 4.3. A thin flexible inextensible A BC thread is laid in a vertical smooth pipe
of a sufficiently small diameter. The ends A and C are fixed, and point B occupies the
lowest position, with BC = sq (see Fig. 4.11). At some moment, the end C is released
without initial velocity. Show that the dependence of the speed v of the moving part
of the thread on its length s is described by the formula

2
v(s) = g,/3g (s3 —s53).

Find also the time it takes for the thread to fully straighten.

Exercise 4.4. The jet vessel is driven by a pump that draws water of density p
through the inlet of the horizontal channel and throws it in the opposite direction (see
Fig. 4.12). The relative velocity of the water at the inlet is u. The area of the inlet and
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Figure 4.11 A thin flexible inextensible thread in a vertical smooth pipe.

Figure 4.12 A jet vessel driven by a pump.

outlet is S and §/3¢ (3 > 1), respectively. The mass of the vessel with the water in it
is equal to m. Show that the acceleration time of the vessel from speed vg to vy is

mp I+ pvy 1-py
2k 1—pvy 1+4+pv/)’

1 k
P= N oSGe=1y’

assuming that it is affected by the force F,.; of water resistance proportional to the
square of the speed, namely,

Taccel =

where

Fres = —kv?.

Exercise 4.5. Show that the impulse of a rocket, which moves linearly in the absence
of external forces, reaches its maximum value at a time when the rocket velocity v
becomes equal to the velocity of the gas u, which is assumed to be constant.
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In this chapter we continue with the study of the dynamics of solids. The dynamic
equations corresponding to the rotation of bodies are obtained. They are called Eu-
ler’s dynamic equations. For this purpose, a fundamental concept of the geometry
of solids is introduced, namely, the inertia tensor, which is key in the description of
the equations sought. The inertial tensor will allow calculating fundamental quantities
such as kinetic energy and impulse moment with reduced expressions. In the central
part of the chapter the proposed objective is achieved, once some main properties of
the inertia tensor have been stated. The chapter concludes with the application (not
trivial, but very productive) of Euler’s dynamic equations to the study of special sys-
tems such as the gyroscope and considers in detail arising dynamic reactions. Several
examples and exercises illustrate the presented theory.

5.1 Tensor of inertia

Consider arigid body shown in Fig. 5.1. It is desired to calculate the moment of inertia
of that body with respect to the axis with direction given by the unit vector e. With
reference to Fig. 5.1 the moment of inertia is given by

I == X:m,hl2 (5.1
ieS
where
h? =r? —(OP)? (5.2)
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Figure 5.1 Solid body and a generic axis.

with
OP; = (e,r;).

Considering that

ri=(xi v Zi)T

and

e=(a B ¥)7,
(5.3) can be represented as

OP; =ax;i+ By +vz.
Therefore expression (5.2) becomes

hf:xiz—i-yiz—i-z,-z— (ax; + Byi +yz,-)2=

xiz + y,~2 + z,~2 — oezxi2 — ﬁzyiz — yzzi2 —2aBxiyi —2ayxizi —2BYVizi.

Taking into account that
24 preyi=1,
it follows that

h = o (3} +2]) + B2 (7 +2D) + v (f +y7)
—2aBx;yi — 2ayxizi — 2By yizi.

(5.3)
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Substitution of this last expression into (5.1) gives

L=o?Y mi(7+2)+ B> miGF+2H)+yY miG +y})

ie§ ieS ieS (5.4)
—2aB ) mixiyi —2ay y_mixizi —2By Y miyizi.
ieS ieS ieS
Definition 5.1. The amounts
Ly = Zmi(yiz + Z,‘z),
ieS
. 2 2
Ly =Y mi(} +27), (5.5)
ieS
I;:= Zmz (x + y,
ieS
are called principal moments of inertia, while
Ly = Zmix,-yi,
ieS
L, = Zmixizi, (5.6)
ieS
Iy, := Zmiyizi
ieS
are called centrifugal moments, both with respect to the corresponding axes.
The previous definitions (5.5) and (5.6) allow expressing (5.4) as
Ie=o’Li + ,321yy + VZIZZ —20Bly — 20yl — 2By,
or, as can easily be verified,
Ie = (e, Te), (5.7
where the matrix I is defined as follows:
Ixx _Ixy _Ixz
I'=| L L, -1, |. (5.8)

_sz _Izy Izz
Remark 5.1. Because
L,=L; ILy=IL,, I,=1I,,
the matrix [ is symmetric, i.e.,

I=1".
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Definition 5.2. Matrix I is called the inertial tensor (or tensor of inertia) of the solid
body given with respect to the coordinate system considered.

The inertia tensor is a very useful element to describe the most important me-
chanical concepts of solid bodies, such as kinetic energy and momentum, which are
developed in what follows for certain common cases.

5.2 Relative kinetic energy and impulse momentum

5.2.1 Relative kinetic energy

This section uses the nomenclature and the results obtained in Section 3.6 of Chap-
ter 3. This section is based on the Konig theorem, namely, the total kinetic energy
Tiorq1 Of a rigid body is calculated as

Tiotat = Tor + Tret, 00 + M (Vor, Ver,00)

where, if it is a rigid body rotating with angular velocity w relative to the pivot O’, we
have
1 2
Trel,O’ = Elww , 5.9)

with I, denoting the moment of inertia of the body with respect to the line of action
of ®. Then, using (5.7), we get

1 2
Trer,00 = E (ew, ley) 07,

where I refers to a coordinate system with origin O’. So, we have the following result.

Lemma 5.1. In the conditions stated
1
Trer.0r = EwT]Iw. (5.10)
Proof. Since
W = we,
it follows that
1 s 1 1 7
Trer,0r = 3 (€w, ley) 0 = 3 (wey) , [(wey)) = 7@ lw.

O

Remark 5.2. Note that the tensor of inertia I does not depend on the direction e, of
the angular velocity vector w. This fact simplifies the expression for 7, ¢/, namely,
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a) using (5.9) we have

. W d
Tret,00 = lyoo + 7 EL‘h

b) and using (5.10) we have

Trel,O’ = wTI[d)a

d
which does not require to calculate Elw'

5.2.2 Relative impulse momentum

On the other hand, by the Euler’s theorem for any generic point i in the rigid body S
its relative velocity is equal to

Vi,o' = [fx), l‘i.,o’],

where r; o/ and v; o denote the position and velocity of i € § with respect to the
origin O’. Since the impulse moment relative to O’ is defined as

Kre, 00 = Z [ri.0r, mivi o]
i€eS

we may conclude that

Ko, 00 = Z [ri,0r,mi[®,r:0]].

ieS
Using the relation

[a, [bv C]] = (as C) b— (as b) C,

we get
Kier,00 = Zmi [(ri,0.Ti0)®— (0 @) ri o] =
ieS
2, .2, 2
Zmi(x,- +yi +z)e— Zmi(xiwx + yiwy + ziw )T,
ieS ieS

from which it is easily verified that

Krel,O/x = wylxx — nyxy — Ly,
Krgl,ofy = —wxlyy + wylyy — wly,, (5.11)

Kre,00; = —oxlyy — wylyy + @l

From these relations and from (5.8) we have the result that follows.
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Lemma 5.2. The following representations hold:

Kyer.00 =1 (5.12)
and
1 7
Trer,00 = Ew K, 0 (5.13)
Proof. This lemma directly follows from (5.12) and (5.10). O

Remark 5.3. When the origins O’ (relative and possibly mobile) and O (absolute
and fixed) coincide, the quantities K,.; o/ and T}..; o will be denoted simply as Ko
and To.

5.3 Some properties of inertial tensors

Several properties characterize I and its revision is the subject of this section.

5.3.1 Tensor of inertia as a non-negative symmetric matrix
Definition 5.3. A symmetric matrix M € R"*" with the property

x'Mx>0, VxeR"
it is said to be a positive semi-definite matrix, which is denoted as

M > 0.

Proposition 5.1. Since Ie > 0, from (5.7) it follows that a symmetric matrix I can be
an inertia tensor if and only if

I>0.

The following criterion allows to establish if a matrix is positive semi-definite.

Lemma 5.3 (Silvester). A symmetric matrix is positive semi-definite if and only if its
main minors are non-negative.

The proof can be found, for example, in (Poznyak, 2008, Theorem 7.2).
The previous criterion trivially leads to the statement that follows.

Lemma 5.4. For the symmetric matrix
Lix _Ixy _Ixz
I=|-Lix I, -l
_IZX _Izy IZZ

to be a tensor of inertia, it must meet the following properties:
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2
Ixnyy = Ixy,

[from where it follows that

Ly =0,

LeelyyLoe > 2L 1oL 4+ Ly 12 4 Lo 15, + 117
Example 5.1. Let the matrix G be given as
1 —d

G=|—-d 2
0 0

W o O

What should be the value of d such that the matrix G is an inertial tensor? Clearly the
first major minor is positive. The non-negativity condition for the second one gives

2>d>.

The condition on the third major minor does not provide any extra relationship. So,
the solution is

—V2<d<V>2.

5.3.2 Eigenvalues and eigenvectors of inertial tensors
The following problem allows to obtain important conclusions concerning I.

Problem 5.1. Let us consider a solid body referring to a coordinate system as shown
in Fig. 5.1. Calculate the minimum and maximum moments of inertia and obtain the
corresponding directions, that is, determine the extremes of the function

I = e’ Te — extr (5.14)
ecR3

with the restriction

llefl = 1. (5.15)
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Before addressing the solution to the proposed problem, recall the Lagrange multi-
pliers approach to deal with this type of optimization problems.

Let f: R" — Randg: R" — R™,m < n, be continuously differentiable functions.
Suppose we want to find the points x € R” in which the function f reaches its extreme
values and also meeting the condition

g(x)=0.
o, . . . . 0g
Definition 5.4. If the point Xy € R" is such that the Jacobian matrix o (xp) has a
X
range m, it is said to be a regular point of g.

From the theory of constraint optimization (see for example Poznyak (2008)), if
Xo € R" is a regular point of g and at that point f has an extremum (maximum or
minimum), then the function £ (x, 1), called Lagrangian and defined as

LxA):=fx—QR gXx),

also has a global (non-constraint) extreme at Xo for some vector A = Ag € R which is
called the Lagrange multipliers vector. Both variables xo and A satisfy the extremum
condition

VxL (%0, A0) =0, (5.16)
from which we get
X0 =X (Ao) ,
and A is calculated via the restriction
g (x0 (20)) =0.
Now we can enunciate the following result.

Lemma 5.5. Extremal directions e satisfy the relationship
Ie = Ae (5.17)

while the corresponding extremal moments of inertia are given by the corresponding
values of the parameter 1; (i =1, 2, 3).

Proof. Applying the described method to the optimization problem (5.14)—(5.15)
with

x=¢, f(e)=e'le, g(e)=|le[|*—1=0
yields (with A € R)

Le,r)=elle—rele—1),
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so that in view of (5.16) it follows that
vVel(e, 1) =2 (e — re) =0,
which leads to (5.17). With this result it follows that in these same directions

T

Te :eTHe:AeTe:A, sincee e=1.

O

Remark 5.4. From the previous lemma it is concluded that the extreme directions are
determined by the eigenvectors e; of the inertia tensor, while the corresponding values
of the moments of inertia are given by the associated eigenvalues A; (i =1, 2, 3).

Example 5.2. Find the extreme moments of inertia I;hax and Ipin and the extreme
directions en,x and epi, corresponding to the inertial tensor

0
I=|-1 2 0
1
The eigenvalues of I are given by the roots of the associated characteristic polynomial
of I with respect to A, i.e.,
det(I — A13x3) =0, (5.18)
where /343 denotes the identity matrix of order 3. Substituting I in (5.18) gives
det| -1 2—-2x 0 |=0-M)[B—-MnN2—-1—-1]1=0,
0 0 1—x

whose roots are

Amin = Imin =1, AZZ%(S_Jg)» Amax:Imax=%<5+\/§).

Now, the extreme directions may be determined from the relation
IT—-xHe=0.

Consider first Apin = 1. We must have

2 =1 0] [|ey
-1 1 0f]|e |=0,
0 0 0]]e
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or equivalently,

2ey — ey =0,
—ey+ey =0,

e; any,
from which it follows (since ||emax || = 1) that
emn=[0 0 1]T.

For Amax = % (5 + «/3) it follows that

3 — Amax —1 0 ey
1 2—dpm O ey | =0,
0 0 1—imu||e
and hence,
€y = (3 — Amax) €x,
ex = (z_kmax)eyy (5.19)

e, =0.

The first two equations in (5.19) are linearly independent, but by the condition
llemax |l = 1 we have

Gl =[1+06—imw?]el=1,

so that
1

€max =
V14 (B = Amax)?

Definition 5.5. If the origin of the reference coordinate system coincides with the
center of inertia, the main moments of inertia are called central moments of inertia.

[1 G—im) 0]

Remark 5.5. If, in addition to the condition of the previous definition, the axes of the
system are selected according to the extreme directions, one in the direction of ep,x,
another in the direction of eni,, and the third orthogonal to both, then the tensor of
inertia adopts the reduced form

Le 0 0
I=|0 1, O]|. (5.20)
0 0 I,
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5.3.3 Examples using tensors of inertia

The examples and exercises that make up this section illustrate and complement the
theory of the chapter presented so far.

Example 5.3. Consider the cube and the coordinate system shown in Fig. 5.2. The
cube has side a and mass M, which is uniformly distributed. The coordinate system
is located in the center of the solid and is parallel to its edges. Calculate the tensor of
inertia.

X

Figure 5.2 A cube with side a and the reference system.

Given the symmetry of the figure with respect to the coordinate system, we have

Lix=IL)y =1, Ly=I;=I,=0.

By the definition
Le= Y mihj, (5.21)
ieS

where h; denotes the distance of the element of mass m; from the coordinate axis x.
In our case (5.21) it translates into

3 3
Lix = / /
xX=— =—

By the uniform distribution of the mass

%
/ hz (ys Z) dm
7=—

a a a
2 2 2

M
dm = —3dxdydz,
a

and it follows from Fig. 5.3 that

B2 (y,2) =y* + 2%,
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2 Y
S
oy
1 lam
Y T
VAL
X~ Ty

Figure 5.3 A differential element of mass and its position with respect to the x-axis.

and hence,

)
M b 3
—a (/ / <y2 +z2> dydz) =
@ \e=—g Jy=—3
M y'i % Z3 2 Cl2
—a|a= . =M—.
a3“<“ 3 .93 _g> 6
2
So, finally,
2
a
I=M—1I543,
6 3x3

where I33 is the unitary matrix of the third order.

Example 5.4.

a) Let us calculate the tensor of inertia for the cylinder of mass M uniformly dis-
tributed with respect to the coordinate system shown in Fig. 5.4. Recall that in
Section 3.6 of Chapter 3 the main moments have already been calculated:

2
Loop M2 7N M, (5.22)
x =ly = o 3 ) 21—2:0- .

In addition, by the symmetry with respect to the coordinate system, it is con-
cluded that
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|
|
h ol . |y
—
% \_;—_/
Figure 5.4 Cylinder and reference system.
whereby
M ( 2 h2> 0 0
T\ T T
— 2
I= 0 M (,02 + ’%) 0
0 0 Y p?

b) Fig. 5.5 shows two solids of uniformly distributed mass referring to two coordi-
nate systems located in their centers of inertia. Determine their inertia tensors.
The center of inertia is determined first. It is clear that it is on the axis of symme-
try. Since the body has volume

_ 7 R2h

Vv )
3

(i) Solid cone (i) Hollow cylinder
Figure 5.5 Solid cone and hollow cylinder referring to two coordinate systems.
the following density of mass results:

IM

K= R

On the other hand, the expression for the calculation of the position of the center
of inertia has to be found at a height of the base given by

1 h
hC[ZM/(\) U)dm,
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where w denotes the position with respect to the base of the cone, which is the
elementary disk of radius p and differential height dw, whose mass results in

dm = ,un,ozdw.

0 P R

Figure 5.6 Relationship between the radius p of the elementary disk and its height w.

From Fig. 5.6 we have

p—h w).
So,
anR2/h 5 urRZh*  h
her = —— h— dw = —=—.
L=y Jy wh WAy =y 5 =g

We can now calculate the moments of inertia. To determine Iy, consider the
elementary disk of radius p and height dz (see Fig. 5.7), which has the mass

dm = urp?dz,
z
/4
z $dz
0 y
a1\

P R

Figure 5.7 Elementary disk of radius p and height dz.

where now
_r(3_¢ (5.23)
P=R\a 7w ) '
This gives

3 2 3M (3 2
dm =,u,7'rR2 (4_1 - %) dz =— (— — E) dz. (5.24)
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c)

Recall from Section 3.6 of Chapter 3 that the moment of inertia of the disk in
question with respect to the axis, passing through its diameter, has the expression

1
dlyy = Z,ozdm.

This result together with the Steiner’s theorem allows us to obtain the formula

WA,
Iyy == Zp + Z dmy
z=—h/4

where with relationships (5.23)—(5.24) we get

3M [3h/4 /3 2 3 2
Iyy:_/ <——£) —R2<——£) +2% |dz=
S \4 n) |47 \4

ERY: <h2 +4R2>.

80
Recalling that
Ly = Iyy
and
3
I, = —MR?
2z 10

(see Section 3.6 of Chapter 3). In addition, by the symmetry it is verified that

Ly=1,=1I,,=0.

So finally,
iM(hz+41e2) 0 0
80
3
I= 0 —M (h* + 4R? 0
sgM (W +4R%)
3 2
0 0 — MR
10

Assuming that the cylinder is solid with mass M, its density is given as

M;

r=Trn

and since for the hollow cylinder we have

M =nmph (R2 —p2>,
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In the examples that follow, the obtained expressions are applied.

the following relationship is satisfied:

MR?

szm.

Now, using expressions (5.22), it is concluded that

M h? (Mg — M) h?
Ixx:I),y:—4s<R2+—3)——S4 <,02+—3>=
My 5 o\ M{ , h? M, 5 h
—(R* - ) — < )]=—"I|R =
4( P +4<p +3 2 +o7 3
and
M, My —M
L, = st_( s ) 2 _
2 2
My (o N, M, M/,
7 (B=0)+ 307 =3 (R +07),

whereas, by symmetry, the centrifugal moments are equal to zero:

Ixy = Ixz = Iyz =0,

which is why
% h? ]
—(R>4+p2+— 0 0
s (re )
M h?
I= 0 — R+ 02+ — 0
7 ( +p°+ 3>
M
0 0 5 (R +p?)

Example 5.5. Find Ko and T for the body of mass M shown in Fig. 5.8. The ref-
erence system is located in the center of inertia of the solid and the mass has a

uniform distribution. For the present case the quantities sought are given by the re-
lations (5.12)—(5.13), that is,

T = —a)TKo.

Ko =1w,
o =1w )

From Fig. 5.8 we have

0
w=|wcosa |,

wSsino
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Figure 5.8 Solid cylinder rotating obliquely.

and by the result of the second exercise of this section it is easily verified that

0
Ko = %,ozwcosoe
2 .
% <p2 + %)wsma

and

M 1 h?
T = sz |:,0200s205 + 3 <,02 + ?) sin’ ] .

Example 5.6. Fig. 5.9 shows a pendulum of length R formed by a disk of radius p
and uniformly distributed mass M. It is considered that the mass of the pendulum arm
is zero. Calculate the speed with which the center of the disk passes through the lower
position if the pendulum is released with zero velocity from the horizontal position.
As it is a conservative system, we have for the lower point of the trajectory

T =Mg(R — p). (5.25)

Figure 5.9 Pendulum.

On the other side, by (5.10) we have

1 T
T=>0"lo, (5.26)
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where by the results of Section 3.6 of Chapter 3 in conjunction with Steiner’s theorem

_ l 2 _ l 2 RY) _ l 2 RY)
Ixx—4M,0 , Ly=M 4:0 +R=p) ), L;=M 2:0 +(R—=p) |,
while by the symmetry of the disk

Iiy=1L,;=1,,=0,

which finally gives
1Mp? 0 0
1=| 0 M(}P+®R-p?) 0
0 0 M(%p2+(R—,0)2)

Now, the rotation velocity in the lower point is given by
0=0 0 o),

so that expression (5.26) becomes
T= %sz (,02 1R - ,0)2)

and by (5.25)

1 2 (1 5 2
EM‘“ 3P +(R—p) | =Mg(R— p),
from which we derive

2g(R —p)

1 b
FP2+(R=p)?

which allows to obtain the speed sought via the expression

_ | 48(R—p)

Example 5.7. Fig. 5.10 shows a solid cylinder of uniformly distributed mass M and
rotating eccentrically with respect to the axis shown. Regarding the reference system
shown, let us calculate Ko and T. By the relations (5.12)—(5.13) we have

1 T
KO =]Iw, T = Ew Ko,
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Figure 5.10 Solid cylinder in eccentric rotation.

and (see Fig. 5.10)
=0 o o]

In view of the results of the second exercise of this section and by the Steiner’s theorem
it follows that

M ([, 4n? M 4h? 3M ,
I)CXZT o+ —=, IyyZZ 5;0 + — 3 , = ) P

Body symmetricity gives
Ly=L,=0

since

Lo=Y mixizi= Y mixi(zi — h+ h)

ieS zeS
S mivitei - g+ o

=) mxi(z —— ) mx;.
' iXi\Zi — M i
ieS ieS

But

Zmlxl(zl - = thxz P,

ieS leS

which leads to
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So, finally,
4h? Mhp'|
M([ 2
M - 0 ="
4 (p T3 ) 2
_ 4h?
I= 0 u <5p2 + T) 0
Mhp 3IM
R 0 2
i 2 2 7]
Hence
0
Ko = %w(sz—k%)
0
and

Example 5.8. Fig. 5.11 shows the profile of a disk rotating eccentrically and
obliquely. The disk has a radius p and its mass M is evenly distributed. Calculate
Ko and T'. Again, the amounts sought are given by the relationships (5.12)—(5.13):

Ko=lw, T= EwTKO.

Figure 5.11 Disk in eccentric and oblique rotation.

From Fig. 5.11 we can see that

W= [O wsina wcosa]T

As above, the moments of inertia can be calculated using the results obtained in Sec-
tion 3.6 of Chapter 3 and the Steiner’s theorem:

1 1 1
Ixsz(Zp2+az> ) Iyy=M<§,02+az>, L. = ZMP27
whereas by the symmetry with respect to x

L. =0
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and taking into account that y = 0 we have

Ly=1,,=0
Therefore
M (l,o2 + az) 0 0
I= 0 m(3r+a?) 0 |-
0 0 1Mp?
which finally leads to
0
Mw l,o2 +a? | sina
Ko = 2
1 2
Zwa coso

and

1 1 1
T = EMa)2 |:<§p2 +a2) sin? o + Z—l,o2c0s2 ] .

Example 5.9. In Fig. 5.12 a profile disk is shown. It is subjected to the two rotations
shown. Determine K¢ considering that the disk has a uniformly distributed mass M.
By (5.12)

KO =lw.

& p

w,

CI

o

Y

Figure 5.12 Disk subjected to two rotations.

Now, by Section 3.6 of Chapter 3 and the Steiner’s theorem it follows that

1 2 1 2 1 2
IxleyyZM ZID +§a s IZZZEMIO .
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In view of symmetry we also have
L, =Ly =1, =0
Hence
M (%pz + a2> 0 0
I= 0 WM (32 +a?) 0
0 0 IMp?

=

From Fig. 5.12 we have

T
2 2
ool o ]

and therefore

1
EMPZ (4(1}1 + wz)

5.4 Euler's dynamic equations

Recall that if @ is the angular velocity of the solid with respect to the pivot O', which
is fixed at the origin O of the coordinate system, then by (5.12), (5.13), and the Rizal’s
theorem

1 .
Ko=lw, T= EwTKO, Ko=Mr,, 0. (5.27)
Recall also that if the main moments of inertia are central (origin O is located in the
inertial center of the solid) and the coordinate system has been chosen according to

the directions in which the moments of inertia are extreme, then the inertial tensor has
the form

I[:

SO
oW o

0
0], (5.28)
c

where

A=, B:=I,,, C:=I,
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which gives

Ko = Api+ Bqgj+ Crk, (5.29)
if

®=pi+qj+rk. (5.30)

Deriving (5.29) with respect to time under the consideration that the origin O remains
in the inertial center of the solid and the reference system rotates with the body, we
get

. d d d
Ko =Api+ Bgj+Crk+ Ap—i+ Bg—j+ Cr—Kk.
) pi1+ Bgy+ Crk + pdtl+ thj—f- rdt

By Euler’s theorem

d
—i=lw,i]=rj—qk,

dt

d, . .

—Jj=lw,j]=—ri+ pk, (5.31)
dt

d k =[w, K] i j

—k=[w,Kk] =gi— pj,

di q )2

which is why

Ko =[Ap+ (=B +C)grli+[B§ + (A—C) prlj+

[CF + (—A+ B) pqlk. (5-32)

From the third relation of (5.27) and considering (5.32), we come to the so-called
the Euler dynamic equations, which are formed by the group of nonlinear differential
equations

Ap+(C~B)gr=(Mr,,.0),.
B+ (A—=C)pr=(Mg,.0),. (5.33)
Cr + (B - A) pq = (MFeth)z °

These equations describe the dynamics of the components p, g, and r of the rotation
vector @. There are several important particular cases of the previous equations, which
are discussed in what follows.

5.4.1 Special cases of Euler’'s equations

1. The Euler case

In this case the moment of the external forces is null, namely,

Mp,,,,0 =0. (5.34)
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It follows that
Ko =0, (5.35)
and therefore the Euler dynamic equations take the form

Ap+(C—B)gr=0,
Bg+(A—-C)pr=0, (5.36)
Cr+(B—A)pg=0.

If the first equation of (5.36) is multiplied by p, the second by ¢, and the third by r
and then the resulting expressions are added, the following relationship is reached:

App+ Bqq+Crir=0, (5.37)

which corresponds to

1d
5 E[Apz + Bg* 4+ Cr’1=0. (5.38)

Now, note that from the second equation of (5.27)

Ap

1 1 1

T=-0'Ko==[p q r]|Bq|=x(Ap>+Bg*+Crh, (5.39)
2 2 cr |l 2

that is, in view of (5.38),

dT—O
dr™ 7

Then the following result has been demonstrated.

Lemma 5.6. In a rotating solid body, if My,,, 0 =0, then

T = coglst. (5.40)

To state the following result, remember that the angular acceleration has been de-
fined as

£ =w.
Lemma 5.7. In the same conditions of the previous lemma
e 1 Kop.

Proof. From the expression of  given (5.30) we have

d d d d
_a . . . K) = 5i+di+ ik a. a. .
e 7 (pi+gqj+rk)y=pi+qgj+r +pdtl+thJ+rdt
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but by the Euler’s theorem

d_+ d_+ dk
—i —jt+r—k=
pdt th" dt
plw,il+ql@,jl + 7w, k] = [0, ] =0.
Therefore
e =pi+qj+rk.

Note now that

Ap
(e.Ko)=[p ¢ 7]|Bq|=App+ Bqq+Crf
Cr
and in view of (5.37) the lemma is proven. O

Remark 5.6. The case of Euler entails two important conditions on the dynamics of
the components of @. The first one is obtained from (5.39) and (5.40):

Ap*+Bg*> +Cr?=2T = const. (5.41)

For the second, note that as a consequence of (5.35)

Ko = const,
t
whereby
K %) = const,
t

or, in view of (5.29),
AP+ B2P + CH? =KE = const. (5.42)

Additional conditions on the geometry of the solid allow obtaining more results.

First case: A # B (restriction to the symmetry of the solid). This extra condition
allows, starting from (5.41) and (5.42), to arrive at explicit expressions for the deter-
mination of p, ¢, and r. To see it, note that multiplying (5.41) by B and subtracting
the resulting expression from (5.42) yields

AA—B)p*+C(C—B)r* =K% —2BT.
Define

(A—B)p*=fi <r2) , (5.43)
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which leads to
2\ . 1 2 2
fi (r ).:Z[KO—ZBT+C(B—C)r ]

On the other hand, multiplying (5.41) by A and subtracting the resulting expression
from (5.42), we get

B(B—A)q>+C(C—A)r?>=K2 —2AT,
which implies

(A—B)g*=f (ﬂ) (5.44)
with

2y L1 2

£ (r )_=_§[KO —24T +C(A - ).
The product of (5.43) and (5.44) leads to

A-B7**= f1(r) £2().

or equivalently,

(A—B)gp ==,/ f1(r?) f2(r?).

But given that by the third equation of (5.36)
Cr=(A - B)gp,

we get the differential expression for 7:

Cr F f] (rz) f2 (rz) =0,

which can be solved in view of the fact that it only depends on one variable r. The
achievement of the expression for r will in turn allow the corresponding expressions
to be found,

p=pr), q=4q),
in view of (5.41) and (5.42).

Second case: A = B. The solid exhibits a certain symmetry and is called the La-
grange case. Based on this condition, by the third equation of (5.36) we have

F=0,
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that is,

r(t)= coPst, (5.45)
and as a result from (5.42) we get

P44’ = const. (5.46)

Immediately, the results (5.45) and (5.46) allow to formulate the following lemma.

Lemma 5.8. In the Lagrange case we have

w=|w|= co?st. (5.47)

2. Gyroscope

In Fig. 5.13 the device called gyroscope is shown. It is formed by a body subjected to
the two rotations shown. The gyroscope has special importance, mainly to determine
the presence of a certain condition of movement called regular precession, which
possesses interesting properties.

rZ

Figure 5.13 Gyroscope.

The following definition is related to Fig. 5.13.

Definition 5.6. A movement produced by a gyroscope with the condition of symmetry
A = B is called regular precession if the following conditions are met:

(M)
o) = |lo|| = const,
(ii)
Wy = @,
(iii)

0 := @], @ = const.
t
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The requirements (i)—(iii) allow to formulate an explicit condition for the existence
of the regular precession movement. In Fig. 5.13 it is seen that the angular velocity o,
with which the solid moves, is given by
®w=w] +w
since w1 and wy have a common pivot. Note also that p, ¢, and r are the components
of @ with respect to the coordinate system that appears and is fixed to the solid. On
the other hand, in view of the conditions (i)—(iii) that the movement in question must

meet, it is concluded that

Ko = cotnst. (5.48)

So, if we rewrite Ky in the form
KO = KoeKO

with ek, as a unit vector in the direction of K, from (5.48) we have
Ko = Koéxk,,

and by the Euler’s theorem, the configuration of the movement, and conditions (i)—(iii)
it follows that

€K, = [“’2’ eKo] ’
which gives
Ko =[w2. Ko,
and considering that
Ko =Mg,, 0.
we finally get
[w2, Ko]=Mp,,, 0. (5.49)
This last relation will allow to prove the following result.

Theorem 5.1 (N.E. Zhukovski, 1916). To achieve a regular precession movement
with the parameters w1, >, and 0, it is necessary and sufficient to apply the following
external force moment:

Mg, 0 = [02, @1] [C F(C—A)2 0050:| . (5.50)
w1
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Proof. Note that for the configuration shown in Fig. 5.13, we have
p=0, g=-—wysinf, r=w;+ wycosb,
and therefore, formula (5.29) becomes
Ko =—A(wysinb) j+ C (w1 + wacosO) K, (5.51)
taking into account that A = B. The relationship (5.51) and the fact that
@=[0 —wsin® wycosf]’
allow to obtain the left part of (5.49). Indeed,
i j k
[0, Ko]=]0 —w;sinf wy cos
0 —Awysinf C (w1 + wycosb)

= [—Ca)z sinf (w1 + wy cosh) + Aw% sin @ cos G]i

= [— (Cc-A) a)% sinf cosf — Cwiwr sin@]i

. w) )
= —wjwy sinf |:(C — A) —cosf + Ci| i
w)
1)
=[wy, w1] |:(C — A) —cos6 + C:| ,
w1

which proves (5.50). O

Example 5.10. A gyroscope is in space; given the magnitudes w1, w; let us calculate
the angle 6, formed when the regular precession is presented.
In space we have

Mp,,,,0 =0,
so that expression (5.50) leads to two possibilities:
a)
[@2, @1] =0,
o)
0 is any,
and
b)

w)
(C—A)—cosf+C =0,
w1
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giving

C w
0 = arccos | ——— | .
A—C wy
The Euler’s equations (5.33) allow to obtain other properties of the regular preces-
sion movement, in addition to those given by the Zhukovski’s theorem. From Fig. 5.13

and by the configuration of the movement it is concluded that the projection of @ on
the z-axis remains constant, that is,

r= cotnst, (5.52)
implying
0.

}:.

This fact and the condition of symmetry A = B, to be substituted in the third of Euler’s
equations, lead to a necessary condition of the movement of regular precession:

(MFexl;O)z = 0’

which coincides with what was predicted by the previous theorem. In addition, from
the fact that K¢ is constant and by (5.29) it follows that

A2p2 + qu2 +C*r? = coPst,

which, in view of (5.52) and the premise A = B, is reduced to the following condition
on the components p and g of @ with respect to the fixed coordinate system to the
body shown in Fig. 5.13:

p2 + q2 = cotnst.

5.5 Dynamic reactions caused by the gyroscopic moment

When the solids rotate eccentrically, or when the axis of rotation does not coincide
with any of the directions in which the moments of inertia are extreme or is perpen-
dicular to them, additional forces are generated in the supports of the axis of rotation.
These forces are called dynamic reactions and are very important especially for the de-
sign of said supports. To understand the above, the two mentioned cases are analyzed
through two very illustrative examples.

Example 5.11. Suppose a disk of mass M rotates on an axis that does not pass through
its center of inertia, as illustrated in Fig. 5.14. Clearly, if there were no rotation (static
case)

G L —



Euler’s dynamic equations 183

Figure 5.14 Disk rotating eccentrically.
However, in the presence of rotation, an additional force due to the dynamic effect
appears, namely,

where a represents the position vector of the center of inertia of the disk. So now we
have

FB ZFSBtat +F%in’ FA ZFXat +Fﬁin’

where the superscripts stat and din denote that the force in question is due to the
static part and to the dynamic part, respectively. Clearly

Fitﬂ[ + Féla[ ng’
while
F/ﬁf”’ + Fg’” =mw’a.

To determine the values of Ff"’”’ and ng" the condition is used that, for the type of
support shown in Fig. 5.14, the moment of forces is zero, that is,

Miin =0, M =o.
Therefore
M{" = Mw?aly — F" (L +12) =0,
ME" = Mw?aly — F{™ (L + 1) =0,
from which we finally get

: [ . l
F/‘f”’ = Mw2a72, Fg’” = Ma)zai1 .
(1 + 1) (1 + 1)
So, the situation becomes dangerous if the condition

F ;\if% > Fait

is violated, where F' gii’; represents the permitted design value of the supports.
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Example 5.12. Assume that the solid shown in Fig. 5.15 is in space. The illustrated
coordinate system has its origin in the center of inertia of the body and its directions
follow the directions in which the moments of inertia are extreme. The axis of rotation
of the solid is in the plane yz, and it also passes through the center of inertia, but it
keeps an inclination o with respect to the axis y. Because of the condition that the
body is in space, it does not present the weight force. Therefore we have the first
relationship

Fdin = pdin, (5.53)

Figure 5.15 Solid rotating around a given direction.
The second relation is given by the first of the Euler’s equations (5.33), namely,
Ap+(C — B)gr = Fi"ly + Fging,, (5.54)

But from Fig. 5.15 one can see that

SO

which, in view of (5.53) and (5.54), gives

; ) C—-B C—-B
Fin — pdin — qr = w?sin2a, (5.55)
L+1h 2(h + 1)
since here

q :=wcosa, r:=wsina.

The following example is a direct application of the newly obtained result and
illustrates the magnitude of the forces that can be generated.

Example 5.13. The solid cylinder of uniformly distributed mass M of Fig. 5.16 sat-
isfies the conditions of the previous exercise. Calculate F ﬁ’" and Fg’" for the values

a=30°, w=1000rad/s, M=10g, [=2m, r=0.1m, h=1m.
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Figure 5.16 Solid cylinder rotating around a given direction.

From the second example of Section 5.4 we have

1 1 h?
2 2
B:—Iyy—EMr . C:_IZZ_ZM(r +—3>,

so (5.55) leads to
2
b
inn = ngn = 3TM(1)2 sin2a,
and for the given values

Fdin = Fdin = 175.01 N.

5.6 Exercises

Exercise 5.1. It is required to find the main axes of inertia at point A of a homoge-
neous circular cylinder of mass m, height H, and base radius R (see Fig. 5.17). Show
that one of the main axes is perpendicular to the plane passing through the axis of the
cylinder and point A, and the other two lie in this plane and make the angles o and
7/2 — a with the generatrix of the cylinder. For the case H = +/3R, show that the
inertia tensor in the principal axes for point A is

9 0 0
R2
=" 10 9 o

0 0 2

Exercise 5.2. A biaxial gyro platform carries two identical gyroscopes rotating with
a constant angular velocity w. A special device holds the axis of the first gyroscope in
the plane of the platform, and the second perpendicular to it. The centers of inertia of
the gyroscopes C and C; are located in the plane of the platform at a distance a from
its center (see Fig. 5.18).
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A

Figure 5.17 A homogeneous circular cylinder of mass m, height H, and base radius R.

Figure 5.18 A biaxial gyro platform carries two identical gyroscopes rotating with a constant angular
velocity.

Considering gyroscopes to be thin homogeneous dikes of mass m and radius r,
show that:

1) In the case when the platform rotates with an angular velocity w; around the axis
of C¢, perpendicular to the plane of the platform, the kinetic energy of the system
is equal to

2
3
T = %a)(a) +wi)+m (a2 + §r2> a)%.

2) In the case when the platform rotates with an angular velocity w, around the axis
of Cn, parallel to the axis of the first gyroscope, the kinetic energy of the system
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is equal to
_mr? 2,32\ 2
Tz—Tw(w—i—a)z)—i—m a +§r 5.

Exercise 5.3. A constant (in value and in direction) moment of external forces My
is applied to a symmetric (A = B # C) solid body with a fixed point O. Show that,
if at the initial moment the angular velocity of the body was equal to zero, then its
dependence on time will be given by the formulas

w2 w2
pt)=— (M(()l) cos —-— Méz) sin T) ,

A EYION ‘I’ @, v
H=—(Mm — M =),
q() A( 0 B + 0s )

(3)
=204,
C
where
C—-A
w=MP =
AC

and M(gi) (i =1,2,3) are the projections of the moment of external forces My to the
main axis of inertia in the initial body position.

Exercise 5.4. To stabilize the angle of various objects, gyroscopes are used, applying
a moment to the object which compensates for the external disturbing effect. The
servo-gyroscope drive circuit is shown in Fig. 5.19. Supposing A = B # C, show
that the angular velocities w; and w;, at which the disturbing periodic moment M =
My cos wt, applied to the outer frame and directed along the axis 1-1, are

Moy
wl=—, 0y =w
Co’
wq

Motory //ﬁlf/lotorz

// \\\\\

// \\\
> e 1//
il i

/
\\ e S -
T~ e
/\ ////
M e . - o
S //,,/‘\\0) 2

Figure 5.19 The servo-gyroscope drive circuit.
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Figure 5.20 The frame of the balancing gyroscope mounted on a fixed base using bearings D and E.

Exercise 5.5. The frame of the balancing gyroscope is mounted on a fixed base using
bearings D and E. The gyro rotor performs n revolutions per second around the axis
0¢. Distance DE =1 (see Fig. 5.20). The moment of inertia of the rotor relative to
the axis of symmetry is C. Having neglected the mass of the frame, show that the
strengths of the dynamic reactions to the frame bearings D and E, caused by the
gyroscopic moment, are

ng" = gi” = 27mw7.
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Newton’s second law and Euler’s dynamic equations are the formalism that allows
to obtain the equations of movement in mechanical systems. However its application
is usually complicated if the geometry of the movement is not simple and/or by the
presence of restrictions to it. The Lagrange equations, whose study is addressed in
this chapter, are an essential tool for these cases, since they naturally include the con-
straints, in addition to being based on the concept of generalized coordinates, which
allow describing the dynamics in terms of the variables, associated with the degrees
of freedom of the system. This particularity also makes it possible to apply the same
formalism to electrical and even electromechanical systems. Fundamental parts of the
Lagrange equations are generalized forces, which are defined and characterized before
obtaining said equations.

6.1 Mechanical connections

In general, the different material points of the mechanical systems keep connections
to each other, called connections or mechanical constraints. These are relationships
that define the movement and may be described by mathematical expressions. In the
examples that follow, several cases are illustrated.

Example 6.1.

(a) Consider the simple pendulum in Fig. 6.1. Assume that the arm is rigid and has
length /. It is clear that the dynamic evolution of the distal point of the pendulum
is restricted to the variety

x2() 4+ y2 () =12, z(1) =0.

These two expressions represent the mechanical connections of this system.

Classical and Analytical Mechanics. https://doi.org/10.1016/B978-0-32-389816-4.00017-X
Copyright © 2021 Elsevier Inc. All rights reserved.
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Figure 6.1 Simple pendulum with rigid arm.

(b) Consider a simple pendulum again, but suppose now that the massless arm is
extensible and that its length follows the temporal law [(¢) (Fig. 6.2). In these
circumstances the dynamics of the distal point of the pendulum is conditioned
by the mechanical constraints

CO+Y O=C@), z()=0.

Figure 6.2 Simple pendulum with extendable arm.

(c) Let the disk of radius 7 roll without sliding as shown in Fig. 6.3. The point of
the disk in contact with the x-axis obeys the differential equation

X(1) =ro(),

x(t)
Figure 6.3 Disc rolling without sliding.

so the mechanical connections that restrict the dynamics of this point are given
by relationships

x(t)—ro@) = cotnst, z(t) =0.

(d) Suppose that the point shown in Fig. 6.4 moves with velocity v of constant
magnitude. In this case the movement is given in such a way that the following
relationship must be satisfied:

20+ + 22 =vP = const.
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X y

Figure 6.4 Point moving with constant magnitude speed.

(e) Consider a disk that moves on a horizontal plane, possibly with sliding, as shown
in Fig. 6.5. According to the coordinate system used, the movement of the points
of the disk obeys the restriction

z(t) = 0.
z
_'__/-._\
-7 \
| J
\ 7
N o

Figure 6.5 Disk with movement on the xy-plane.

Let S be a system of N material points. Quite generally, the mechanical connections
between the points of S can be expressed by relations of the type

fit,R@O),R() =0, k=1,...m, (6.1)

where m is the number of mechanical constraints, while R(¢) is the vector, formed by
the position vectors of all the points, i.e.,

ri(r)
Ro):=| @ |er®.
ry (1)
A restriction
feR@), R(@) =0,
which is not explicitly dependent on time, is called stationary.

Definition 6.1. A vector R that satisfies the mechanical constraints (6.1) is said to be
in a possible position of the points of S.
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Definition 6.2. If the relation of a mechanical connection, for example f, is inte-
grable, then it can be represented in the form

filt, R(1)) =0,

and it is called holonomic. Otherwise, which is the general case, it is called non-
holonomic. A system whose mechanical constraints are holonomic receives the name
of holonomic.

Clearly, if S is a holonomic system with m mechanical connections, it is possible
to enter the parameter vector

T
a=[a @ - a4, 6.2)
where
n=3N —m,

such that the possible positions of the material points of the mechanical system can be
expressed as

R(@#)=R(,q). (6.3)
The number 7 is known as the number of degrees of freedom of system S.

Definition 6.3. The set of n parameters that make up q in (6.2) is said to be indepen-
dent if the expression

n

oR (¢
Z)Li ( ) :O, )\.i (S R,
R

is satisfied if and only if

Definition 6.4. The n parameters g;, i =1, ..., n, in (6.2) are called generalized co-
ordinates if the following conditions are satisfied:

e for each instant of time, function (6.3) is uniquely defined between the set of pos-
sible positions R(#) of the material points and a certain region of the space of q,
e the components of q are independent.

6.2 Generalized forces

Definition 6.5. For the possible position

ry=ry(,q, k=1,.,N,
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the infinitesimal displacement corresponding to this position is given by

or " ary
dry = —dt + —éqi, k=1,..,N,
ST ; og; !
and is called a possible transfer. If in particular this displacement does not depend on

. ) ¢ .
time, that is, B = (0, we obtain
" or
Sre=Y —8q;, k=1,...N.
o 04

This is referred to as a virtual possible transfer. Henceforth, only possible transla-
tions are considered; that is why we will use the term “virtual transfer,” omitting the
word “possible.”

If the translations of all the material points of S are virtual, the work developed by
the forces in the system is given by

N N n ar
SAlsr =Y (Fi.dr) =Y (Fk, 3 —k8q,~>

— — — 0q;
k=1 k=1 i=1 6.4)
n N 8I'k n
= (Z (Fk,;))aqFZQiaqi,
i=1 \k=1 qi i=1
where
N org
Q=Y (Fk, —> (6.5)
k=1 94i

and Fy, k =1, ...N, denotes the total force on the point k € S.

Definition 6.6. The vector

Q:=[01 0 -- Qn]T,

where the component Q;, i = 1, ...n, is given by (6.5), is called vector of generalized
forces. The component Q; is the generalized force corresponding to the coordinate g; .

Remark 6.1. Note that (6.4) can be used to calculate the generalized force Q;. Indeed,
from this equation it is seen that if we fix the generalized coordinates q;, j # i, that
is,8q; =0, j #1i, we have

_ JAlsR

Qi = 54 (6.6)
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Mechanical restrictions are translated into forces on material points. These forces
are called reaction forces. The total reaction force exerted on the k-th material point
of the mechanical system will be denoted by Fy ;... Then we have

Fk:Fk,ext+Fk,rean k= I,...,N,

where Fy ., is called external forces and encompasses the external and internal ac-
tions exerted on the k-th particle of S.

Remark 6.2. In view of the definitions

N ory N ory
Qi,exl = Z (Fk,ext’ g) s Qi,reac = Z (Fk reacs _> , i= 1: e
i

k=1 k=1 4i
6.7)

where Q; o and Q; reqc are called generalized external and reaction forces corre-
sponding to g;, respectively, we get

Qi = Qi,ext + Qi,reac,

or, in vector form,

Q = Qext + Qreac'

Definition 6.7. The mechanical constraints of a system are called ideal if the work,
developed by the reaction forces on any virtual translation éR, is zero, i.e.,

N

n
8Areac|(SR = Z (Fk,reac’ 81’]() S Z Qi,reacSQi =0,

k=1 i=1
for all §¢;.
The following result is obvious.

Lemma 6.1. In systems whose mechanical connections are ideal, we have
Qireac=0 Vi=1,..n.

In the following example it is shown that the systems that appear have ideal me-
chanical connections.

Example 6.2.

a) Fig. 6.6 shows a simple pendulum. This system is composed of a material point,
and therefore

8AreaclsR = Freac, 81) = (Freqe, 6r) =0
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Figure 6.6 A simple pendulum.

since F,.4. and dr are orthogonal. Therefore, in this system the mechanical re-
striction is ideal.

b) A disc rolls without sliding as shown in Fig. 6.7. For this system F, ., is given
by the sum of the friction force and the reaction of the floor, applied on the
material point A; therefore

51‘A

8AreaclsR = (Freac, 8ra) = (FreaCs y) 0t = (Freac, va)dt =0

since v4 = 0. So, the mechanical restriction of this system is also ideal.

Fre ac

Figure 6.7 Disk in movement.

6.3 Dynamic Lagrange equations

Lemma 6.2 (Lagrange, 1750). Let S be a holonomic system of N material points
whose masses do not depend on the velocity q or the position (. In such a system the
dynamics is governed by the following differential equation:

————=0;, i=1,..n, (6.8)

where T is the total kinetic energy of S.

Proof. Let mj be the mass of the k-th particle of S. By the Newton’s second law

d
v =F, k=1...N. 6.9)
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d
Multiplying scalarly (6.9) by a—rk and addingon k=1, ..., N, we get
qi

N ora e\ o e
el — ) = Fy, — | =0;. 6.10
;(dt<mkvk> ) ;(kaqi) 0 6.10)
Given the relation

d( )al'k d 8I‘k dal‘k
— (Vi) , — | = — | mx Ve, — | — | mg Vi, — —
dr K dg; dr \Fk 9q; KR dr 9q;

the left member of (6.10) can be represented as

N N
d 3rk d 31‘k d 3I'k
> (g onw- 5 ) =2 i (o 5 ) = (oo 550) |

But, following a procedure similar to that used in Section 1.3 of Chapter 1, it is easily
verified that

ory _ BAY d ory _ vy
dqi  9q; dtdqi g

d ory, d oV Ay
<dr (v aq,-) ‘,2 [dr (’”" (V"’ 94 )) " (V"’ 94; ﬂ
and since
()= (o). (82 (o)
ks = ~ ks Yk ) ky 7 = ~ ks Yk )
9gi 9gi \2 9gi dgi \2

d ory d oT oT
E — (Vi) , — | = —— — —.
dt aq; dt 9q; dg;

Therefore

N

k=1

where
| N
T .= 3 ];mk (Vk, Vi) .

O

Lemma 6.3. If the external forces are potential, then the generalized external forces
are also potential, that is, if there are N scalar functions such that

Fiexy =—VIg(xp), k=1,..,N,
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then

Qext = _qu (l, q) ,

where
n
Vit q:=TIR(q) =) T (t.q).
k=1
Proof. Remember that

N

al‘k
Qi,ext = ’; <Fk,exty E) ,
and, since external forces are potential, we have
N 8I‘k
Qiei=—) (vnk (re), —) :
k=1 9qi

But in view of the relation

8rk 0
VI (re) 3 )= — I (rx (2, Q) ,
qi 0g;

we may conclude that

N
a
Qiexi =—7— > T (rx (1. Q).
%4i o

6.11)

O

Remark 6.3. Since the external forces can be separated into a potential and a non-

potential part, it follows that

Qext = ont + Qnon—pot-

Therefore Eq. (6.8) can be written in vector form as

d
EV(]T - VqT = Q[mt + Qnon—pot + Qreac,

where
Qpor :i=—VqV (¢, Q)

and V (t, q) is given by (6.11).

(6.12)
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Definition 6.8. Function

L(t’ q’Q) = T(ta q, q) - V([»Q)
is referred to as the Lagrange function for system S.

The definitions of Q. and L allow to express Eq. (6.12) in the form

d ) .
EV(IL (1,q,9) — VqL (t,q,q) = Qnon-pot + Qreacs

which is called the Lagrange equation. A more common form of this expression is
obtained if one considers that the mechanical constraints are ideal. In such case

Qreac = 0»

and the Lagrange equation is reduced to

d . .

27 Vil (.4 @ — Vel (1,q. Q) = Qnon-por - (6.13)
The Lagrange equation is a very powerful tool in determining the equations of

motion of the material points of a mechanical system. This point is illustrated with

some examples.

Example 6.3. In Fig. 6.8 a simple pendulum is shown whose arm is a spring of
stiffness k. Obtain the equations of motion for the point of mass m. The mechani-
cal constraint in this system is given by the relationship

7=0, (6.14)

Figure 6.8 Elastic arm pendulum.

which is obviously ideal. Then two additional parameters are required, for example [
and ¢, to fix the system in a space. So, the generalized coordinates may be

q1:=1, q:=¢.
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Clearly we have

X =gqi1s8ingy, y=¢icosqy,
so that

X =q1sing2 + q142cosq2,

Yy =q1¢c08q2 — q142sing.

That is why the kinetic energy has the expression
r . . L, .
T= Em(x2 + yz) = Em(ql2 + q12q22).
It is now possible to calculate the generalized forces via expression (6.6):

—k — 1 )
Ql:(mgcosqz (g1 — 1) ( QI)zmgcosqz—k(Cll—lo)a
3q1
_mg (sing2) (q18q2)

0= = —mgq singo,
3q2

where [y represents the nominal length of the spring (without deformation). It is now
possible to calculate the Lagrange equations, using (6.8). For the first one we have

d 90 T b T—0
dt 9q; ag "
so that
. .2 k
91 =419 =gcosq2 — (g1 —1o), (6.15)

while for the second one,

d 3,
didgy  aq 0
we get
2414142 + qii> = —gq1 sings. (6.16)

Alternatively, expression (6.13) can be used to arrive at the same results. For this
note that if the origin of the coordinate system is chosen as a gravitational potential
reference level, it is easily verified that

1
V (1, @) =TIR(, @) = —mgqi cos g2 + k(g1 — lp)*.

Then the function of Lagrange results:

_ _ _l -2 2.2 _l _ 2
L=T V—zm(q1+qlq2)+mgq1cosqz 2k(q1 lo)”.



200 Classical and Analytical Mechanics

Given that the constraints are ideal and that there are no non-potential forces, for the
first equation (6.13) we have

d 9 a

——L—-—L=0,

dt 94, 9q1
implying

d . .
7 (mqy) — (mcm& +mgcosqy —k(q1 — lo)) =0,

from which (6.15) follows. For the second Lagrange equation,
d o ]
———L——L=0,
dt 9¢> g2

we have

d . .
E(mq%qz) +mgqi singy =0,

which leads to (6.16).

Example 6.4 (Elliptic pendulum). In Fig. 6.9 there is a block of mass M that can
slide without friction on a horizontal surface. The movement of the block is due to the
pendulum of mass m that is attached as shown.

(a) Obtain Lagrange equations for the system.
(b) Determine approximately the movement for small pendulum angles.

M

Xy

y m

Figure 6.9 Pendulum in a block that slides without friction on a horizontal surface.

a) Denote the masses M and m by 1 and 2, respectively. Since the motion is planar,
we have the following two ideal mechanical constraints:

y1=0, (x2— )c1)2 + y% =12 = const.
t
So, two generalized coordinates are required. They are chosen as follows:

q1 =Xx1, 2=¢.
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b)

The kinetic energy is first determined, which, by the Konig’s theorem, results in
1 ) 1 ) ..
T= 3 (M +m) q12 + Emlzqz2 +mlg1gycosqgy.

If the sliding surface is chosen as the reference level of the potential energy, we
have

V =—mglcosq.

The last two results allow to obtain the function of Lagrange:

1 P .
L:=T—V=c(M +m) g+ Emlzqz2 +ml (4142 + &) cos ga.

Note that there are no non-potential forces. The first Lagrange equation is ob-
tained with

dtdq1  9qi
where

d . .

7 [(M +m)q1 +mlgacosqz] =0,
or equivalently,

(M +m)gy +ml (51'2 cosqr — 4}22 sinq2> =0. (6.17)

For the second equation we have

aoL L _
dtdqy dqr
SO
d (,, . .. .
TR (l g2 +1q: COSQz) +ml(q192+ g)singy =0,
where finally

1G> + g1 cosgy + gsing, =0. (6.18)
If g» = 0 and ¢, = 0, then

singy >~ q», cosqy 1, q22 ~0, q22 ~0.
Under these conditions the Lagrange equations (6.17) and (6.18) are reduced to

(M 4+ m) gy + mlgr ~0,
lgo + g1+ gq2 >0,
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and from the latter we get
. 2
g2+ ®°q» ~0,
with

a)2:=§<1+%).

From this expression it is deduced that > presents an oscillatory movement of
angular frequency w and period t with values

g m 2w 2w
o= (e ™y, 2o
/ M w g (1 4 m)
l M
In particular if M > m, then we get the Huygens formula'

a):\/g, 12271\/2.
l g

Example 6.5. For the mechanical system of Fig. 6.10 determine the Lagrange equa-
tions. Consider that the restoring forces of the springs are of the type

Fres = k8,

[
2c N
_rv-v-\_@ m,
Fext
C
my
E;, ¢

Figure 6.10 Mechanical system of two masses.

where k is the constant called constant of stiffness of the springs and § is the defor-
mation experienced. Assume that the cylinder is solid and rolls without sliding, while
the block experiences viscous friction on its lower surface and is subject to external
action as shown. The mechanical system in question consists of two elements subject
to the following ideal mechanical restrictions:

21=22=y1=y=0.

! Christiaan Huygens (1629-1695).
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Therefore two general coordinates are required to carry out the analysis. The most
suitable are

q1 ‘=X1, q2:=X2,

where x1 and x, denote, respectively, the displacements of the block and the cylinder.
The first step to follow is obtaining the expression for kinetic energy, which is given
by

T=T+T1,

where the subscripts 1 and 2 denote the block and the cylinder, respectively. Directly
we have

1
Ty = —m>,
1= 5mig

whereas to determine 75 one must resort to Section 3.5 in Chapter 3. It follows that

1 .2 1 ) o« . 1 2
= >M2qi + >M24) +maq192 + Elww ,

where the moment of inertia [, and the angular velocity w have the expressions

1 %)
I, = —m2r2, w= q—,

2 r

with r as the radius of the cylinder. So, we have

1 . .3,
T= 3 (my +m2) gy +maq1q> + 7m2ds-

The next step is to obtain the expression for the potential energy. For a spring of the
type of this system, the potential energy is given by

k
ITyes (3) = 562,

which is why

1 1
V=2 (56’ (q1 — 610,1)2> + 3 (2¢) (92 — 610,2)2 =
c [(91 - 610,1)2 + (612 - %,2)2] )

where qo;, i = 1, 2, represents the position without deformation of the springs. So,
the function of Lagrange results:

1 . ..o 3
L;:T—V:E(ml+m2)qf+m2q1qz+1mzqzz—
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c [(41 - 11(),1)2 + (g2 — %,2)2] -

Now it is time to determine the generalized non-potential forces. By expression (6.6)
it immediately follows that

Ql,non—pot = Lext — ,3621, Q2,non—pot = Oa

where B¢ is the viscous friction force on the block. Now it is possible to determine
the Lagrange equations by (6.13). For the first coordinate equation we have

d o d L=0
dt 86]1 36]1 = Y1,non-pot
implying
o [(m1 4+ m2) G1 +maga) +2¢ (q1 — q0,1) = Fext — Bq1.

or finally,

(my +m2) g1 +magn + g1 +2¢ (g1 — g0.1) = Feur.
The second equation is given by

d 9 d

s - L= ot
dt 36}2 86]2 QZ,m)n pot

which gives

d .3
o (mqu + Emm) +2¢ (92 — g0.2) =0,

or

. 3.
my (611 + 5%) +2¢ (g2 — q0,2) =0.

6.4 Normal form of Lagrange equations
Definition 6.9. It is said that the differential equation

F(nx x5 x") =0
can be presented in the normal form if it is algebraically equivalent to

M =G (t, X, X, X, - ,x(”*l)) .



Dynamic Lagrange equations 205

In the generalized coordinates q € R”, the kinetic energy presents a specific ex-
pression. Remember that

= %Zml Vi, Vi), (6.19)

ieS

but

dr; or; " or; .
vii=— ()= Yo

at o 0q;
and therefore (6.19) results in
T=T+T+T1,
where
1 ar; o ar; |*
Ty = Ezml < —) Zmz E )
ieS leS
- Br
T, = ; g 6.20
1 Zm’ 8t (6.20)
ieS j=1
. 2
1 or; . 8r, . 1 ar; .
T == i il== i —qil - 6.21
=g T z q,z o [ S| o2

The property of the internal product allows to obtain more compact expressions for 77
and 75. From (6.20),

n

or; dr;\ .
Tl:ZZ’""(at "%, )q,—(b(r @D,

j=lies

with

or; or; .
b] :=Zm (a; l) ‘]=17*~-9n7

ieS 36],

and (6.21) becomes

—%ZZ<Z <8r' 8ri>)£]zé]k—%qTA(t @4

j=1k=1 \ieS§ aq 8q

where the symmetric matrix A = (a jk) € R™" has as a generic component

31‘,‘ 81‘,’
ajk=Zmi <— ) (6.22)

ieS Bq] 36]k
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Theorem 6.1 (The basic mechanic theorem). The newly defined matrix A (¢, q) is
always non-singular, namely, it has the property

detA (t,q) #0Vt, q

Proof. Suppose that det A(¢, g) = 0. Then there are numbers Ay, k =1, ..., n, not all
nulls such that

n
Y ajph=0Vj=1 ..n
k=1
Multiplication by A ; leads to
n
MY ajph=0Vj=1, ..n
k=1
and summing over j gives
n n
ZZajkkj)\k =0.
j=1k=1

From here and in view of (6.22) it follows that

Z”:X”:(Z (ar, ar,~))A —

j=1k=1 \ics ;94

or

LTI DIREATy v )

ko
k=1 d

ics o 0T ies qk

which gives
=0 Vies,
or in vector form,
", 4R
“oqx =9,

il qk

which contradicts the fact that the parameters q are independent. O

Corollary 6.1. The Lagrange equations (6.8) can always be presented in the normal
form, i.e.,

q4=7F(,q,94,Q). (6.23)
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Proof. It has been shown that in generalized coordinates, kinetic energy has the ex-
pression

. o1, .
T(t,q,@)=To(t,q) +b" (t,q)q+ EqTA t.9q. (6.24)

In addition, from (6.12) the Lagrange equations can be represented as

d
Vil = VT =Q.

which is equal to

d
E[b(r,q)+A(r,q)('1] — VT (1,9, =Q,

or in the extended form,

b ", b . dA : . .
a—(t,q)+ E — Qg +— P+ A Pq— VT (1,9,9) =Q.
t ot 0q; dt
(6.25)

From here, since A (¢, q) is invertible, the result follows. O

Remark 6.4. If the mechanical constraints of the system are stationary, then (6.25) is
reduced to
", 3b
A(t,q>q+25<r,q>q,- — VT (1.4.9) =Q,
j=1""

where
) L. .
T(,q,9= 54 A, q)q,

and, if also mj = copst, k=1, ..., N, and the matrix A, the kinetic energy 7 and b do

not depend on ¢, then the equation is further reduced:
n ab
A g — 17 — VeT (q,9) = Q.
(q)q+j§ 5g; @4~ Vel @9 =Q

In this last case, the system is called stationary.

6.5 Electrical and electromechanical models

Mechanical systems have many similarities with electrical systems. This circumstance
allows Lagrange equations, obtained considering systems of the first type, to be appli-
cable to systems of the second class. To see this, a compilation of some of the main
relationships of electricity, electromagnetism, and electrical circuits is made below.
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6.5.1 Some physical relations
1. The electromagnetic flux ® and the current i that produces it have the relationship
d=1Li, (6.26)

where L is a constant that depends on geometric factors and environment called
inductance. An electrical component that behaves according to (6.26) is also
called inductance.

2. Electromagnetic flux changes result in electrical potentials. Both are related by
the Faraday’s law

dd
dt’

ur =

where u denotes the voltage at the terminals of the inductance due to the change
in flow. Considering (6.26), the Faraday’s law can be expressed in the form
L di (6.27)
up=—L—. .
L dt
3. In resistive elements the voltage u g between the terminals of the component and
the current i flowing through obey the Ohm’s law, which is enunciated as

ug = Ri, (6.28)

where R is a constant that depends on the component properties and is called
resistance.

4. The voltage uc between the terminals of a capacitance and the charge ¢ that is in
its plates follow the relationship

q 1

=L=2 i (6.29)

uc

where C is a constant that depends on the geometry and the environment called
capacitance. If it is considered that the current is defined as the temporal variation
of load, that is,

dq
[ = —, 6.30
L= (6.30)

then, alternatively, (6.29) may be expressed as

1
uc = E/idt. 6.31)

5. Kirchhoff’s laws establish two fundamental mathematical relationships in the
analysis of electrical circuits:

The mesh law: “The sum of the voltages in every closed loop of an electric cir-
cuit is zero.”
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The node law: “The sum of the currents in every point of an electric circuit is
zero.”

The laws of Kirchhoff in combination with the relations (6.27), (6.28), and (6.31)
allow to establish the dynamic equations that currents and voltages in electrical circuits
follow: the mesh law for the first and the node law for the second.

R _
+ _ —
e (i ) 3L
——"
C

Figure 6.11 Electric circuit in series.
For example, consider the circuit shown in Fig. 6.11. By the mesh law we have

urt+uc=e+tug,

where by the relations (6.27), (6.28), and (6.31),
Ri—i—Lﬂ—l—l/idt:e. (6.32)

dt C

In terms of the charge g expression (6.30) results in

LG+ Rq + %q =e. (6.33)

Let us consider another example. Consider now the circuit shown in Fig. 6.12. By the
node law,

ip+ic=i+ir.

1 Ti li

i(1) R Lé oL

Figure 6.12 Electrical circuit in parallel.

Since the voltage across the terminals of all the electrical components is the same,
denoted u, it follows from (6.27), (6.28), and (6.31) that

1
% + 7 / udt + Cit = . (6.34)
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The derivation of (6.34) leads to

C"-I-l'-{-1 _a (6.35)
i i+ = .

6.5.2 Table of electromechanical analogies

Consider a material particle that moves in a line under the conditions

. C 5 A .
T=-q", V= Eq s Qnon»put =0-bg, Qreac=0,
where Q is a preassigned force acting on the particle, bg denotes viscous friction, and
q is its position on the line. Immediately, the corresponding Lagrange equation results
in

aj+cqg=0 —bq. (6.36)

The analysis and comparison of Eq. (6.36) on the one hand and Eqgs. (6.33) and (6.35)
on the other hand allow to establish in a clear way a series of analogies between
mechanical and electrical concepts. Table 6.1 shows these analogies in condensed
form.

Table 6.1 Table of electromechanical analogies.

System (coordinates) T \ % Onon-pot
Mechanics (position g) a b c %aqz %cq2 0- bg
1. Electrical (charge q) L R é %qu %qz e—Rqg
2. Electrical (voltage u) % % %C,,'tz ﬁuz Z_; — %,},

The usefulness of the analogies obtained is evidenced by some examples.

Example 6.6. Let us obtain the dynamic equations that govern the behavior of the
charges in the circuit of Fig. 6.13. From Fig. 6.13 and from Table 6.1 we have

dgv .  dq
=—, ipi=—-,
dt dt
Ql,nan-pot =€ — qu’lv QZ,non-pot = _R2é21

i:

and in addition

T_L16]12+L26222 V_‘I_12+(Q1—612)2_|_ﬁ
2 2 2C 2Cy 2C3°
so that
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L, C,
l—fW\__|
Cy
e
R, R,

Figure 6.13 Circuit of two loops.

From the first Lagrange equation,

drdg  9q1

it follows then that the dynamic equation for the first loop results in

a -,

Ligy + Rig1 +
191 191 3l )

On the other hand, the second Lagrange equation,

= Y2, non-pot

results in the equation for the charge of the second loop:

. . @, 2—a
Logo + Rago + — +
22+ Rago + -+

=0.

Example 6.7. Fig. 6.14 shows the electrical circuit of a transformer with resistive
charge. Obtain the dynamic equations of the charge. Note first that the electromagnetic
flux on one branch of the transformer due to the current on the other is given by

Do =piy, Dy = piz, (6.37)

Figure 6.14 Electric transformer.
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where p is a constant of the transformer called mutual inductance. From Fig. 6.14
and from Table 6.1 we have

d .
=2 212,
dr

Ql,non—pot =e— Riq, Q2,non»pot =—Ryq,

and

L1¢?  L2g? ..
=%+%ﬂwq1qz, V=0,

T

where the double sign of the third term of T takes into account the effect of mutual
inductance. The Lagrange equations are given by

d T T

dt 9g: g

inon-pot, 1 =1,2.
Then it follows that the dynamic equation for the first loop results in

Ligy F ng2 + Rig1 =e, (6.38)
and for the second one

L2g> F g1 + Rago =0. (6.39)

As a verification of the technique given by the Lagrange equations, the same equations
will be obtained by the alternative method of the mesh Law. By expressions (6.37),
the electromagnetic flows on the branches of the transformer are given by

@1 = Lyiy — Pp1 = Lyiy F piz,
D@y = Loip — P = Lain F pis.
By Faraday’s law we have

dd, _ dd,
dt

and by the mesh law

Riiy=e+ UL, nix=Ug,

or
Riii+ L dij dip
i — — =g,
11 ldt :FMdt
din dij
Rri L,—= — =0,
202 + 2 jF,Lbdt

where Eqgs. (6.38) and (6.39) are followed.
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Example 6.8. In the circuit shown in Fig. 6.15 it is desired to determine the values
of the mutual inductance p of the transformer and capacitor C1, such that there is no
influence between the loops. From the previous example and from Table 6.1 it follows
that

I, 1 ., ..
T=-Ligy+ zLxgy — nqiq2
2 2
J7
#Ch
C = il - + i, | =C
! L M L, Z
+ -
“w

Figure 6.15 Transformer and variable-capacitance circuit.
and

4@ @ —@)?
2C1  2C» 2C1y

Since

Ql non-pot — Q2 non-pot — =0,

by the technique of the Lagrange equations we get

) a1 —q
Lig1 — ugo + -+ =0,
Cl Ci2 (6.40)
92 91— 42 ’
Lygo — ngr + = — =0.
) Cn2

From the second equation in (6.40) it follows that

. . @ -
=r;! L' =+ L .
q92 2 M4q1— C, i

Substitution the last expression in the first equation of (6.40) gives

Lliil—lt(Lz_llti]l L—lq2+L_1611—612>+ﬂ+611—612:07

C 2 Cn C Ci2

or

. L> 2 L, Ly " 7
LiL;— 2) =_B 4= — =4 B B =o.
( 12 Q1+<C1 C12+C12>QI+< Clz—i_Cz—i_Cu)q2
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Analogously, representing ¢ from the first equation of (6.40) and substituting it into
the second one leads to

. 1% n L " Ly L
Lﬂa—ﬁ>z+<—~+—————)1+(———+——+——)2=0
( i 1 Cn C Cp2 1

If you want the dynamics of g and g» to be independent of each other, we should
satisfy

L om
C, C Cpp

N 2 B ) B
C, C Cpp

or equivalently,

Cn

MC2

Cn
tu=Ly p—+pu=Ly,
Ci

which gives

_ L1C1—Ly(Cy

’

The following example shows that electromechanical systems can also be ap-
proached with the studied technique.

Example 6.9. In Fig. 6.16 an electromechanical system is presented. It is an electrical
circuit in which the capacitor is formed by a fixed plate and a mobile plate suspended
from a spring. An external force F (¢) in addition to the electrical attraction, exerted by
the other plate, acts on this plate. So the separation between plates d (¢) is a temporary
function. Let us obtain the dynamic equations of the electric charge and the position
of the moving plate of the capacitor considering that if the distance between plates is
a, then the capacity is C,. Recall that the capacitance of the parallel-plate capacitor
shown is obtained by

esS

cC= m,

(6.41)

where ¢ is a constant that depends on the environment and S denotes the area of the
plates. Since it is known that if d = a, then C = C,, one has

C - es
T dnma’

With this relation, (6.41) can be expressed as

Ct)y=C,—2.
d (1)
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o
k%
;1

C(t) CoT
7777

L
R

d(t)I

Gl

Figure 6.16 Electromechanical variable-capacitor system.

Also if x := a — d denotes the residual separation with respect to a, then

a

C=C, .
a—x

If the generalized coordinates are selected as

q1 ::fidt, g =x,

then by Table 6.1 and in view of Fig. 6.16 we get

L m
T=224 M2
5 4i + e

2 2

_ 4 i 9

T 2Cy  2C,a

k 2
(@—q2) + 545 —mgqn,
where k is the stiffness coefficient of the spring. Clearly we also have

Ql,non-pot =€ — Rél, QZ,non-pat =F.

We can now get the function of Lagrange L =T — V, and since
i,non-pot = 1’ 27

it is verified that the Lagrange equations are given by

a1

Co
q;

2Cqa

. q1 .
LG+ =+ —=—(a—q)+ Rq1 =e,
C,a

mgs — +kgy—mg=F(t).
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Example 6.10. The electromechanical system shown in Fig. 6.17 consists of an elec-
tromagnet whose function is to attract the metallic body of mass m shown. The value
of the inductance L of the electromagnet is a known function of the separation x be-
tween the mass m and the core of the electromagnet. Let us:

a) obtain the Lagrange equations for the electric charge in the circuit and for the
distance x.

b) define x4 and i.,, considering that the electric voltage source is DC, and deter-
mine the equilibrium value for x.

m
k/2 k/2
R
=] [Coo
L{x)—
J777777777777777777

Figure 6.17 Electromechanical system of variable inductance.

a) The general coordinates are

q1 :=/i(t)dt, q2 =X.

Then from Table 6.1 and from Fig. 6.17 it follows that
l A %) 1 )
T=35L(q2)q7 + 5m43,

1
V= Ek (92— 612,0)2 +mgq,

where g7 o denotes the value of g, for which the springs are not stressed and k/2
is the constant of stiffness. Evidently,

Ql,non—pot =€ — RC?I» Q2,n0n—pot =0.

We can now get the function of Lagrange L =7 — V which results:

114 . . 2
L=3 [L (92) 47 +md3 — k(g2 — q2,0) ] —mgqp.

The Lagrange equations

d oL  9dL

dr dg: g

i,non-pot, 1 = 1,2,
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become

i@ ]+ rar=e.

d . £ <2
I (mg2) — L' (q2) 47 + k (92 — q2,0) + mg =0,
or equivalently,

L@+ [ @iz +R] @i =e,
. (6.42)
mis — L' (g2) 47 + k (q2 — g2,0) +mg = 0.
b) In equilibrium we have

ezE:coPst, G1=0, ¢g2=¢»=0,

which in view of (6.42) gives
E
R

and the value g7 .4 = x.4, may be found from the nonlinear equation

th Zieq =

6.6 Exercises

Exercise 6.1. The Lagrange function of a free relativistic particle with a rest mass mg
has the form

L= —moc\/l — 72 (i + X3 + 53),

where ¢ is the speed of light. Show that its motion x; = x; (¢) is described by the
relations

xiM=ait+6 (=1,2,3).

Exercise 6.2. A heavy point can move without friction in the vertical plane of Oxz
along the curve

z= f(x).

Show that the Lagrange equation, describing this movement, has the form

[ () () () (L) emo

and try to find its first integral.
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Exercise 6.3. Using the Lagrange equations, show that the centers of mass of cylin-
ders 1, 2, and 4 (see Fig. 6.18) move vertically with constant accelerations,

72 58 58
W) =—¢g, W)=—¢g, W4g=—g,
1 795’ 2 798 4 798

Figure 6.18 Homogeneous cylinders interconnected by inextensible and weightless threads.

2
and the angular acceleration of cylinder 3 is £3 = 7 5, assuming that identical cylin-
r

ders of radius r are homogeneous and interconnected by inextensible and weightless
threads that do not slide on the surface of the cylinders.

Exercise 6.4. Compose the Lagrange equations for the two electrical circuits shown
in Fig. 6.19.

a) b)

Figure 6.19 Electrical circuits.
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—— O —— T

c

Figure 6.20 Electrical circuit modeling the Lagrange system.

Exercise 6.5. The mechanical system has a Lagrange function

mi., my., k 4
L=—+—42— 24>
2¢I+2‘1 >4

Show that the electrical circuit modeling this system has the form as in Fig. 6.20.
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In dynamic systems in general and in mechanics in particular, the determination of
equilibrium positions and their quality of stability are traditional problems of funda-
mental importance, which to date have been partially solved. In this chapter, with the
support of the concepts and results studied up to this point, such as coordinates and
generalized forces, the study of these topics is addressed and the most important re-
sults are reported. As will be seen, the most developed theory is that dealing with
conservative systems, which occupies most of the chapter.

7.1 Definition of equilibrium

Consider the mechanical system S with N material particles and m stationary me-
chanical constraints. In these circumstances, the expression of the possible positions
in generalized coordinates R () = R (¢, q), introduced in the previous chapter, is sta-
tionary, that is, R=R(q).

Recall from the same chapter that in the normal form the Lagrange equations for
the system S have the expression

G=75(t,q,9,Q). (7.1)

Definition 7.1. Given Q, it is said that q* is an equilibrium position of system S if
the following condition is met:

F(r,94%,0,Q)=0. (7.2)

Remark 7.1. In other words, q* is an equilibrium position if, when the system is in
that position and the velocity is zero, it remains there indefinitely. The condition that
the transformation R = R (q) is stationary ensures that any equilibrium in space q
defines a balance in space R and vice versa. For simplicity, equilibrium positions will
be called simply equilibria.

Classical and Analytical Mechanics. https://doi.org/10.1016/B978-0-32-389816-4.00018-1
Copyright © 2021 Elsevier Inc. All rights reserved.
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Remark 7.2. By Newton’s second law, the position ¢* is an equilibrium if and only
if in that position the total force acting on each particle of S remains zero, i.e.,

F;=0, ieS.

The previous immediate observation allows to formulate the following important
result.

Lemma 7.1 (Principle of virtual displacements). The position q* is an equilibrium if
and only if in that position the elementary work done by the forces on S along any
virtual translation, with respect to R* := R (q"), is zero.

Proof. Let R* := R (q*) be the position vector corresponding to the equilibrium q*.
By the previous observation R* is an equilibrium only if and only if in that position

Fi=0,i=1,..,N,

which in turn means that the work done by these forces along any virtual translation
with respect to R* is null, that is,

N
SAlsr =) _ (Ft,orz) =0.
k=1

The newly established property results in two very useful criteria.
Corollary 7.1. The position * is an equilibrium if and only if in that position Q = 0.
Proof. Recall that in generalized coordinates
n
SAlsg = _ Qidq;.
i=1

By the previous lemma, q* is an equilibrium if and only if in that position

8Alsg =0 Vsq,
and the result follows. O

Corollary 7.2. If the system S has ideal constraints, then q* is an equilibrium if and
only if in that position

Qex: =0.

Proof. The result is obtained from the previous corollary and the definition

Q :=Qexr + Qreac;



Equilibrium and stability 223

since in systems with ideal constraints

Qreac =0.
O

Remark 7.3. The previous results are also valid for the case where the transformation
R (r) =R (¢, q) is non-stationary. To show that it is enough to define the equilibria in
the space R instead of in the space q. It is said that the position R* is an equilibrium if;
when the system is in that position and the velocities at the initial instant are zero, the
system remains at R* indefinitely. Note that if the transformation R (¢) = R (¢, q) is
non-stationary, the equilibria in q and in R do not necessarily coincide. Now, the same
procedure of the test of the previous lemma can be used to verify that, in this case,
the principle of virtual displacements and the conclusions of two previous immediate
corollaries are also valid.

For the needs of this chapter the important result is that given by the first corollary,
so it is not important in what space the equilibria are defined.

7.2 Equilibrium in conservative systems

In Chapter 6 we have shown that if all effective forces are potential, the generalized
effective forces are also potential and

Qe =—VgV (1.9, (7.3)

where V (z, q) is the potential energy of the system and is obtained as indicated in
that chapter. The relation (7.3), in combination with the criterion given by the second
previous corollary, allows to establish that in the equilibrium positions the gradient of
the potential energy is equal to zero, that is, if the position q* is an equilibrium, then

VgV (t,q) =0. 7.4

In particular, the positions where the potential energy reaches its extremes are equilib-
ria, i.e., q* is an equilibrium if

q* :=argextV (1, q).
q

In the following examples, the usefulness of the condition (7.4) is shown.

Example 7.1. In Fig. 7.1 a capacitor with charge ¢ and whose plates are held by
springs is shown. The separation d between the plates is variable and each plate has a
mass m. Consider that when the springs are not loaded the separation between plates
is A and the capacity has the nominal value Cx. The springs have a constant of stiff-
ness k. Determine the equilibrium position of the plates. Clearly the forces in this
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X, k

dé
I% L

sy

4 LAAL%AAAA
St
m
Cqy
m
-q
<k

X;

Figure 7.1 Capacitor whose plates are held by springs.

system are potential. It is a system with two masses that move on a straight line; there-
fore two generalized coordinates are required. Let them be

q1:=X1 — X0, {2:=X2— X0,

where x1 and x; denote the current lengths of the springs of the upper and lower
masses, respectively, while x( represents the length corresponding to the springs with-
out elongation.

Recall from Chapter 6 that the capacity of the capacitor when the separation be-
tween the plates is d can be determined by the expression

A
Ca=—Ca. (7.5)

Recall from the table of electromechanical analogies of the same chapter that the po-
tential energy of a capacity capacitor C,; and charge ¢ is given by

2
q

By (7.5) and considering that d = A — g1 — ¢» it follows that

q2
2ACA

Ve (q) = (A—q1—q2).

Then the joint potential energy of the system is given by

1
V= Ek (q12 +q22) —mg(q1 +xo +eo/2)

q2

2ACH

—mg(xo+ A +ey—q2) + (A—q1—q2),

where eg denotes the thickness of the plates. In equilibrium we have

VqV (@) =0,
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so that
v 2
kg —mg — ——— =,
8q1 2ACA
v q°
— —kgy +mg — =0,
agy  PTMETHACA

which leads to
1 q2

* —
=y (ZACA +mg>’
9 (e _ mg

27 k\2ACa ’
Example 7.2. A series of masses m;, i = 1, ...n, is connected by n springs of stiffness
ki, i =1,...n, as shown in Fig. 7.2. Calculate the equilibrium position. Note that the

effective forces on the system are potential. In order to determine the solution, two
methods can be followed:

Xn
Xa-1
.
.
.
4+ m,
X1 kl
L m,

Figure 7.2 Series of masses connected by springs.

— the first one uses the result established in the second previous corollary, without
considering that the system is conservative;
— 1in the second, this fact is exploited via the gradient of the potential energy.

Since the masses move on a straight line, n generalized coordinates are required.
Let these be the elongations of the springs, that is,

gii=xi—x2, i=1,.n, (7.6)

where x; denotes the current distance between the masses i and i — 1, and x? represents
the same distance with the spring without elongation.
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Method 1. In the balances, and only in them, the following condition is met:

where

n
0x; .
0= Figlt=F i=l.n
j=1 ’

with
Fi=mg —kiqi,
F, =mag +kiq1 — kaqa,

Fy=mug+kn_1gn—1 — kngn.

From the condition F; = 0 it follows that

1
0 =7 (mng +kn—1q;_1).

n

or by replacement,
P i
j=1
Finally, we obtain
P i i
Lj=1 j=1
Method 2. With generalized coordinates (7.6) for potential energy we have
1 n n n
V=3 kg -8y m;y x
Jj=1 j=1 s=j

In equilibrium we must have

VqV (q) =0.
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But
A% axA
— Q@) =kigi—g ) mj )
dg; kigi Z / = qi
and since
0
xS = ai,S’
9g;

where the Kronecker symbol §;  is defined as
1, ifi=s,
81’,5 = o
0, ifi#s,
it follows that

oV i
50 @ =kigi —g) mj.
qi —

oV
And since we must have Fy (q*) = 0, expressions (7.7) and (7.8) are concluded.
qi

The solution of the following problem requires remembering the fundamental result
of the convex programming problem on the Euclidean space R".

Theorem 7.1 (See, for example, Chapter 21 in (Poznyak, 2008)). Let 2 be a convex
subset of R" and let f : Q2 — R and g: Q2 — R™ be convex functions. Suppose there
is a point X1 € Q2 for which g (x1) < 0 (the Slater condition). Let

wo :=1nf f (x) subject to x € Q and g (x) <0, (7.9)
and suppose that [ is finite. Then there is a vector 0 < Ao € R™ such that

Mo = ;élsfzﬁ (%, 20) , (7.10)

where

LxA)=[f&~+R g(X).

In addition, if the minimum is reached in (7.9) by Xg € Q, g (Xo) <0, it is also reached
by the same Xq in (7.10) and the following complementary slackness condition holds:

(X0, g (x0)) =0. (7.11)

The function L is referred to as the Lagrangian function and the vector A € R™ is
known as the Lagrange multipliers vector.
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Example 7.3. Consider a system with n generalized coordinates subject to the fol-
lowing restriction:

n
D i<l
k=1
Suppose the system is conservative and that the potential energy is given by

V@)=Y agr. (7.12)

k=1

We need to calculate equilibrium positions.
Considering that the positions where the potential energy reaches its extremes are
equilibria, the present problem can be reformulated in the following terms:

n
Find ar: tV subject to 2_1<0.
g ext V(@) sub I;qk <

Since 2 = R" and V (q) and g (q) := [|q||*> — 1 are convex, the solution of this problem
may be found as it is described above. The Lagrangian function (with m = 1) is given
by

n n
L£(g.h) =) akqi +2 (Zq,? - 1) . A=0,
k=1 k=1

which is a quadratic convex function with a global minimum q*, which may be found
from the condition

VoLl (q*, )\()) =0,

or, equivalently,

oL
L (g ho) = +2h0gf =0, k=1,..,n, A>0,
G
implying
* Ok
=——, k=1,...,n, Ag=>0. 7.13
q 20 n, Ao (7.13)

To obtain Aq the condition (7.11) is used:

i) [(55) ]

k=1

1 n
A0 [WZO(,%—I}ZO, Xo>0.

0 k=1
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So, the non-trivial solution Ay > 0 is

(7.14)

which, when replaced in (7.13), leads to

a5 = :Fa—k, k=1,...n.

2
> q;

Substituting this expression into (7.12) gives

n n 2

o
V@=) axgi=F ) ———=7F
k=1 k=1 /20 a?

which shows that the point ¥, minimizing V (q), is

(04
gf=———ou, k=1,..n.

2
i1

7.3 Stability of equilibrium

7.3.1 Definition of local stability

A fundamental problem in mechanics is the qualification of the behavior of systems in
the vicinity of equilibria. This qualification can be carried out via the characterization
of the behavior of the position and speed variables of the material points. By this
reason, this set p := (q, q) of variables is known as system states.

Definition 7.2. An equilibrium position q* of a system S is said to be locally stable
equilibrium position (or stable in the Lyapunov sense) if for any ¢ > 0 there exists
6 = & (&) > 0 such that if the initial state meets

lato) —a*| <8, laco)ll <8, =0,

then for all ¢ > 1y

la®Oll <e, la@®l <e.

In Fig. 7.3 the statement of the previous definition is explained graphically, using a
phase diagram. Here it is pointed out that if the equilibrium q* is stable locally, then
for any ¢ > 0 we may choose § > 0 such that the path corresponding to any initial
state p;pi, contained in the 28 side hypercube and centered on C := (q*, 0), remains
indefinitely in the hypercube of side 2¢ and with the same center.
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Figure 7.3 Concept of equilibrium local stability.

Definition 7.3. An equilibrium position q* of a system S is said to be unstable, if it
is not stable.

The example below illustrates the concept of stability introduced in the preceding
definition.

Example 7.4. The system shown in Fig. 7.4 is known as a linear oscillator. It consists
of a mass m that can move horizontally without friction and is held by a stiffening
spring with rigidity k. Determine the stability of the equilibrium states. A generalized
coordinate is

q ‘=X — Xp,

—_x—

AN

Figure 7.4 Linear oscillator.

where x( is the nominal (non-stiffened) length of the spring. Since it is a conservative
system with potential energy

1
V(q) = ~kq?,
(q) = 7kq
the equilibrium points are given by
VoV (q%) =kq =0,
and therefore there is only one equilibrium point,

g*=0. (7.15)
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To determine the stability of the equilibrium obtained, it is necessary to know the
trajectories of the state (g (¢), g (¢)); it is easily verified that the kinetic energy is

1 )
T = ~mg?,
M

which is why the Lagrange function is given by

. r 1
L(q,q)=mq* — Skq®.

Since there are no non-potential forces, it is obtained as a Lagrange equation for the
system,

mg +kq =0, (7.16)
and if the angular frequency is defined as

k
w?i=— >0,
m
Eq. (7.16) is reduced to the form
§+wqg=0. (7.17)

From the theory of linear ordinary differential equations it is known that the solution
of (7.17) has the following expression:

q (1)
w

q () =gq (tp)cosw(t —19) + sinw (t — 1), (7.18)

with its derivative

g (t) = —wq(tg) sinw (t — tg) + g (tg) cosw(t — tp).

These two relationships imply

1
lg O = lgq )l + — g (101,
lg )] = wlq @)l +1g (101,

from which, if |¢ (f9)| < 8 and |g (t9)| < §, we get
1 .
lg (] <9 1+5 s lgMI=sd(1+ow).
Defining

1
8::8-max{1+w,1+—},
w
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it follows that

§(e) = (7.19)

R
max{l—}—w,l—l——}
w

The relationship (7.19) allows to ensure the local stability of the equilibrium (7.15).

7.3.2 Stability of equilibrium in conservative systems

Lagrange-Dirichlet theorem

In the previous example, to determine the stability of the equilibrium obtained, the
solution (7.18) of the system was used. Since the explicit expression of the solution
is not always available in the general case, it is important to have indirect criteria
to determine the stability of the balances without resorting to the solution. This is
possible and particularly simple in the case of conservative systems.

Theorem 7.2 (Lagrange—Dirichlet).! Let q* be an equilibrium point of a conservative
system S with potential energy V (q) which is a continuous function. If

q* =argminV (q)
q

and there is a neighborhood A of q* such that this minimum is strict, namely,

V(q") <V(Q Vq#q*, qe€ A,

then q* is a local equilibrium. In other words, the equilibria, where the potential
energy reaches its strict minima, are locally stable.

Proof. Define A :=q — q*, so that A= q. Without loss of generality we can accept
that V (q*) and take q* = 0. Define the e-neighborhood of the point (0, 0) as

Qe :={(A,A)=(q.9) | llqll <eand gl <¢}.

In view of (6.24) the kinetic energy T (¢, q, ) is a quadratic function and by the con-
tinuity property of V(q) we may conclude that the complete mechanical energy

E(t,q9=T1.qq9+ V(@

! Johann Peter Gustav Lejeune Dirichlet (February 13, 1805-May 5, 1859) was a German mathematician
who made deep contributions to number theory (including creating the field of analytic number theory)
and to the theory of Fourier series and other topics in mathematical analysis; he is credited with being
one of the first mathematicians to give the modern formal definition of a function. Although his official
surname is Lejeune Dirichlet, he is commonly referred to as just Dirichlet, particularly for the eponym.
He improved on Lagrange’s work on conservative systems by showing that the condition for equilibrium
is that the potential energy is minimal.
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is also a continuous function vanishing in the point (0, 0) (see Fig. 7.5). Any contin-
uous function attains its minimal E, > 0 and maximal E* values on the boundary €2,
of the set €2.. Thus, on the boundary €2, we have

E>FE,>0.

E>E,

JE

%

Y
J

Figure 7.5 The (s, §)-illustration of the local stability of an equilibrium point.

But on the other hand, since the continuous function E (¢, q, ¢) vanishes at (0, 0),
there necessarily exists a §-neighborhood of this point such that

E(t,q,q) < Ex.

Hence, if q (#9) and q (tp) are inside of this §-neighborhood of the point (0, 0), that is,
llg (@)l <8 and [Iq ()]l <3,

then
E(1,q(10),q (1)) < Es.

But for the conservative systems the complete mechanical energy E (¢, q, ) remains
to be constant, that is,

E(t,q,qQ) = Eg= co?st.
Therefore, we may conclude that during the whole time of motion

E(t,q(t),q() < Ey

and, as a result, during the motion the trajectories (q (7) , q (r)) cannot reach the bound-
ary Q, where E (¢, q (), q(t)) > E,, keeping the relation (q (), q (¢)) € ;. O
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Under the additional condition that the second derivative of the potential energy
exists and is positively defined in an equilibrium, the previous result allows obtaining
a sufficient condition to ensure its stability.

Corollary 7.3. Under the conditions of the previous theorem, if the Hessian matrix
V2V (q) of the potential energy exists and

VZV(q) >0V qe A — aneighborhood of the point q*,
then q* is locally stable.
Proof. The strict minimum condition for smooth V(q) is as follows:

0<V(Q -V Vq#q*, qe A,

2
vV (¢") =o0. 720

Here we have taken into account that q* is an equilibrium point, and hence,
VV (q*) = 0. On the other hand, in the small neighborhood of the point * the poten-
tial energy can be expressed (using the Taylor expansion) as

Vi@=V@H+(VV(q").q—q*)+
1

sa-a) VPV (@) [a—a) +olla—a|*=
V@) + 5 (a-a) vV (@) (a-a) +ofla—a|’
for any q € A, which in combination with (7.20) gives
0<V@-V@)=(a—a") V?V(q*) (a—a*) +ola—q*|> VaeA
which is true if and only if

V2V (q*) > 0.

Illustrating examples
Two examples illustrate the application of the corollary result.

Example 7.5. Consider a conservative system with potential energy
1
V@=5q"Cq, C=C".

Let us determine the equilibrium points and their stability. We will try to carry out the
analysis for the matrices

5 25 5 2
C‘_[z.s 1]’ Cz_[z 1]
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The equilibria are given by the equation VV (q*) = 0, that is,
Cq* =0,

and if det C # 0, it follows that the only equilibrium is
q*=0.

By the previous corollary, the condition V2V (q*) > 0 guarantees 0 is stable (globally,
as it is a single equilibrium), which translates into the condition

C=>0.

The matrix Cp turns out to be not positive definite, which follows from the Sylvester
criterion and that detCy = —1.25 < 0, so nothing can be ensured about the stability
of 0. The matrix C» is positive definite and consequently 0 is stable.

Example 7.6. Suppose a conservative system has potential energy

1
Vg=Vo+(aq+ quCq,

where Vg € R and a € R" are constants and det C # 0. Let us determine the equilibria
and their stability if

30
C=]|0 2
a 0

— O R

What is the range of values for « that ensure equilibrium stability? In equilibria, the
relation VV (q*) = 0 is satisfied, and therefore

a+Cq" =0,
and the only equilibrium is
q'=-Cla. (7.21)

From the previous corollary, for q* to be stable (globally, for uniqueness), the condi-
tion V2V (q*) > 0 is sufficient to be met, that is,

C>0.
In the given matrix C, the first two major minors are positive and
detC =2(3-0?).

It is positive if and only if

la| <~/3,
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which, by the Sylvester criteria, turns out to be the stability interval
—V3<a<+3

for the point q* (see (7.21)).

Remark 7.4. The Lagrange—Dirichlet theorem, Theorem 7.2, remains also valid for
the wide class of non-conservative systems containing gyroscopic and dissipative
forces satisfying locally

> 0i(@.9)¢ <0 (7.22)

i=1

for any (q, q) € 2. Indeed, suppose that at least one 0. (0, 0) # 0 in the equilib-
rium point (0, 0). But, due to continuity Q, (q, q), we have Q, (q,q) # 0 in some
neighborhood €2, of the origin. So,

> 0i (4. 4)Gi = 0u (q. @) Go >0 (7.23)

i=1

if we take g, = sign (Qa (q, ('])). We are able to realize this selection since all gener-

alized coordinates ¢; and ¢; are independent. So, we obtain the following contradic-
tion: (7.23) contradicts (7.22). This means that for alli =1, ..., n,

0: (0,0) =0,

which indicates that the presence of gyroscopic and dissipative forces does not violate
the property of the equilibrium local stability.

7.4 Unstable equilibria in conservative systems

The general problem of determining if an equilibrium is stable has led to more results
than determining whether, on the contrary, it is unstable. In the case that the systems
are conservative, again there are some conditions that ensure instability.

Remember that in a conservative system, q* is an equilibrium if and only if
VV (q*) = 0. Therefore, the serial development of potential energy around q* may
be written as

e @]

V@=V(g)+> Vi(d*.q), (7.24)
j=2

where V; (q*, q) denotes the upper term of j-th order, in particular,

1
V2(a”.a) =5 (a- a*)’ V2V (q*) (a—q*). (7.25)
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The theorems following below are given without their proofs, which can be found
in (Malkin, 1952) and (Chetayev, 1965).

Theorem 7.3 (The first Lyapunov theorem on instability). If in the equilibrium q* of
a conservative system, the potential energy V (q) does not have a minimum and this
condition can be seen from the second order term (7.25), then q* is unstable.

The condition in the previous theorem is satisfied in the following simple case.

Corollary 7.4. If the Hessian matrix V2V (q*) has at least one negative eigenvalue,
then q* is unstable.

Theorem 7.4 (The second Lyapunov theorem on instability). Consider a conservative
system with potential energy V (q). If in the equilibrium q* the function V (q) has a
strict maximum and this condition can be determined from the terms V; (q*, q) of
lower order (j > 2) of the development (7.24), then q* is unstable.

The previous theorem has its most useful form in the following corollary.

Corollary 7.5. As an immediate consequence of the Lyapunov theorem, for (7.25), if
the Hessian matrix is negative definite, namely,

V2V (q*) <0,
then q* is unstable.

Theorem 7.5 (The Chetayev theorem on instability). If the potential energy V (q*) of
a conservative system is a homogeneous function, that is,

V (Aq) = A"V (q) VA€ R, Yqe R",

with m some integer, and if in equilibrium q* the function V (q) does not have a
minimum, then q* is unstable.

Example 7.7. Let a conservative system have potential energy

Vg)=a(l —cos(aqg)), a,a##0.
Let us rate the stability of its equilibria. The equilibria g* satisfy

dv

Y S : *)
dq (q) aasm(aq) 0,

which is why

k
qf=-m, k=0%1,%2, ..
(07

The evaluation of the second derivative in ¢* leads to

d?v
djz(qu)zaz

acos (aq*) = a?acos (k).
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So,
d*v .,
—(g;) >0, ifk=0,£2,44, ...,
dq2 ( k)
d*v .,
—(g;) <0, if k==+£1,4£3, ...,
dq2 ( k)

and by the Lagrange—Dirichlet theorem and the corollary to the second Lyapunov
theorem we may conclude that

gy, is locally stable for k =0, 2, +4, ...,
q,f is locally unstable for k = £+1, £3, ....

Example 7.8. We need to determine equilibria and their corresponding stability in a
conservative system with the potential energy

Vg=a]]a. azo.

i=1

Solution. The equilibria q* are given by the equation V4V (q*) =0, that is,

Vv ‘ .
a—q(q*):a H q}‘:(), i=1,...n.
i =1, jo£i
=1
That is why
q*=0.

The application of the corollary to the second theorem of Lyapunov is not possible in
view of the fact that V&V (q*) = 0. However, as easily verified, V (q) is homogeneous
and in O it has no minimum. Therefore, by the Chetayev theorem, the equilibrium
found is unstable. O

Example 7.9. Fig. 7.6 shows a conservative system consisting of two spheres with
opposite electric charges e and e;. Both have mass m and are subject to the action of
the gravitational attraction force, but one of them is fixed to the origin of the coordinate
system. We will determine the set of equilibria and its stability. Clearly, the system has
three degrees of freedom. If we denote

q::[x y Z]T,

and if the xy-plane is considered as the reference level of the gravitational potential
energy, the joint potential energy results in
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Figure 7.6 A potential electromechanical system.

where k > 0is a constant and r = v/x2 + y2 + z2. The equilibria can now be found by

the expression V¢V (q*) = 0. Therefore

v . _ee . .
e (q )_k(r*)3x =0, implying x* =0,
av ejep . .
—_ =k * =0, implying y* =0,
% (a) v’ plying y
and
v ., erey . .
- =mg +k—=7"=0, implyin =
op (@) =ms )’ plying =

But, by (7.26) and (7.27),

r* =z,
and hence,
s *
signz mg
Flk keies
Since > (0, we have
epez
signz* =—1
and
keien
|2*| = .
mg
so that
e kelez'

(7.26)

(7.27)

mg

kejer
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The Hessian matrix V&V (q*) may now be calculated:

[o2v. otV 2V ]
e (q) 230y (q) 350z (q)
32V 32V 32V
VZV *) — * * * s
4V (") axay @) gz @) 5 @)
R «) 32V ) azv( o
Loxaz 4 Bya 1) 2 Y|
with the elements
2V ere 3x2 . 9%V " ere
el (q) =kr—3 (1 — r_2> , implying Tl (q ) = BT
2V ejep 92V
= —3k—"xy, implyi ) =0,
axay @ /5, implying o0 (a%)
92V ere; 2y
—— (q) = —3k—-xz, implying —— (q*) =0,
9x0z @ ;5 Py e 9x0z (q )
92V eiex 3y2 . R % N eirex
Fe) (q) Zkr—3 <1 - r_2) , implying W (q ) ZkIZTIy
2V ejer 92V
Z(q) = -3k yz, implying —— (q*) =0,
39 @ 5y, implying 7o (a)
3%V ejer 322\ . . 0%V, ejen
7 (q) zkr—3 <1 - r—2> , implying e (%) =—2k e
So,
e1es 1 0 O
VeV(g)=k—=|0 1 0 |,
1P lo 0 -2

which has a negative eigenvalue, and because of the corollary to the Lyapunov’s first

theorem, the equilibrium found is unstable.

Example 7.10. Two fixed bars rotate with constant angular velocity @ as shown in
Fig. 7.7. On the bars, two dough rings m slide without friction. If the rings are subject
to the gravitational field shown and the force of attraction between them, determine
their equilibrium positions on the bars and find the stability conditions. The angle «
is fixed. The system has two degrees of freedom. The positions of the rings on their
respective bar and with respect to their union are chosen as generalized coordinates,
as indicated in Fig. 7.7. On the other hand, to show that the system is conservative,
note that the force of inertia on the bar 1 ring due to rotation is

Frot = mw2q1 sin«,
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Figure 7.7 Sliding rings on rotating bars.

and it can be represented as

=—— | ——mw*g?sina |,
rot a1 B q1

whence it follows that this force is potential with the corresponding function
Lo 5.
Viot (Q) = —Ema) gy sino.

As is known, the power energy due to the attraction between the masses of the rings
is given by
m2
Var (@) = —kT,

where k > 0 is a constant and

ri= \/q]2 + qz2 —2g1g2cosa.
So, the total potential energy of the system is

m? 1 2 9 .
V(qQ) =—-—mg(qicosa+qr) —k— — Ema) qq sina,
r
whereby equilibria can be determined from the equation V¢V (q*) = 0. Then the fol-
lowing pair of simultaneous nonlinear equations is obtained:

gcosa + k% (g5 cosa —g7) + a)zqik sina =0,
) (7.28)

m
+k——= (g cosa —gi)=0.
R (41 %)
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They must be satisfied in equilibrium positions. Given the relations

8—2(q)=kr—3—ma) simo,
1
82V( )_ka
quz V=r5
A% m?
= —k—cosa,
09192 r

we can see that the Hessian matrix is given by

m2 ) m2
k( *)3 — mw*sina —k( *)3 cosa
Vv (qt)=| v 4 =
q (a%) m2 m2
—k 5 cosa —
(r*) (r*)
2
m? | 1- @ (r*)}sina  —cosa
3 km
() —cosa 1

The Sylvester criterion applied to this matrix allows the following conclusions to be
established. By the Lagrange—Dirichlet theorem it follows that the equilibrium q* is
stable if the following inequalities both hold:

2

A
1 o (r ) sina > 0,
O N3
I—E(r*) sina — cos’a > 0.

By the corollary to Lyapunov’s second theorem, instability of q* is ensured if

2
1— l (r*)3 sina <0,
km
or
? 3
o (r*) sina — cos?a < 0.
m

7.5 Exercises

Exercise 7.1. A particle of mass m, carrying a charge e, is located in an electric field
of a fixed charge ¢g. Show that the equilibrium position of a particle in a uniform
gravitational field is displaced vertically from a fixed charge by a distance of @

mg
and this equilibrium is unstable.
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Exercise 7.2. The material point is in the gravity field on the surface
= x2—x y+ yz.

Find the equilibrium positions and investigate their stability if there is no friction in
the system and the Oz axis is directed upwards.

Exercise 7.3. A ball suspended on a weightless rod of length / can oscillate in a verti-
cal plane that rotates around the vertical axis, passing through the point of suspension
of the pendulum, with a constant angular velocity w. Show that the angle ¢ of devia-
tion of the rod from the vertical in the relative equilibrium position is equal to:

¢* = 0 (stable equilibrium position) if w?l < g,

e ¢* = (unstable equilibrium position) if w?l < g,

e ¢* =tarccos (%) (stable equilibrium positions) if w?l > g,
1)
e ¢*=1{0, 7} (unstable equilibrium positions) if w*l > g.
Exercise 7.4. Prove the Earnshaw theorem: a collection of point charges cannot be
maintained in a stable stationary equilibrium configuration solely by the electrostatic

interaction of the charges, or in other words, any static configuration of electric charges
is unstable.

Exercise 7.5. Two identical balls, connected by a spring of stiffness k, can slide with-
out friction on the sides of a right angle lying in the horizontal plane. The length of
the spring in its undeformed state is equal to /p. Show that the system has a continuum

x2+y2=l§

of unstable equilibria.
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Lagrange’s equations are an invaluable tool in determining the important properties
of mechanical systems. The application of these equations and the study of the con-
sequences derived have been the object of the two preceding chapters. In the one that
now begins, one more application is presented to the study of the important problem
of oscillations of systems around equilibrium points. Using the usual technique of
linearization around an equilibrium point, Lagrange’s equations can be approximated
by a linear expression that describes in detail the dynamics of the system in a neigh-
borhood sufficiently close to the point of interest. To this approximate expression, all
known techniques for linear dynamic systems can be applied, leading to useful con-
clusions. In addition, if the system in question is restricted to being of the conservative
type, then the expression is reduced, which allows to characterize and calculate in a
very simple way its solutions, in particular those of interest in this chapter: oscilla-
tions.

8.1 Movements in the vicinity of equilibrium points

8.1.1 Small oscillations

Recall some facts from Chapter 6, where the Lagrange equations for holonomic sys-
tems with ideal constraints are discussed:
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d . .
EV(]T (., q,qQ — VqT (t,q,q) = onl + Qnon-pat~ (8.1

In the vicinity of an equilibrium q*, position and velocity can be expressed as
Q) =q"+Aq@®), 4O=A4@).

In this chapter we will consider that both Aq (¢) and Aq (¢) are small, that is,
lAqI <1, AqM)I <K 1.

Suppose the system in question is stationary (Chapter 6, Section 6.4) and that the po-
tential energy is so as well, that is, V (¢, q) does not explicitly depend on ¢. Therefore,
in the neighborhood of q* we have

Ny R .
T(qd=34"A@4=5A4"A(0"+Aq) A4, V@=V(q"+Aq),

with A (q) = AT (q) > 0. By the Taylor expansion

A(q"+2Aq)=A(q") +olAgl.
Therefore,

T @i = 354 A (") Ad+o (Iaal - 12d17) 8.2)
and

V(g +Aq) =V (q*) + %AqTVZV (") Aq+o (IIAq||2) .

Since g* is an equilibrium we have VV (q*) = 0, and therefore the generalized poten-
tial force Qpor := —VqV (q) may be represented as

Qpor = Vg [v (a%) + %Aquzv (a%) Ag+o (||Aq||2)]
=-V?V(q*) Aq+o(lAql).
Here we have used the properties
VqV (q) =0and Vq (-) = Vaq ().

On the other hand, if one considers that the non-potential generalized forces
Qron-por (t, q, q) do not explicitly depend on ¢, an analogous development leads to

Quon-pot (q* + Aq, AQ) = Quon-por (q*, 0) + VaqQuon-por (q*, 0) Aq+
VaqQuon-por (@, 0) Aq+o (1 Aq]l - [ Aq]).
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In view of the property

Qnon—pot (q*, 0) =0,
it follows that

Quon-por (A + Ad, AGQ) = VagQuon-por (4, 0) Aq+}

* . . (8.3)
VagQuon-por (4%, 0) Aq+o (I1Aqll - [ AG]) -

In this context, the Lagrange equation (8.1) can be expressed as (using (8.2)—(8.3))

A (@) A= [=V2V (a°) + VaqQuon-por (a7, 0) ] Aa+
VA Quon-por (4, 0) Aq+ o (IIAq]l, 1AG])

from which the following approximation of the Lagrange equation for small move-
ments in the vicinity of equilibrium q* is obtained:

A(q")AG+ B(q")Aq+C(q") Aq=0, (8.4)
where

A(q") = VigT (a*.0) = V5T (".0).

B (q") := —VaqQuon-por (4%, 0) . (8.5)

C (q*) == V*V (q*) — VaqQuon-por (q*.0) .

and since Aq = q, Aq = { (if a shift is made from the origin of the coordinate system
so that q* = 0), whereby Aq = q, then (8.4) can be expressed in the standard form

AG(t)+Bq(1)+Cq(t)=0, A=A(q"), B=B(q"), C=C(q") e R,

(8.6)
with some initial conditions
q0)=qo. q(0)=qo.
8.1.2 Characteristic polynomial
To calculate the solutions of (8.6) let us try to find it as
q=c"u, 8.7

with A, a scalar called frequency, and a vector u # 0, called amplitude, both constants
which should be determined. Substitution of (8.7) in (8.6) gives

A12eM Au+ re’ Bu+ M Cu =0,
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where the so-called characteristic equation, associated with (8.6), is obtained:
(x2A+/\B+c)u=0. (8.8)
The non-trivial condition u # 0 is satisfied if and only if
P (%) = det (A2A+AB +C) —0. (8.9)

The function p () is called the characteristic polynomial, associated with (8.6),
and Eq. (8.9) is referred to as the characteristic equation. Opening (8.9), we may
represent it in the form

PO =200+ 22 o+ 42, =0, p; €R. (8.10)

8.1.3 General solution of the characteristic equation

From polynomial theory it follows that there are K different roots of (8.10), each with
a certain algebraic multiplicity, so that if my is the corresponding multiplicity of the
root Ax, k=1, ..., K, we have

K
ka =2n.
k=1

Suppose that nj is the geometric multiplicity of the root 1; (k =1, ..., K), that is,
ny :=dim Ker (AI%A + A B + C) R

with n; < my, and denote as

ng

Uk := {ukvi}izl

the set of amplitude vectors, corresponding to Ay, obtained from the characteristic
equation (8.8), which (as is well known) are linearly independent. Suppose also that
the vector uy ; € Uy corresponds to ny ; repetitions of the root Ag, where

ng
S s = mi.
i=1

Therefore, by the linearity of (8.6), it is verified that the general form of the partial
basic solution, corresponding to the root A, is given by

ng Nk

Qi (f)=€WZZVk,i,jt"7]uk,i, 8.11)

i=1 j=1
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where
Viij,» k=1, K, i=1,..,ng j=1,..n;,

are constants that depend on the initial conditions. Consequently, the general solu-
tion q (¢) of the characteristic equation (8.9) is the sum of partial basic solutions q (¢),
resulting in

K
an) =) Q). (8.12)

k=1

8.2 Oscillations in conservative systems

The condition Qyon-por = 0, typical for conservative systems, allows to obtain interest-
ing simplifications of the results, obtained in the previous section. The most important
simplification has to do with matrices B and C in (8.5). It is verified that these are
reduced to

B=0, C=V?V(q"),
so (8.6) takes the form
AG+Cq=0, 0<A=AT, c=cT, A, CeR™. (8.13)

The special properties of (8.13) allow to determine certain important aspects of the
concepts previously introduced. Note that for this case, the associated characteristic
equation results in

(A2A+C)u=0, (8.14)
with A2 satisfying

det (AZA + C) —0. (8.15)

8.2.1 Some properties of the characteristic equation

Resolving (8.15), the solutions obtained allow to determine from (8.14) the corre-
sponding amplitude vectors. But when one of these vectors is known and if the root
)»% to which it belongs is unknown, one can proceed in the following way. Let u; be
the known vector. By the scalar multiplication of (8.14) by u; it follows that

33 (uj, Auj) = — (u;, Cuy),
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and, in view of the property A > 0, we have

(uj, Cu;)

. 8.16
(u), Au;) ¢

2—_
A5 =

Proposition 8.1. Let Al.z, )L% be two solutions of (8.15) and let w;, u; be two corre-

sponding amplitude vectors, obtained from (8.14). If k% #* A?, then u;, u; are orthog-
onal,

u; *u./,
with respect to A, that is,

(uj, Au;) =0. (8.17)
Proof. From (8.14) it follows that

A2 Au; = —Cu;, (8.18)

A Auj = —Cuj, (8.19)
from where, by scalarly multiplying (8.18) by u; and (8.19) by u;, we get

A7 (uj, Au;) = — (uj, Cu;),

A; (u;, Auj) = — (u;, Cuj),

whose difference, under the consideration that the matrices A and C are symmetric,
results in

()\.1'2 — )»5) (uj, All,') =0,
and the conclusion (8.17) follows. O

The immediate result above serves as a tool to prove the following two propositions.

Proposition 8.2. Let o := {)‘1%}2:1 be the set of solutions of (8.15). Then all elements
of o are real, i.e., o C R.

Proof. Suppose there is a solution kl.z € o which is complex, that is,
2 . .
Ai=pi+jul, uieR, 0#pleR, ji=+-1

Therefore, since the coefficients of det (A2A +C ) are real,

2 .
AF =g —juf
also belongs to . If

w=v,+jv/, vieR", 0#v/eR",
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is the amplitude vector corresponding to Al-z, then

u=v; = jv/
corresponds to A_lz Since Al.z #* )L—l.z, from Proposition 8.2, it follows that

(u;, Au;) =0. (8.20)
But taking into account that A = AT > 0, we get

(vi —jvis A (Vi +Jv))) =

(¥ Av) 5 (31 A¥) = (7, A) 4 (8, A) =
(vi, Av}) + (v], Av]) > 0.

So, v/ # 0 contradicts (8.20). O

oqe .. pn 2 2 .
Proposition 8.3. In the context of Proposition 8.2, if i # A I then the corresponding
vectors w; and u; are linearly independent, which means that the relation

ciw; +cju; =0 (8.21)
is valid only when
Ci=¢C;= 0.

Proof. Let ¢; and c; be two scalars that make the relationship (8.21) true. Multiply it
scalarly by Au;. Then, by Proposition 8.2

(Cl'lli +cjuj, Alli) =c; (u;, Au;) +cj (llj, Alli) =c; (u;, Auy)
—_——
0

and in view of the fact that A > 0, in order to satisfy (8.21) we must have ¢; = 0. But
if this is so, since u; # 0, from (8.21) we conclude that ¢; = 0. O

8.2.2 Normal coordinates

In addition to the properties already obtained, we can know more about the form of
the solutions of (8.13). We need the following result from linear algebra theory (see,
for example, (Poznyak, 2008, Theorem 7.3)).

Theorem 8.1. For any two quadratic forms

fa(x)=(x,Ax), A=AT,
fB (x) = (x,Bx), B=BT,
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when one quadratic form is strictly positive, i.e., (x, Ax) > 0 for any x #0, x € R",
there exists a non-singular transformation

= (S1, .57, 8; € RV,
such that in new variables z, defined as
z=85"1x, x =5z,

the given quadratic forms have the following expressions:

fa(x)=(x,Ax) = (z, STASZ) = (z,2) = Zz%,

(8.22)
f5 (x) = (x, Bx) = (z, STBSz) Zﬂ,zl,
or equivalently,
STAS = Iixn, STBS =diag (B1, B2 ---» Bn) - (8.23)

Proof. Let T4 transform A to the diagonal form, namely,
TI:{ATA =diag (a1, @2, ..., o) := Ay,

with ¢; > 0 (i =1, ..., n). Note that this transformation exists by the spectral theorem
and is orthogonal, i.e.,

T =T1;".
. 1/2
Then, defining A/~ such that
NN 2 A2

Ay / Ay / / d1ag(4/ s/ ,...,a/(xn),
one has

[A_I/ZTT] A [T A‘W] — Lysn.
Hence,

B = [A ”ZTT]B[TA ”2]

is a symmetric matrix, i.e., B =BT, Let Ty be a unitary matrix transforming B to the
diagonal form, that is,

TgéTé = diag (B], 52, e Bn) =Aj.
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Then the transformation S defined by

§:=[1an,"| 15

exactly realizes (8.22) since

7AT =77 ([a, 217 A 11832 ]) 75 =TT = .
O
Define normal or main coordinates by
i:=5"'q, 4= 5q. (8.24)
Applying the transformation S to (8.13), we get
ASq+CSq=0, (8.25)

which, when premultiplied by S, results in
sTASq+STcsqg=0,

with STAS = I, and ST CS = R, that is, the dynamics of q is governed by

n 0 - 0

. 0 rp -+ 0 o

q+|. . . . |a=0 =6 >G=1..n),
0 0 -

which represents the following decoupled system of n ordinary second order differen-
tial equations:

Gi+rgi=0, i=1,..n. (8.26)
Propose

~ Ait

qi =uje (8.27)

as a solution for (8.26) with A; € R and 0 # u; € R (constants to be determined),
which leads to the relationship

uj ()»,2 + r,-) M =0,
from where it follows that A; must comply with

)»1-24—}”[:0,
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that iS,
1 2
AE ) = —a/—7i, )‘z( ) = "Tj.

This, together with (8.27), leads to the general solution of (8.26) in the form
~ 1) — /— 2 —
Gi (1) = u; (y,-( YoVt 4y e ’”) (8.28)

with constants yi(l) and yi(z) that depend on the initial conditions.
The dynamics of g; depends on the sign of r;, as shown in the following.

(a) Ifr; <O, then (8.28) takes the form
gi (t) =u; ()/i(l)e_ Irile 4 )/,-(z)e Irilt) ’

and it is concluded that the corresponding solution is not bounded, exponentially
increasing.
(b) Ifr; =0, then (8.28) takes the form

a0 =u; (v +721). (8.29)

and again it is concluded that the solution obtained is not bounded, linearly
increasing.
(¢) Ifr; > 0, then (8.28) takes the form

Gi 0 =ui (1 VeIV 4y PelVit) = YT,

or, in view of the relationship

et — cosa & Jjsina,

it follows that
Gi (1) = ujy; sin (rit + i) ,

from which it is concluded that the corresponding solution is a bounded oscilla-
tion with the frequency /7;.

Conclusion 8.1. From the previous discussion on the form of the solution (8.28) two
facts emerge:

(a) From the substitution of (8.28) in (8.24) it can be verified that, even if a certain
root A% of (8.15) is present with multiplicity ny greater than one, the solution q

does not contain polynomials of t, except in the case in which the root A> =0
appears, in which the first degree polynomial (8.29) is presented.

! This note is related with the so-called “Lagrange error.” Lagrange thought that oscillations may increase
as polynomials of the order ny — 1.
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(b) To have oscillatory movements, we should have A* = —u?, with 0 < 1 € R.
So, for this case the characteristic equation and polynomial associated with the
solution are

(—M2A+C>u=0, det (—u2A+c) =0, O<pcR. (8.30)

Note that if 0 < ju € R is considered, these equations serve for both negative \*> and
null roots.

8.3 Several examples of oscillation analysis

In this section several examples are developed in order to show some aspects of the
results obtained.

8.3.1 Three masses joined by springs in circular dynamics

In Fig. 8.1 a ring is shown on which three mass bodies m are connected in series by
stiffness springs k. The movement is frictionless and the masses are not subject to
any gravitational field. Determine the general solution for displacements as a function
of initial conditions. Since the system is conservative, the theory developed in the
previous section can be applied. Clearly, three generalized coordinates are required.
They may be selected as the displacements of the masses with respect to a certain
position in which the springs are not deformed. The potential energy is expressed by

k
V=3 [(611 -3+ (2 —q)* + (g3 — qz)z] ,

Figure 8.1 Three masses joined by springs in circular dynamics.
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from which it follows that

291 —q2 — g3
VoV (@ =k|—q1+292—qg3 |, (8.31)
—q1 — q2 +2q3

and hence, by the condition V4V (q*) =0,
q*=0.
This equilibrium may be unstable, because for the initial conditions
qO=0,g0=5[1 1 1]",5>0,
we have ||q (t)|| — oo when t — oo. From (8.31) we have
2 -1 -1
C:=VegV(O)=k|—-1 2 -1
-1 -1 2

On the other hand, the kinetic energy is

7, . . r .

T= zm (q12 + qzz + 432) = quTInan,

where I, x5, is the identity matrix of order 3. Then by (8.5) it follows that
A=mlyy,.

By (8.15), the A2 € R values of the system in question satisfy the following equation:

det (AZA + C) —0,

that is,
2k + 22m —k —k
det —k 2k + A2m —k =0,
—k —k 2k + A2m

or equivalently,

SEOROE

where the following solutions are obtained:

k
=0, A3=-3—,
1 2 m
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with multiplicities 1 and 2, respectively. The fact that A% = 0 shows that q* =0 is
unstable. From (8.14) the corresponding amplitude vectors are obtained. The one of
A% is given by
2 -1 -1
Cui=k|—-1 2 —1{[u =0,
-1 -1 2

or by the following system of two simultaneous equations:

2ur —u12 —u13 =0,
—Uui,1 +2u1,2 —u13 =0.

If u; 3 is taken as a free parameter, the above equations are equivalent to

[ 2 —1][us _ 1

1 2 | lun| TS0

from which

S -1

up| 2 -1 I 1
| T3 -1 2 | =3 )
and if u1 3 =1 is chosen, we get

_ul,l__ 1

_Ml,z__ 1]

For the determination of the amplitude vectors of uél) and uéz), associated with k% =

k . . . .

—3—, the results of the previous section can be used. Since A = m1,,, it follows
m

that these vectors must meet (see (8.32)) the following conditions:

(ul, u§1)> =0, (u1 ug)) =0.

Moreover, ugl) and uéz) must be independent, which is achieved if they are orthogonal:

(ugl), ug)) =0.

These conditions translate into the following system of simultaneous equations:

1
u11u21+u12u +u13u()—0

2 2 2
ui, 1u§%+u12u()+u1zug%20

L0,@ LW @ () @)
21 21+ 2,2 22+ 2,3 23_0’
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which, in view of how u; was chosen, are satisfied if
W= o -1]", uP=1 -2 1]",

and consequently, the general solution for the mass system considered is given by

1
1 2
q() = (yl( gyl )t) 1]+
|

[k ! [k !
yzsin( 3—t+<p2> 0 +y3sin( 3—t+<pz> =21,
m m

-1 1

where yl(l), y1(2)’ Y2, V3, 91, 2 € R are constants that depend on the initial conditions.
Remark 8.1. The components of the different vectors u, obtained in the previous
example, represent all the directions of movement that the masses of the system can
present:

— uy corresponds to the movement in which all the masses move in the same direc-
tion;

— in ug) one mass is stopped and the other two move in opposite directions;

— finally, ug) denotes two masses moving in the same direction and the other in
contradiction and with double magnitude.

When the set of masses, as in the preceding example, has similarity in movement,
vectors can be determined by inspection, without resolving to Eq. (8.14).

8.3.2 Three masses joined by springs with dynamics on a
straight line

A three-mass system is joined by stiffness springs £ as shown in Fig. 8.2. Suppose
that gravity forces do not act on this system and that the movement occurs without
restrictions on the straight line indicated. Determine (if possible by the inspection
without resolving equations (8.30)) the law that the movements of the masses follow.
The kinetic energy of this system is

| | 1 0 0
T=§m(q'12+2422+q32)=§qu 02 0lg,
00 1
K : K
m 2m m

Figure 8.2 Three masses joined by springs with dynamics on a line.
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from which it follows that

1
A=m|0 0], (8.32)
0 1

2
0
while the potential energy has as the expression

k
V=3 |@-a)+@ -0’

such that
q1 —q2 1 -1 0
VoV @ =k|—-q1+2g2—q3 | =k| -1 2 —1]q,
—q1 —q2+2g3 0o -1 1
implying that
q*=0.

It is an equilibrium, which is not stable because for the initial conditions
q0=0,g0=s[1 1 1], 8>0.
Indeed, in this case ||q (¢)|| — oo when r — co. We also have
1 -1 0
C:=VgV(O)=k|—-1 2 -1
0o -1 1

Upon inspection it is concluded that two of the amplitude vectors are
w=|(1]|, up=| 0 |, (8.33)

which are orthogonal with respect to the matrix A that appears in (8.32) and must be
orthogonal to w3 with respect to the same matrix A. Let it be uz = (Ol B y)T. Then
the following simultaneous equations must be satisfied:

(u, Auz) =m (@ +28+y) =0,
(uz, Auz) =m (a —y) =0,

whose solution results in

a=y, B=-v,
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and if y = 1 is chosen, then
w=(1 -1 1)T.

Using (8.16), we get

o (wCuy)
AR TV R
So,
k 2k
=0 dg=—lh A=l

and therefore, the general solution (oscillation) is

+

—

1 2
Q= ()’1( "+ )t)

ko [k ! o [k !
— Y2 8in —t4+ ¢ 0 [+ y3sin —t+p3) | —1
m m -1 m 1

8.3.3 Four spring-bound masses with restricted linear dynamics

A system of four masses m, joined by stiffness springs k, is shown in Fig. 8.3. Deter-
mine the expression of mass displacements, considering that they are not subject to
gravitational forces.

k k k k k
m m m m
Figure 8.3 Four spring-bound masses with restricted linear dynamics.

Let the generalized coordinates be the displacements of the masses with respect to
their position in which the springs are relaxed. The kinetic energy is given by

. 1 ) ) ) ) I, .
T (@ =m (qlz +43+d3+ qf) = 5ma" Ind
which is why
V2T (q) = A:=ml,xp. (8.34)

On the other hand, the potential energy has the expression

k
V@=35[a}+@ =)+ (@927 + (@s — 93" + 43 .



Oscillations analysis 261

so that
2q1 — q2 2 -1 0 0
—q1 + 29> — -1 2 -1 0
VoV (@ =k at2a—as| _ “
—q2+2q3 —q4 0o -1 2 -1
—q3 +2q4 0 0o -1 2
implying
q* =0,

2 -1 0 0
o, 1 2 -1 0

Ci=Vev () =k| o > 0.
0 0 -1 2

Since not all the masses in the system of Fig. 8.3 have the same freedom of movement,
it is not possible in advance to know the amplitude vectors by inspection. With the
obtained matrices A and C we find the equation

det (,\ZA + C) —0,

which results in

2k + mA? —k 0 0
—k 2k + mA? —k 0
det 5 =0,
0 —k 2k 4+ m —k
0 0 —k 2k +mA?

or equivalently,

k\* K\’ kN, ko3 4
5(=) +20(=) r+21(=) 22+8=23+1*=0,
m m m m

whose solutions are

A%:—%(S—ﬁ), A%:—%(S—Fﬁ),
,\%:—%(3—«6), )\iz—%<3+\/§).
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The solutions obtained for the corresponding amplitude vectors are as follows:

r -2 -2

1-+/5 1++/5
u] = —l—}—\/g , U= _1_ﬁ s

L 2 2

r 2 2

14++/5 1—-+/5
CTlhievs| M- vs

) 2

Therefore, the sought expression is

-2
k 1-45
q(t)=ylsin< g(S—fo)tﬂm) 145 +
2
=2
[k 1+4/5
yzsin< %<5+\/§)t+<pz> -3
L 2
- 9 -
‘ k 1+/5
y3s1n( %<3—«/§)t+(p3) 1+\/§ +
L 2
[k 1-5
y4s1n( %<3+«/§)t+<p4> 1_ V3
L 2

8.3.4 Three identical pendula held by springs

Let us obtain the expressions of mass movements for the system of three identical
pendula shown in Fig. 8.4. The pendula have mass m and are held by stiffness springs k
that do not undergo deformation when all pendula are vertical. Consider as generalized
coordinates the angular displacements of the arms of the pendula with respect to the
vertical, that is,

a=(p1 ¢ o).
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Figure 8.4 Three identical pendula held by springs.

The kinetic energy is given by
. 1 . . . 1 . .
T (@ = mi* (6112 +45+ 6132> = SmPq" Lnd.
That is why
A= mlzlnxn.
The potential energy is

k27 . : : -
V(g = 5 [(smqg —sing)? + (sings — smq2)2] —mgl Zcosqi,
i=1

so that
) (sing1 — singz) cos g sing
VqV = e (—sing) + 2sing> —singz)cosqo | +mgl | sings |,
(—singy + sing3) cos g3 sin g3
implying that
q° =0,

which is stable, since q* is a point that minimizes V with

ki? ki?
- l - 0
1 +mg 1
ki? ki? ki?
c=vvoy=| _* X ;5 ] so.
1 1 ; tms 1
ki? ki?
0 - - l
1 1 +mg

From the inspection analysis of possible movements we have as amplitude vectors
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which, as easily verified, are orthogonal with respect to A and must be orthogonal
with respect to this same matrix, that is, if

w=@ B y)".
then the following equations must be satisfied:

(u,w3)=a+B+y=0,
(uz,u3) =a —y =0.

Their solution, if y is chosen as the free parameter, is
a=y, pB=-2y.
Particularly, if y = —1, then

w=(-1 2 -1

Given that
u;, Cu;
,\Z:—M, i=1,..73,
T (), Awy)
we get
kil + 4 3kl + 4
B8 ppo _KAAmeg . Kt dmg
l 4ml 4ml

Therefore, it is concluded that

1 1
. . kl + 4m
q () = y1 sin /§t+g01 1|+ y2sin ,/—gt—i—(pz 0|+
3kl +4mg 1
y3sin |/ ——t + ¢3 2
4ml

-1

8.3.5 Four-loop LC circuits
Here we will determine the law followed by load movements in the circuit shown in
Fig. 8.5. Consider as generalized coordinates

t

qj(t)::qj(O)—i—/ ij(vydes, j=1,..,4,

=0

where i ; denotes the current flowing through the j-th loop. From the table of analogies
in Chapter 6 we have, on the one hand,

R s B
7@ = 3L (47 +3+d3 +43) = 314" Luxads (835)
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Y YN

£ )3

)
c:}uc

L
L
Figure 8.5 Four-loop LC circuit.

so that
A=V’T (@) = Llxn,

and, on the other hand,

1
V@=5c @ -9’ +@—a) + @ - a0’ +@—a)’]. (836
Hence,
291 —q2—qa 2 -1 0 -1
1| —q1+292—q3 1|-1 2 -1 0
VeV (@ =< == q.
Cl—q+2q3—q4 cfo -1 2 -1
—q1 —q3+2q4 -1 0 -1 2
implying
q =0,

which is not stable, since if the four initial currents are non-zero, equal, and in the
same direction, according to Fig. 8.5, they remain so indefinitely. Therefore,

2 -1 0 -1
€ = V2V (0) 1l-1 2 -1 o0
T “Cclo -1 2 -1

-1 0 -1 2
By inspection, it is seen that the first three amplitude vectors can be chosen as

~1 1
|
_1 9 3_ _1 9

1
1

u; = 11 uy =
1 1 -1
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which, as easily verified, are orthogonal with respect to A and must be orthogonal
with respect to the same matrix. If

uy = ((X ﬂ Y 8)T s
then the following simultaneous equations must be satisfied:

(up,w)=a+pB+y+35=0,
(w,uy)=—a+p—-y+46=0,
(w3, uyy)=a+p—-y—-56=0,

whose solution is
a=48, =6, y=-96,
and if § = 1 is chosen, then
w=(1 -1 -1 1)T.
With the vectors obtained and since

22 = _M i=1 4
T (w AT T
it follows that

4 5 2 2 2

M=0, MB=—— M= M=
! 2T oL L™t Lc
Accordingly, we may conclude that
1 -1
q(t):(y(l)-i-)/(z)t) : + 2 sin 2,/Lt+<p2 : +
1 1 1 LC -1
1 1
1 1
]2 - 1 4o /2 - -1
sin| ./ — sin{ ,/ —
-1 1

8.3.6 Finding one polynomial root using other known roots

The following example may be useful for obtaining a root of the characteristic poly-
nomial in (8.30).
Suppose the values det A and det C are known and that

0< 11 13, s g (8.37)
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are solutions of the equation
det (—pﬁA n C) —0 (8.38)

in (8.30). The unknown root is given by

1 detC
ping -y detA”

W2 = (8.39)

Let us prove this. First, three necessary results from the matrix theory are required:
1. If My, My € R™*", then
det (M1 M;) = det (M) det (M>) . (8.40)

2. Let M € R™*" be such that det (M) # 0. Then

det (Mil) - det](M)'

3. The set of {B;}!_, of the eigenvalues of a matrix M € R"*" are given by the
solutions of the equation

det(M — Blyxn) =0
and they comply with
n
det (M) = ]_[ Bi.
i=1
Since A > 0 (and hence it is invertible), by (8.40) we have
det (—;ﬂA + C) = det [A (—le + A_1C>] =
det (A) det (—;ﬂl T A’IC) .
So (8.38) is true if and only if
det (—;ﬂl + A—lc) —0,

from which it follows that the solutions of (8.37) are the eigenvalues of the A~ lc
matrix. But in view of the three results just stated,

det (C)
det (A)’

ﬁ p} =det (A71C) =det (A™") det(C) =
i=1

which implies (8.39).
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8.3.7 Hint: how to resolve analytically cubic equations

In the following development a technique that is useful for the resolution of character-
istic equations is proposed to find the roots (which may be complex) of polynomials

of the third degree. Suppose we want to find the solutions of the equation

ax’ +bx’> +ex+d=0

with a, b, ¢, d € R and a # 0. With the representation
x:=k+l1ly, k,l R,

(8.41) may be rewritten with respect to y as
Py +ayt +ry+s=0,

where

p=al’, g =3akl*+ bl?,

r =3ak’l + 2bkl + cl, s = ak® + bk* + ck +d.

Selecting
we obtain

p=1, ¢q=0.
Then (8.42) becomes

y3 +ry+s=0,
with

1 b?

—— ( - 37,)

and
2 b +d.

T 22 3a
Eqg. (8.43) may be rewritten as

Vv =—ry—s.

Represent now y as

y:=u+v, u,veR.

(8.41)

(8.42)

(8.43)

(8.44)
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Then we have
y3:u3—|—3uv(u+v)+v3=u3+3uvy+v3. (8.45)
Comparing (8.44) and (8.45) we conclude that

3uv = —r,

From the first equation above, assuming that v # 0, we have

r

%a

which substituted in the second equation gives

r\3 3
—(—) +v°+s5=0.
3v

Defining
Z=v7,

it follows that

45z — <g>3 =0.

The solutions of this last equation lead to the following solutions of (8.41):

2 3
S N r
=__:|: 4 <_> ’
71,2 5 1 + 3
2
38 K} r\3
V1,2 = /21,2 5 1 + 3
r
u = — .
1,2 3010
Vi2:=up2+vi2=
r + 1-2 + s + <r>3
2 4 3
3924 s2+(r)3
3
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and

33 S:l: s2+(r)3
2 4 3

In general, in the last expression one real solution and two complex solutions, which
in particular may also be real, should be selected.

8.4 Exercises

Exercise 8.1. Show that if in the expressions of the kinetic and potential ener-
gies (8.13) of the conservative system the coefficients are constant and related as

cik =AM, i,k=1,...,n, A>0,

then oscillations with only one frequency w = /A are possible in this system.

Exercise 8.2. An inhomogeneous disk of radius R and mass M, the center of mass of
which is located at a distance a from its geometric center O, can roll without slipping
along the horizontal guide x (see Fig. 8.6).The moment of inertia of the disk relative
to the axis perpendicular to its plane and passing through the center of mass is equal
to J. Show that small oscillations of the system near a stable equilibrium are given by
the formula

6
6 (t) =6y coswt + il sin wt,
w

Figure 8.6 An inhomogeneous disk rolling without slipping along the horizontal guide.
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with

Mga
MR —a)?+J

Exercise 8.3. A double mathematical pendulum is suspended from a bar of mass M
that can move along a smooth horizontal guide (see Fig. 8.7), such that

my=my=M/2, h =l =1I.

0;

m;

Figure 8.7 A double mathematical pendulum suspended from a bar.

Show that small oscillations of the system are described by the expression

X 1 1
16, | = ()/1(1) + yz(z)t) 0] +»2|-3]sin (ﬁz + )/2(2)> +
16, 0 -2

1
V1(3) —44 sin (2\/% + V2(3)) .

Exercise 8.4. A homogeneous elliptical cylinder can roll without slipping on a hori-
zontal plane (see Fig. 8.8).The major and minor semi-axes of the ellipse in the section
of the cylinder are equal to a and b, respectively. Show that the period 7 of small
oscillations of the cylinder near a stable equilibrium is

b 2 2
T:n _ﬂ.
ga2—b2

Exercise 8.5. Show that the law of change in time of charges in the electric circuit,
shown in Fig. 8.9, is described by the expression
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-

Figure 8.8 A homogeneous elliptical cylinder rolling without slipping on a horizontal plane.

T —— TTO ———
L L L

c

il
[
II
e

Figure 8.9 Electric circuit.

iR2j-1 . 2t i2j—1) .
q,(t)_ZA ( P )31n<m( 1 n)+a,>,

where A; and «, some constants, depend on the initial conditions.
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This chapter continues the study of the linear systems obtained from the lineariza-
tion process of the Lagrange equations, which was introduced in the previous chapter.
This continuation covers two aspects: first, the consideration of non-potential time-
dependent forces allows the use of the important Fourier transformation tool, which
leads to the consideration of the system’s frequency response; second, dissipative sys-
tems are considered, which generalize those of the conservative type and allow the
introduction of the concept of asymptotically stable equilibrium as an extension of
the previously discussed idea of equilibrium. The algebraic and geometric criteria of
asymptotic stability are considered in detail. The polynomial robust stability analysis
is also presented.

9.1 Models governed by second order differential
equations

The main objective of this chapter is the study of the solutions of the following type
of equations:

A+ Ba+Cq=1(1), ©.1)

Classical and Analytical Mechanics. https://doi.org/10.1016/B978-0-32-389816-4.00020-X
Copyright © 2021 Elsevier Inc. All rights reserved.
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where q € R" and A, B, C € R"*" are constant matrices and the function f : [0, co) —
R™ characterizes an external input (or perturbation) of the system under the consider-
ation.

Remark 9.1. Through a development similar to that followed in Chapter 8 if
lAg)Il <1, [[AqQ()] K1

and the system under study is stationary and the potential energy is too, then the La-
grange equation can be approximated around the equilibrium q* = 0 by

AQ+ Bq+ Cq = Quon-por (1,4, @) — VagQuon-por (0,0,0), 9.2)
where

A:=VT(0,0),

B := —VxqQuon-por (0,0,0),

C:=Viv(0),

with A = AT > 0and C = CT. Therefore, if Qon-por (, q, q) does not depend on the
positions q and the speeds q, then (9.2) has the form (9.1).

9.2 Frequency response

One of the most powerful techniques for studying the response of forced linear sys-
tems with constant coefficients (of which (9.1) is only one subclass) is the Fourier
transformation.

Definition 9.1. Given the vector function g : [0, co) — R", if
00 .
G (jo) =5 (g) = / eIg(rydr, =T,
0

exists, i.e., it is finite, the complex vector function G : R — C”" is referred to as the
Fourier transformation of g. From G (jw), the function g (¢) is recovered by

1 oo
g =3"(G) ::Z/ NG (o) do.

Reasonably, g () is called the inverse Fourier transformation of G (jw).

Remark 9.2. The following Dirichlet’s conditions guarantee the existence of § {g}:

1. integrability of g, that is, g has a countable number of discontinuities and ex-
tremes;
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2. absolute convergence of e ~/“'g (1), namely,

e X
/0 He_/””g(t)ﬂ dt < o0,
which, given that
g )] = e Ig 0l
and since

‘e_/w’ =1,

is satisfied if

o0
Anywm<w,

that is, g is absolutely convergent, which implies that
g(t)—> 0ifr — oo, 9.3)

except some points {#}z—1 2., Where g () k+> 0 and the set of such moments
— 00

is construed as the set of zero-measure on the time axis.

Two properties of the Fourier transform that will be necessary are listed below. The
test of the first is elementary and is omitted.

Property 1: Letg:[0,00) - R" and h: [0, c0) — R" be functions with the Fourier
transformations § {g} and § {h}, respectively. Then the following property holds:

S{Ag+ Bh} = AF {g} + BF {h},

where A € R and B € R"*" are any constant matrices.
Property 2: If g: [0, c0) — R" is differentiable and meets the conditions of Dirich-
let, then § {g} exists and

§{g}=joS{g —g(0). 04

Proof. By the definition
Sle= [ ciema= [ eaga.
0 0
integration by parts leads to the following relation:
. 00 oo
Flgt=e"""g (t)‘o + jwf e g (n)dt.
0

In view of (9.3) the property (9.4) follows. O
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Remark 9.3. By an induction process it is concluded that if g is k times differentiable
and § (g) exists, then § { g(k)} exists too and it is equal to

§{e®) = G Fle - (o) g @ = — jog* " © -2 ).
Definition 9.2. Consider the input-output system shown in Fig. 9.1, where

f: [0, 00) - RF, q:[0,00) > R",

f(t) H(Gw) ——qlb)

Figure 9.1 Input-output system.
and
H (jw):C— Ck.

The matrix H (jw) is called the frequency characteristic matrix if it connects the
Fourier transformations § {q (¢)} and § {f (¢)} of q (t) and f (¢) as

Sla®)} =H (jo) @)}
with zero initial conditions.

Remark 9.4. The component
Hy(jw), r=1,...,n, s=1,..k,

of the matrix H (jw) matches the entrance f; (¢) and the exit g, (). In particular, if
fs () =sin(wt) and f; (t) =0 Vi #s,

then
qr (1) = |Hys (jo)|sin (ot +arg Hys (jw))

that is, | Hys (jw)| is the amplification and arg H,s (jw) is the phase shift of the signal
qr (t) with respect to fs (¢), both relative to the frequency w.

Lemma 9.1. For systems of the type (9.1), we have
—1
H(jw)= [—sz t jwB+ C] . 9.5)

Proof. The Fourier transform of (9.1) results in

${AqQ+ Bq+Cql =5{f ()},
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and by the two properties mentioned above,

${Ad+Bq+Cq} =
(jw)* AT {q} + (jw) B§ {q} + CF{q) =
[—w2A +jwB+ C] 3la.}

from which (9.5) follows.

9.3 Examples

Below are some examples that make use of the results obtained.

9.3.1 Three-variable systems

Example 9.1. Consider the system described by the following set of equations:

x=-2x+y—z+fi,
y=x-—y+f
z'=x+y—z+f3.

9.6)

Let us find the frequency characteristic matrix and determine the effect of the input f3

on the output y. Let

a=[x y 2]

Then (9.6) may be rewritten as

q=Dq+f,
with
-2 1 -1 fi
D=|1 -1 0|, f:=|f
1 1 -1 fi

Applying the Fourier transformation to (9.7), we get
(jol3xs — D) §{q} =5 {f}.
Therefore

H(jw) = (jolis— D)™,

9.7
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or, in the open format,

(1+ jw)? jo —(1+ jow)
l+jo 3—-o®+j30 —1
24 jow 34+ jow 1 —w?+ j3w

H(jw)= 9-8)

3—40? + j (50 — &)
So, the influence of the input f3 on y is described by

1
H | = =
(o) -3 +40?—j (Sa) — a)3)
3440+ (Sa) — a)3)

(=3 +40?)’ + (50 — )’

The graphical representation of H»3 (jw), with Re (Ha3 (jw)) on the horizontal axis,
Im (Ha3 (jw)) on the vertical axis, and w as a parameter, is called amplitude-phase
characteristic (or Nyquist hodograph),' and it is shown in Fig. 9.2. The point corre-
sponding to w = 0 is the intersection with the horizontal axis at (—1/3) and hence the
positive branch of the hodograph moves (with increasing w) to the positive part of the
vertical axis, while the negative one does so in the other direction symmetrically. The
magnitude of H»3 (jw) is given by

1

|Hys (jow)| = 5 5
\/(—3 +40?)" + (50 — @3)

03 02 01 1

Jo01

o2

Figure 9.2 Hodograph of H»3.

1 Amplitude-phase characteristic (Nyquist hodograph) — graphic display for all frequencies of the spectrum
of the relations of the output signal of a stationary linear system to the input, presented in a complex form.
The value of the segment from the origin to each point of the hodograph shows how many times at a given
frequency the output signal is greater than the input, and the phase shift between the signals is determined
by the angle to the said segment.
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Figure 9.3 Amplitude characteristic diagram of H»j3.

and its graphical representation as a function of w, called amplitude characteristic
diagram, is shown in Fig. 9.3. Finally, in Fig. 9.4 the phase characteristic diagram
of H3 (jw) is depicted, which is given by

Im H»3 (jw) 50 —w?

arg H. jw) = arctan —————— = arctan —.
g fias (jo) Re Hy3 (jo) —3+ 402

15¢

Figure 9.4 Phase characteristic diagram of Hy3.

9.3.2 Electrical circuit

Example 9.2. Consider the electrical circuit shown in Fig. 9.5. Obtain the amplitude-
phase characteristic matrix and determine the effect that the input e has on the output
uc, shown. The first step is to obtain the dynamic equations of the system. To do that
they are considered as generalized coordinates,

t

qi(t)=qi(0)+/ ij (v)dr, i=1,2,

=0
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Figure 9.5 Electrical circuit.

where i; is the current flowing through the loop i. From the table of electromechanical
analogies of Chapter 6, for the kinetic and potential energies we have

1 1
T Q= _LIQI +3

L ’
2 2612
V@ = 5 @ —aP + 5 ad
q q1 —q2 2C
Therefore
. . 1 1 1
Lq@=T@-V(@= —qul + szqz (111 —q2)* — féh,
so the following Lagrange equations result:
. 1 .
Ligi + c (@1 —q2) =—R(q1 —¢2),
Lada + — (g2 — q1) + R (G2 — i)
— (g — gy —e— —a1).
292 C q2 — 41 C2q2 q2 — 41
or equivalently,
L 0 - o 0
1 . - . 1 Ci —
[0 L2]q+R|:—1 1]q+[_L L+L:|q_[e]
Cy Cy C
Then, in view of (9.5), it follows that
5 , 1 1 -
—o°L1 + joR + — —joR — —
; Cy Ci
H(jo)= 1 11| =
—joR — — —?Ly+ joR+ — + —

C1 C C2
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1 [—w?LyCiCy+ Cy+C1+ jwRC1Cy (14 jwRCy) Cy
a(w) (14 jwRCy) C, (—w’L1Ci + 1+ joRC) C2 ]’

where

a(w):=w*L1C1LyCy — &> (L1Cy + (L1 + L) Ca) + 1+
joRC1 (= (Ly + L2) C2 4 1).

The output uc, is obtained from g; by the relation

_@

ue, = o

whose Fourier transform is
2 CZ 2
But

§{g2} = H (jw) §{e},

which gives

_Hp(o).  —0’LiCi+ 14 joRC
F{uc,} = o Fle}= s Fie},
L. Hy (jw) . )
from which it follows that —c determines the effect that e has on uc,, which

2
can be seen from the hodograph and the amplitude and phase characteristic graphs
once the values of the components present in the circuit are known.

9.3.3 Linear system with input delay

Example 9.3. Fig. 9.6 shows a linear system whose output is the input signal delayed
at the time t. Let us obtain H (jw) of the system as well as the hodograph and the
amplitude and phase characteristic graphs. By Definition 9.2 we have

_Slawy
FUO)

f(t)— /= at=t(tn)
T

Figure 9.6 Linear system with input delay.

H (jo)
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where

Slg}y=5{f (-0}

Recall that
S{f@—1) =/Ooe_j“”f(t —1)dt.
0

Using the new variable
si=t-T1,

we have

Sifa —r)}=/°°e—f'”<‘+”f(s)ds=

-7

0 oo
e JoT (/ efjwsf(s)ds—i—/ ejwsf(s)ds)'
. 0

Considering that f (¢) =0 for any < 0, we get
-0} = ),

which implies
H(jw)=e /7.

Fig. 9.7 shows the corresponding hodograph. The point for @ = 0 is at (1.0) and the
positive branch of @ describes a circle of radius 1 clockwise; the negative branch is
symmetric with respect to the horizontal axis. On the other hand, since

|H (jo)| =1
the amplitude characteristic diagram is constant and equals 1. Finally, as
arg H (jow) = —wr,

the characteristic phase diagram is a line of slope —7 that passes through the origin.

9.3.4 Mechanical system with friction

Example 9.4. Fig. 9.8 shows a system of two masses m joined by stiffness springs k.
One of the masses is submerged in water, and both may be subject to the action of
external forces. Considering that the frictional force acting on the submerged mass
is proportional to its velocity, let us determine the frequency characteristic matrix. In
order to obtain the Lagrange equations, consider the generalized coordinates of the
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Figure 9.7 Hodograph of ¢ /@7

k
m
f,
k
n | |
f, g
k

Figure 9.8 Mechanical system with friction.

displacements g1 and ¢, of the upper and lower masses, respectively, in relation to the
positions in which the springs have their natural lengths. Then the following kinetic
and potential energies result:

T = m (i +43).

1
V@ =5k |af + (@2 = q)? + 3| —mg (201 + 2410+ 42+ 020)
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where q1,0 and g» o represent the natural lengths of the upper and intermediate springs,
respectively. It follows that the Lagrangian L has as an expression

) 1 ) ) 1
Lmqﬁ=7n@f+ﬁ)—Ekpﬁ+mz—mﬁ+qﬂ+
mg (2q1 +2q1,0 + 92 + q2,0) »

and therefore the Lagrange equations are given by

mgy +k (2q1 — q2) —2mg = fi,

. ) 9.9
mgz +k (2q2 — q1) —mg = fo — Bq,

where f1 and f> are the external actions on the upper and lower masses, respectively,
and f is the coefficient of friction between the submerged mass and the water. In
vector notation, (9.9) may be rewritten as

1 0].. 0 0]. 2 —1| |fi+2mg
mlo arelo a2 S a= [0
and therefore expression (9.5) becomes

. 1
H (jo)= —

—w?m + 2k + iwp k
a(w) ’

k —w?m + 2k
with

a(w) = o*m? — 4’ mk + 3k> + jBw (—a)zm + Zk) .

9.3.5 Electric circuit with variable elements

Example 9.5. A circuit with some variable-value elements is shown in Fig. 9.9. The
system output is uc,, which is the voltage at capacitor C. We need to determine the
values of Cy2 and L, such that uc, =0 when

e = eq sin (wot + @) .

Figure 9.9 Electric circuit with variable elements.



Linear systems of second order 285

Defining the generalized coordinates as
t
qi (1) = f i (D)dr, =12,
=0

where i; is the current in the i-th loop, from the table of electromagnetic analogies in
Chapter 6, the following kinetic and potential energies result:

) I, 1 5
T(@= ELICh + ELZCIQ,
V@)= P —— (g1 — 42 + ——
V=509 T 5¢c, '~ o0,

SO

. Lo L
L@®=T =V =2Lig +5Lad3

1 2 1 ( )2 1 2
2C1q1 201, q1 —q2 2C2512-

Therefore the Lagrange equations are given by

1 1
Ligi+ —q1+ (g1 —q) =e,
Ci Ciz

1 1
Lygo+ — (@2 —q1) + =—q2 =0,
Ciz &)

or in vector format,

1 1

1
ool |e e Tan | e
o 1|9 | 11 |95 ol
2 e T
Ciz Cno &

The representation of (9.5) is

T 1 B
L 4 — + — -
. C C C
H(jw)= 11 12 112 |
2
- ~?Ly+ =+ =
Ciz Cin G
2 1 1 1
_ L | ettty o
a(w) o L+ ¢+ 5 |

where

()(2L+1+1)< 2L+1+1> :
a@:=-oLi+—+—|-oLr+—+—)——.
Ci Ci Cn C) C},
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Since

_a

uer =

the Fourier transformation leads to

1
%{uc1}=c—]3{6h}-

But since
§f{g1} =Hu (jo)§le},
we get
Hii (i
§{uc,} = %S{e},

from which it follows that uc, = 0if |Hy (jwp)| = 0, which gives

1<1+1> 5
=) =2
Ly \C;2 & 0

which is equivalent to the natural frequency of the second loop being equal to the
excitation frequency.

9.4 Asymptotic stability

9.4.1 Algebraic criteria

This subsection studies the stability of the equilibrium positions of (9.1). Of what has
been said in Chapter 7, it follows that q* is an equilibrium of (9.1) if and only if at
that point f = 0, and therefore the system to study is reduced to

Aq+ Bq+Cq=0. (9.10)
In particular, we will focus on dissipative systems, that is, those in which
B #0.

From the definition of equilibrium, given in Chapter 7, (9.10) has only one equilibrium
point and it is

q =0. 9.11)

Definition 9.3. The equilibrium (9.11) is said to be asymptotically stable if it is stable
and

Jim lg@ =0,  lim Jlq@)]=0.
— 00 —00
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Remark 9.5. Fig. 9.10 illustrates in a phase diagram the condition imposed at q* = 0
to be asymptotically stable.

/fdaxmmw»
il P
Py

Figure 9.10 Illustration of the asymptotic stability concept.

Remember from Chapter 8 that if {\;} ,le are the different K roots of the charac-
teristic polynomial

p@ﬁ:%(ﬂA+AB+C» 9.12)

the general solution of (9.10) is given by

K
an)=Y @@,
k=1
with

ng Nk

QG () =Y "yt T pi (O w, 9.13)
i=1 j=1

n

where r is the geometric multiplicity of the root A and {uy ;|

vectors corresponding to this root and given by the expression

¥ | are the amplitude

AMA+ 1B+ C)u, =0,

while p; (¢) is a polynomial in ¢ of degree less than nj ;, which is the number of
repetitions of the root A; corresponding to the vector of amplitudes uy ;.

General criterion of asymptotic stability

Lemma 9.2 (Asymptotic stability criterion). Let {)»k}f:l be the set of different roots
of p (A). The equilibrium q* = 0 (9.10) is asymptotically stable if and only if

Re(Ar) <0 Vk=1,..., K.
Proof. In view of the form (9.13), e**! appears multiplying a polynomial and since

exp (Axr) = exp [(Re(Ax) + jIm (Ap)) 1] =



288 Classical and Analytical Mechanics

exp (j Im (Ag) 7) - exp (Re(Ag)1) =
[cos (Im (Ar) t) + j sin (Im (Ag) )] exp (Re(Ag)?) .

The result follows trivially. O

The previous theorem allows to translate the problem of the determination of the
stability of the system (9.10) to the qualification of the sign of the roots of the corre-
sponding characteristic polynomial. The following theorem allows us to go further.

Necessity condition of Stodola

Theorem 9.1 (Necessity condition: Stodola). If the equilibrium q* = 0 of (9.10) is
asymptotically stable, then all the coefficients of the characteristic polynomial p ()
are strictly positive.”

m
i=1

Proof. More generally, let {1;}"_; be the root set of the polynomial of degree m

PO =2"po+A""p1+ ..+ pm, pi €ER,
or in the equivalent form
PA)=poA=A) A —=22)-- (A= An). 9.14)

Suppose that p (A) has n, real and n. complex roots, of which the latter appear in
conjugate pairs because p (A) has real coefficients. Without loss of generality, suppose
that in (9.14) the first n, factors correspond to real roots. Then (9.14) can be rewritten
in the following form:

ny ne/2
P =po[[O=2) [T =20 (= 2), (9.15)
i=1 k=1
with
Ai=—u;, i=1,...,n,,

Meo=—ur+ ju, k=1,..,n:/2,
)_\,kz—uk—jvk, k:l,...,nc/Z,

where, by Lemma 9.2,
u; >0,i=1,...,n,, anduy >0, k=1, ...,n./2.

2 Aurel Boleslav Stodola (May 11, 1859—December 25, 1942) was a Slovak engineer, physicist, and in-
ventor. He was a pioneer in the area of technical thermodynamics and its applications and published his
book Die Dampfturbine (the steam turbine) in 1903. In addition to the thermodynamic issues involved
in turbine design the book discussed aspects of fluid flow, vibration, stress analysis of plates, shells, and
rotating discs, and stress concentrations at holes and fillets. Stodola was a professor of mechanical engi-
neering at the Swiss Polytechnical Institute (now ETH) in Zurich. He maintained friendly contact with
Albert Einstein. In 1892, Stodola founded the Laboratory for Energy Conversion.
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Then
ny ne/2
p ) =po [0t ud [T (32 + 20+ uf + 7).
i=1 k=1

which contains only factors with positive terms and in whose development only posi-
tive (non-zero) coefficients arise. O

An immediate consequence is obtained.

Conclusion 9.1. If p (1) has different sign coefficients or some of them are zero, then
the equilibrium q* = 0 of (9.10) is not asymptotically stable.

Based on the two previous results, some techniques are now presented to know the
sign of the real parts of a polynomial

PR =A"00+ A" o1+ ..+ pm. 0<p; €R, (9.16)

without their analytical finding.

The Routh-Hurwitz criterion

Definition 9.4. The matrix

(o1 p3 P5 P71 P9 07
PO P2 P4 P P8 0
oL P33 Ps pP7 0
G=10 ro P2 ps pe 0 | ¢ grmxm
0 0 p1 p3 p5 0
0 0 po P2 pa
L s o

is called the Hurwitz matrix, associated with p (1).

Definition 9.5. The polynomial p (1) is called Hurwitz polynomial if
Re(X;) <0, i=1,...,m.

The criterion that appears immediately without demonstration (the proof can be
found in (Poznyak, 2008)) allows to determine if a polynomial is Hurwitz.

3 In control system theory, the Routh—Hurwitz stability criterion is a mathematical test that is a necessary
and sufficient condition for the stability of a linear time-invariant (LTI) control system. The Routh test
is an efficient recursive algorithm that English mathematician Edward John Routh proposed in 1876 to
determine whether all the roots of the characteristic polynomial of a linear system have negative real parts.
German mathematician Adolf Hurwitz independently proposed in 1895 to arrange the coefficients of the
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Theorem 9.2 (The Routh—Hurwitz criterion). The polynomial p ()) given in (9.16) is
Hurwitzian if and only if each principle minor of det (G) is strictly positive, that is,

m; >0, i=1,..,n,
where
pr p3 ps - 0
po p2 ps - 0
0 o0
m; = det prp3 i 9.17)
0 po p2 -
: Pi

An example illustrates the above criterion.
Example 9.6. Let us determine if the polynomial

pM) =2 4813+ 1822+ 164 +5=0

is Hurwitz.
The corresponding Hurwitz matrix is
8 16 0 O
1 18 5 0
“=10 8 16 o]
0 1 18 5

from where the principle minors are

m :=det[8] =8 > 0,

8 16
my = det _1 18] =128 >0,
8 16 0
m3:=det|1 18 5 |=1728>0,
|0 8 16
[8 16 0 0
1 18 5 0
my = det 0 8 16 0 = 8640 > 0.
[0 1 18 5

Hence p () is Hurwitz.

The Routh—Hurwitz criterion has a simpler formulation.

polynomial into a square matrix, called the Hurwitz matrix, and showed that the polynomial is stable if
and only if the sequence of determinants of its principal submatrices are all positive. The two procedures
are equivalent, with the Routh test providing a more efficient way to compute the Hurwitz determinants
than computing them directly.
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The Liénard-Chipart criterion

Theorem 9.3 (Liénard—Chipart criterion). The polynomial p (1) given in (9.16) is
Hurwitz if and only if the following conditions are satisfied:

1. Condition on the coefficients:
pi>0foralli=1,....,m.

2. Condition on the main minors of the determinant of the corresponding Hurwitz
matrix:

m;>0foralli=m—-1,m—-3,m—-5,...,
with m; given in (9.17).
This criterion is illustrated by the following example.

Example 9.7. Given
P =243+ ard + 22+ A +1, (9.18)

we need to find the values of « that guarantee that p (1) is Hurwitzian.
Given that Hurwitz’s matrix is

311 00
Il « 1 0 O
G=(0 3 1 1 0},
01 a« I O
00 3 11

two conditions on the main minors of the previous criterion are met:

3 1 1 0
1l « 1 O )
my = det =4a —3a” —5>0,
0 3 1 1
10 1 o 1
31
mo = det :|=3a—1>0.
l o

However, since the equation
4o — 30> —=5=0
has as solutions

2 1
=-*-ivIl,
o 3 31
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it follows that there are no real values of « that provide the condition m4 < 0 and make
the polynomial p (A) given in (9.18) Hurwitzian.

Example 9.8. Consider two dynamic systems

and

P tx—ay—0,
T 9.19)
y+y—pBx+y=0

X4+x+x—ay=0,

) (9.20)
y—Bx+y=0.

Let us calculate the values of the parameters o and S such that the corresponding
characteristic polynomials are Hurwitz.

a)

Define the vector

q=[x . (9.21)

With (9.21), the system (9.19) may be rewritten as

S P D P b=l o
so that

5 A+l —a
MA+AB+C = :

—B A +a+1
and its characteristic polynomial is
P =2 +223 4322420+ 1 —ap. 9.22)

The Hurwitz matrix, corresponding to (9.22), is

22 0 0
113 1—ap 0

G=lp 2 2 o |
01 3 1-op

so that the condition of the Liénard—Chipart criterion gives on the one hand
1—a >0,
and on the other

m3 =4+4af >0,
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that is,
laB| < 1. (9.23)

In Fig. 9.11 the graphic representation of (9.23) corresponds to the area enclosed
by the hyperbolas shown.

Figure 9.11 Graphics illustrating the zone (9.23).

b) With the representation (9.21), the system (9.20) is rewritten as

o oies Tarly Ta=e

so that

2
)»2A+)»B+C=|:)L Al _a},

- A1
with the characteristic polynomial
p)=A 4222420 +1—ap. (9.24)
The Hurwitz matrix corresponding to (9.24) is
2 1—aB 0
G=|1 2 0 ,
0 2 1 —apf
and the Liénard—Chipart criterion is on the one hand
1—aB >0,
and on the other

34+aB >0,
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which implies

—3<af<1.

(9.25)

The hyperbolas shown in Fig. 9.12 enclose the area that corresponds to (9.25).

Figure 9.12 Function graphics of the zone (9.25).

9.4.2 Geometric criteria of asymptotic stability

In addition to the analytical criteria to determine the quality of a polynomial of being
Hurwitzian, ones of geometric type have been developed. For the introduction to this

topic some observations are required.

Argument principle
Consider the representation
m
pMy=p ][] =2
i=1
of the polynomial (9.16). Suppose the roots of (9.26) comply with
ReXx; #0, i=1,..,m.
Then it can be rewritten as
1 r
pM=po =[] =20,
i=1 k=1

where

[ := number of roots of the negative real part,

r := number of roots of the positive real part.

(9.26)

(9.27)
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From the theory of complex numbers, remember that z € C can be represented in
terms of its magnitude and its argument in the form

7= |z| &/ 282,
where arg z is the angle that the radius vector of z forms with the real axis, measured

counter-clockwise with the clockwise (positive direction). Moreover, for |z| < oo and
Re z # 0, the complex function

fjo):=jo—z=]jo—z| e/ "€

is subject to the following change when the argument w varies from —oo up to oo (see
Fig. 9.13):

T, if Rez <0,
—m, if Rez > 0.

LA e s oy 9.28)

Im

Re

jw-z

W=-o0
Figure 9.13 f (jw) changes when the argument w varies from —oo up to co.

Lemma 9.3. The polynomial (9.27) complies with
o
A argp(jo)y=(10—-r)m. (9.29)
w—> 00
Proof. The evaluation of (9.27) implies

l r
po)y=po[[Go—1) ][] Go—r)=

i=1 k=1
m 1 r
po[ [Ujw—nihexp (Zarg (jo—21)+ Y arg(jo — m)
i=1 i=1 k=1
and by (9.28) the statement follows. O

The previous Lemma 9.3 leads directly to the result that follows.
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Mikhailov criterion

Theorem 9.4 (Mikhailov criterion, 1938). The polynomial p () of degree m, given
in (9.16), is Hurwitz if and only if the hodograph of p ()) has counter-clockwise rota-
tion and passes exactly m quadrants without crossing the origin when w goes from 0
to oQ.

Proof. By the definition p (1) is Hurwitzian if and only if it has a representation (9.27)
with / = m. Then, by the previous lemma

oo
A argp (jw) =mm,
w=0Q
or, in view of the symmetry property,

00 m
A jw) = —1.
A argp(jo) =57

O
A series of examples related to the Mikhailov criterion are included.
Example 9.9. Consider the polynomial
PR =2 +52+ 1003 + 1102+ 70 4 2. (9.30)

Let us determine, by geometric criteria, if it is Hurwitz. Defining
A=jow
for (9.30) we have
P(jo) = jo’ +50* — j100® — 11&® + jTw+2
— 5% — 11w2+2+jw(w4— 10w2+7>,
whose hodograph is shown in Fig. 9.14, of which Fig. 9.15 is a magnification. Due to

the shape of the hodograph obtained, it is concluded that the polynomial (9.30) passes
exactly five quadrants and, hence, it is Hurwitz.

Example 9.10. Suppose that a certain polynomial p (}) is of degree m = 5 and that its
hodograph has the form given in Fig. 9.16. We need to determine / and r, the amounts
of roots with negative and positive real parts, respectively. Since the hodograph does
not cross the point (0, 0), the polynomial p (1) has no roots with null real parts, and
considering (9.29), it follows that the following two simultaneous equations must be
satisfied:

l4+r=m=5,
l—r=3,
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10+

0 50 100 150

200 250 300 350

Figure 9.15 Zoom of the hodograph of p (jw).

-

Imp(ew)

Rep(iw)

Figure 9.16 Hodograph of p (jw).
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which gives
=4, r=1.

Example 9.11. Suppose that the hodograph given in Fig. 9.17 corresponds to a poly-
nomial p (A) of degree m = 6. Let us calculate /, r, and n, the amounts of roots with
negative, positive, and null real parts, respectively.

Imp(jew)

Figure 9.17 Hodograph of p (jw).

Since the hodograph crosses the point (0, 0), the polynomial p (1) has roots with
null real parts, and since there is only one cross, which also does not occur for w =0,
there exists wg 7 0 such that

A= jwo, Ai=—jwy

are the roots with a null real part of p(X), that is, n = 2. So we have

l4+r+n=m=6,
l—r=2,

n=2,

which gives

Example 9.12. Using the Mikhailov criterion, obtain /, r, and n, the amounts of roots
with negative, positive, and null real parts, respectively, for the following polynomials:

a)
p() =23+ 204 +223 — 702 —44x — 4, 9.31)
b)
p) =227 —20%2 440 +2. (9.32)
a) Taking A = jw in (9.31) results in
p(jow) =2a)4+7a)2—4+ja)<a)4 —2w? —44),

whose hodograph is given in Fig. 9.18. Since the hodograph does not cross the point
(0, 0), p (1) has no roots with null real parts. So, by (9.29) the following equations are
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401

20+
0 50 100 150 200

40}

-0}

Figure 9.18 Hodograph of p (jw).

reached:
l+r=m=5,
l—r=3.
That is why

b) Taking A = jw, the polynomial (9.32) may be written in the form
L4 2 . 2
p(jow)=w" +2w +2+]a)(—a) +4),
which hodograph is depicted in Fig. 9.19. Since the hodograph does not pass through

the point (0, 0), p (1) has no roots with null real parts. Then, by (9.29), the following
equations are reached:

l4+r=m=4,

l—r=0,
implying

=2, r=2.

Example 9.13. Given the polynomial
p) =2 +2° + 427 + 20+ 3 +k, (9.33)

using the Mikhailov criterion, let us try to obtain /, r, and n, the amounts of roots with
negative, positive, and null real parts, respectively, based on the values of k.
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Figure 9.19 Hodograph of p (jw).

Taking A = jw, (9.33) can be represented as

p(jo) = o* — 40? +3+k+ja)( )

(0= (2 VT=8)) (02 = (2= VI=E) ) oo (-0 +2).
Note that Im p (jw) = 0 when

w=0, w=%v2.

This means that for @ > 0 the hodograph crosses the real axis twice. On the other hand,
crosses with the imaginary axis depend on the value of k and several cases occur.

i) If k < —3, then the crosses with the imaginary axis occur when

w1p=%y2++1—k.

In particular, for w > 0 the hodograph crosses the imaginary axis once. In short, the
hodograph contains the crosses as in Table 9.1:

Table 9.1 Hodograph crosses for k < —3.

® Cross Semi-axis
0 B +k,0) real negative
V2 (—1+k%,0) real negative

241 -k <O, —\/(1 —k) (2 + /1 - k)) imaginary negative

and has the form as in Fig. 9.20; thatis why [ =3,r =1,n =0.
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10

20

30 40

20l

Figure 9.20 Hodograph for the case k < —3.

ii) If k = —3, the crosses with the imaginary axis correspond to

w1 ZO, w1 =32.

In particular, for @ > 0 the hodograph crosses the imaginary axis twice. Therefore, we
have the situation as in Table 9.2:

Table 9.2 Hodograph crosses for k = —3.

® Cross Semi-axis

0 0, 0) origin

V2 (—4,0) real negative

2 0,—4) imaginary negative

and the hodograph has the form as given in Fig. 9.21. Hence,

14

Figure 9.21 Hodograph of p (jw) for k = —3.
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iii) If —3 < k < 1, we have to cross the imaginary axis when

w=wip=EV2—~1—-k, o=w34=%2++1—k,

and for w > 0, the hodograph crosses the imaginary axis twice. Table 9.3 summarizes
the crossroads of the hodograph with the axes,

Table 9.3 Hodograph crosses for —3 <k < 1.

® Cross Semi-axis
0 B+k,0) real positive

2 JT—k (0, Ja-n (- M)> imaginary positive
V2 (=1+k,0) real negative

24+ J/1—k —\/ (1—k)(2+V/1-k) imaginary negative

whereby the curve has the shape given in Fig. 9.22, and we deduce that

Figure 9.22 Hodograph of p (jw) for =3 <k < 1.

iv) For k = 1 the following crosses with the imaginary axis are presented:

w1 = +2,

which is why for w > 0 the hodograph crosses the imaginary axis once. The hodograph
now presents the crosses in Table 9.4,

Table 9.4 Hodograph crosses for k = 1.

® Cross Semi-axis
0 4,0) real positive
V2 (0,0) origin
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with the form depicted in Fig. 9.23, which gives

[=2,r=0, n=2.

-4+

Figure 9.23 Hodograph of p (jw) for k = 1.

v) If k > 1 the hodograph has no crosses with the imaginary axis, so we have
Table 9.5,

Table 9.5 Hodograph crosses for k > 1.

® Cross Semi-axis
0 B +k,0) real positive
ND) (—1+k,0) real positive

with the image given in Fig. 9.24, so that

4l

Figure 9.24 Hodograph of p (jw) for k > 1.

Table 9.6 summarizes the results obtained, based on the value of k.
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Table 9.6 Roots distribution for different values of k.

k l r n
k<=3 3 1 0
k=-3 3 0 1
—3<k<l1 4 0 0
k=1 2 0 2
k>1 2 2 0

9.5 Polynomial robust stability

9.5.1 Parametric uncertainty and robust stability

As shown before, the stability property of the second order system (9.1) is charac-
terized by the root locations of the corresponding characteristic polynomial p (1)
(see (9.16)). Evidently, any variations AA, AB, and AC of the matrices A, B, and
C, namely,

A=Ap0+AA, B=By+AB, C=Cyp+ AC,

are transformed into the variations of the coefficients p; (j =0, ..., m) of the corre-
sponding characteristic polynomial,

Pp () :=2"po+ X" o1+ ..+ pm. pi€R. (9.34)
Denote the collection of its coefficients by
p = (00, ey pu)T € R™F! (9.35)

and suppose that this vector of coefficients belongs to a connected set R € R" that
corresponds to possible variations AA, AB, and AC, that is,

pER. (9.36)
Definition 9.6. A characteristic polynomial p, (1) (9.34) is said to be robust stable
if for any p € R the roots of the corresponding polynomial belongs to the left-hand
side of the complex plane C, i.e.,

Re)dij(p) <0 (j=1,...m), 9.37)
for all p e R.

Definition 9.7. Denote by Qp (w) the set of all values of the vector

Pp (iw) = Up (w) +in (w)
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given in C under a fixed w € [0, 0o) when the parameters p take all possible values in
R, that is,

Qp(w):={z:z2=p,(iw) | peR}. (9.38)
The next result represents the criterion of polynomial robust stability.

Theorem 9.5 (The criterion of polynomial robust stability). The characteristic poly-
nomial p, (1) (9.34) is robust stable if and only if:

1. The class R of polynomials p, (L) contains at least one Hurwitz polynomial
p:‘) (A), named a basic one.

2. The following principle of “zero-excluding” holds: the set Qp (w) does not con-
tain the origin (“zero-point”), i.e.,

0¢ Qp(w). (9.39)

Proof. Since the vector z = p, (jw) € C is continually dependent on the vector pa-
rameter p, a “fransition” from stable polynomial to unstable polynomial (when we
are varying the coefficients p) may occur (this is always possible since the set A of
parameters is a connected set) only when one of its roots crosses the imaginary axis,
or, in other words, when there exists wg € [0, co0) such that

Pp (iwp) = U (wp) +iV (wp) =0.

But this is equivalent to the following identity:
U (wo) =V (wo) =0,

which means exactly that
0eQp(w).

Evidently, to avoid this effect it is necessary and sufficient to satisfy conditions 1 and
2 of this theorem. The theorem is proven. O

9.5.2 The Kharitonov theorem

Theorem 9.6 ((Kharitonov, 1978)). Let the set R, characterizing a parametric uncer-
tainty, be defined as

R:={aeR": a; <a;<al (=1 .n)}. (9.40)

1 ]
Then the polynomial p, ()) (9.34) is robust stable if and only if:

1
1) the central polynomial p s (L) with the coefficients a; = 3 (ai_ + ai+) is Hurwitz;
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2) the following four polynomials are stable (Hurwitz):

pP W) =14arh+af i +afad +aat agad+ -
pP W i=1+afr+afr>+a3 22 a2t +af’ +- ©41)
PP M) =1+afr+aya? +ag 2’ +afat +afa’+o '

PP W) i=1+arh+ay A +afrd +afat +agad 4
Proof. Foranya e R,

U(w):l—a2w2+a4a)4—-~~,

V(w):ala)—a3a)3+a5w5---,

and hence for any w € [0, 00),
U (@) <U(@=U" () and V™ (@) <V (0) VT (0),

where

Uf(a))zl—a;'wz—i—a;aﬁ—-u,

Ut (w)=1 —az_w2+aj'a)4—-~~,
and

- - + 3 -5

Vi(w=aq w—-—ayw +agw’ -,

V+(a)):a1"w—a3_w3+a;a)5~-~ .
That is why for any w € [0, 00) the set Qp (w) (9.38) is the rectangular (see Fig. 9.25)
with width

[UF (@) U™ ()]

V(w)
Q)
U(w)
w=
wl «
e

Figure 9.25 The illustration of the Kharitonov’s criterion.
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and height
[V (@) -V~ ()]

and with the center in the point pg (jw), corresponding to the stable polynomial with
the parameters

N
ai:i(ai —}—a?‘).

Note that the vertices of the set Qp (w) exactly correspond to the polynomials (9.41).
Suppose now that this rectangular touches the origin by one of its sides. By the
monotonically increasing property the vertices of this touching side will rotate in the
clockwise direction, and, hence, will become non-vertical, contradicting our previous
concept. So, direct application of Theorem 9.5 leads to the formulated result. The
theorem is proven. O

Example 9.14. Let us find the parameter 8 for which the polynomial
Pp M) =14+air+ ar? +az’,

I-B<a <1+8,
15<ar <2, a3=1,

is robust stable. To do that construct four polynomials (see (9.41)):
P ) =141 — A +222 433,
PP (1) =1+ 1+ B)A+222+13,
PP ) i=14+ 1+ B A+ 1522+ 4%,
PO (M) =141~ B)r+ 1522422

The corresponding Hurwitz matrices are as follows:

[1-8 1 0 148 1 0
1 2 of,| 1 2 0],
0 a-p 1 0 (+p 1
[1+8 1 0 1-8 1 0
1 15 of,| 1 15 of,
0 148 1 0 1-8 1

By the Liénard—Chipart criterion we find that the conditions of the robust stability are
1—-8>0, 14+ 8>0, or, equivalently, |8]| <1
and

2(0—B)—1>0,2(1+8)—1>0,
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15148 —1>0, 1.5(1—p8)—1>0,

which leads to the following:

B <05, B>—05, B 2 -] B<1 2_1
<05, B>-05B>-—-1=—,B<l—=-=—,
3 3 373

or, equivalently,

1
1Bl <0.5, [Bl < 3

Finally, all constraints, taken together, give

1B 1
< -.
3

9.6 Exercises

Exercise 9.1. Show that for parameter values satisfying the relation

c1+o _63+C4

3

mi m3

the equilibrium position of the dissipative system of the system, shown in Fig. 9.26,will
not be asymptotically stable if there is no friction between the masses and the guide.

C1 (:2 c3 C4
AAAAA A
AN AMWN AMN AAANNS -

Figure 9.26 Dissipative system of three masses.

Exercise 9.2. Show that with the relations

(C1+C) (C3+Cy)
L =1L
C1Cy C3Cy
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C

T 117

Figure 9.27 Electric circuit with 4 capacities, 3 inductions and 1 ohmic resistance.

between the parameters of the electric circuit shown in Fig. 9.27, undamped oscilla-
tions are possible in the system, despite the presence of an ohmic resistance R.

Exercise 9.3. Prove that the number / of roots with the negative real part of the poly-
nomial f (A) of degree n, whose Mikhailov hodograph does not pass through the zero
point and satisfies the condition

AC= arg f (jo) =k%, Ik <n,
is

j- "tk
2

Exercise 9.4. Confirm that for all values of the parameters o and f, satisfying the
condition

a<l,a+B8>0,
the equilibrium position of the system

X4+2x4+x—ay=0,
y+By—x+y=0
is asymptotically stable.

Exercise 9.5. The natural frequency of a linear oscillator is equal to wg. Show that the
frequency of damped oscillations of the same oscillator in a medium with a resistance
proportional to velocity is equal to

if after n oscillations its amplitude decreases by k times.
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In this chapter, conservative systems are considered and the generalized impulses are
introduced. Hamilton’s variables are also considered. Here it is demonstrated that they
can completely describe the dynamics of a system in the Hamiltonian canonical form.
Some properties of the canonical equations are studied. Cyclic coordinates and the
first integrals of Hamiltonian systems are introduced and analyzed. Some useful prop-
erties (such as Poisson brackets), helping to test if some function is a first integral, are
discussed.

10.1 Hamiltonian function

In this chapter, conservative systems will be considered, that is, systems where the
generalized forces present are represented by the relationship

Q=-V4V (.9,

with V (¢, q) as the potential energy function, and whose dynamics is described by the
Lagrange equations

d . .

where the Lagrangian is defined as

with T (z, q, q) as the function of kinetic energy.
The following definition is fundamental in this chapter.

Classical and Analytical Mechanics. https://doi.org/10.1016/B978-0-32-389816-4.00021-1
Copyright © 2021 Elsevier Inc. All rights reserved.
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Definition 10.1. The vector
p:=V4L(,q,q) (10.3)

is referred to as the generalized impulse.

Remark 10.1. Let

q=q(t.q,p) (10.4)

be the inverse function of the transformation (10.3), that is, q is obtained from (10.3).
With the definition (10.3) of p and in view of (10.4), Egs. (10.1) can be expressed in
the form

Clearly (10.1) and (10.5) are two equivalent ways of describing the dynamics of a
mechanical system: the difference lies in the set of variables chosen to make the de-
scription. The set {t, q, q} is called the Lagrange variables and the set {t, q, p} is
called the Hamiltonian variables.

The concept of the generalized impulse (10.3) and the Lagrange function (10.2)
allow defining the very useful function in the following definition.

Definition 10.2. The function

H (t’ q, p) = [(pa q) —L (t’ q, q)](’;:(’](l,q,p) (106)

is referred to as the Hamiltonian function. It is also known as the Hamiltonian or
the energy function.

The following examples illustrate the construction of H.

Example 10.1. Consider a particle of mass m in Euclidean three-dimensional coordi-
nate space (x, y, 7). If the system’s Lagrange function is

L=E<x2+y2+z2)—V(x,y,z),

let us obtain the corresponding Hamilton function. Defining
T
q:=[x vy ],
we have
. )
Lq@=7 141" -V(@.
Using (10.3) we get

p=mq,
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which leads to

. 1
q=—p,
m

and hence
L(q, ¢ _ ! 2
(L@@l 1p=7—lpI" =V (@.

By the definition (10.6) we get
1 .
H(@Qp) =P —P |~ [L(QPl4_1,,
m m
resulting in

1
H(q.p) =5 IplI*> + V (q). (10.7)

Example 10.2. Suppose a mechanical system has the function of Lagrange

31 ]
L@@ =241+ 545 —ai — 393 — 0142

Let us calculate H. The generalized impulses are

aL

P1=— =341,
991
JdL .
P2="=q2,
Gl7p)
implying
o
q1 = 31?1,
42 = p2.
So,
. 1 1 1
[L (4 D]j=ip) = gplz +5p3 =4l = 54— 0

and by (10.6) we get

1
H(q,p) = ({Z] : [3;?]) —[L (4, D]g=q(p) -

which leads to

1 2 1 2 2 1 2
H(q,p) = 24 + 2P +q7 + 24 +q192.
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Example 10.3. We need to design H for the following Lagrange functions:
a)
. 5., 1., ..
L(q.9) =541 + 545 +4142¢08 (g1 — g2) + 3c0s gy +cos gy,
b)

L@@ =ag}+(c + b cos? q1) 3.

Let us present here the sequential steps for both Lagrange functions.

a) From the definition (10.3) for generalized impulses it follows that

P1=541 +g¢2c0s(q1 —q2),
P2 =¢2+q1cos (g1 —q2),

from which we have

. —pi1+p2cos(qgi —q2)
- =5+4cos? (g1 —q2)
i = —5p2+ picos(q1 — q2)
—5+cos? (q1 — q2)

and

. 1 —2pipacos(q1 —q2) + pi +5p3
(L (9 D]g=qp) = D) =54 cos? (g1 — q2) "

3cosqi +cosqo.
Using (10.6) we obtain
—p1+ p2cos(q1 —q2)

_ 2 _
H(qp) = |:Pl:| , 54 cos” (g1 — q2)

—[L(q, @) ]g—iro) =
P2 —5p2 + p1cos(qi — q2) [L (4, D]g=q(p)

—5+cos? (g1 — q2)
1 =2pipacos(qi —q2) + pi +5p
2 —35 + cos? (g1 —q2)

—3cosq1 — cosq>.

b) The vector p has the components
p1=2aq,
pr=2 (c2 + b? cos? ql) q2,
which is why

. 1
CII—ZPL
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1
2(c? +b*cos?qy)

G =

2,

and

) ) ! 3
(L@ D]g=gp = ;- P1 4(c2+b2cos?qy) P2

4a
implying
1
5 Pl
P1 2a X
H(q,p) = [pz] : 1 —[L (@ D]g=4p) =
2(c? +b?cos?qy) P2

4a "1 4 (c? 4 b2 cos? ql)Pz-

Example 10.4. Fig. 10.1 shows a simple pendulum at whose distal end is a ball of
mass M and radius R. The pendulum arm is a solid cylinder of mass m and with
radius r and length /. The masses are uniformly distributed. Let us determine the
Hamiltonian function of this system. Let

q:=¢.

Figure 10.1 Pendulum with non-negligible-mass arm.

From Chapter 3 (Section 3.6) it follows that for this system the kinetic energy has the
expression

N
T(q)=§loq,

where Ip is the moment of inertia of the arm and the ball with respect to the axis
perpendicular to the plane of the movement and passing through the fixed point O and
whose value is

Iop= r2+l2 +M 2R2+12
O=M\F T3 5 ‘
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If the horizontal plane passing through O is considered as the reference level for po-
tential energy, then

V(q) = —gl (M+ %) cosq.
So, the Lagrange function turns out to be equal to
. 1 .2 m
L(t,q,q):=T—-V= Eloq + gl (M—l— E)Cosq,

from where the generalized moment is calculated, using (10.3), as

_JL g
p= 3 09
giving
i=i
Iop’
By the definition (10.6),

Hq.p)=1[pg—L{t. 4. Dlj=p .

implying

p* m
H(q,P)ZE—gl<M+E)cosq=

P2

2 r2+l2 +M 2R2+12
ml Lo “
4 3 5

10.2 Hamiltonian canonical form

m
—gl (M—l— E) cosq.

Hamilton variables can fully describe the dynamics of a system. The following theo-
rem addresses this point.

Theorem 10.1 (Hamilton, around 1835). The Hamilton variables {t, q, p} satisfy the
following system of equations:

OH (1.9.p) _ [_BL(t,q,él)] (10.8)
at at d=d(p)
and
p=—V¢H (1,q,p).
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Proof. By the definition (10.6) the Hamiltonian H (z, q, p) is defined as
whose partial derivatives with respect to the Hamilton variables are

OH (1,q.p) _ [_ IL (1, q,<'1)]
ot ot 4=q(t.q,p)

)

VqH (t’ q, p) = [_qu (tv q, (.I)](I:qa,q,p) )
. aq\" )
VpH (t,q,p) =4+ p (p—V4l (t.q,9),

from which (10.8) and (10.9) follow if we take into account (10.5) and (10.3). O

Remark 10.2. When a dynamic system is expressed in the form (10.9) with respect to
the Hamiltonian H (¢, q, p), it is said to be given in the Hamiltonian canonical form.
For brevity, a system that is in the form (10.9) will be called a Hamiltonian system.

The first relation in (10.9) allows to obtain L (¢, q, q) from H (¢, q, p).

Example 10.5. Suppose a system is Hamiltonian with

H(t,q,p)=pi1p2 +q2q1.

Show how we can recuperate the corresponding Lagrange function.
From (10.6) we have

L (t’ q, q) = [(pa q) —H (t$ q, p)]p:p(q’(l) s

where p = p (q, q) denotes the inverse function to the transformation q = V, H (q, p).
Direct calculation gives

qa=VpH (. q.p=[p2 pi]".
that is,
. .qT
p=[a @] .
which leads to the representation
[H (ta q, p)]p:p(q,q) = 416]2 + 4241,

and hence

7 7 P=p(q.q)

Finally we get

L(t,q,9) = q142 — q2q1.
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Example 10.6. Let us build the Lagrange functions for the following Hamiltonians:

a)
H(t,q,p)=q1p2 — q2p1 +a (p12 + p%) ,
b)

L, P%
H(t,q,p)=5 rn+t-— —acosqi.

sin” g

Let us present the required construction for each function of Hamilton.

a) In view of the relation

—q2+ 2611?1}

q=VpH (t,q,p) =
P q1 + 2ap;

we have
1 | g1+q2
pP= 2 | )
a|qz —4qi
which gives
1 ) )
[H (1,9, P)]p=pq.q) = % (91 (G2 —q1) —q2(q1 +q2)]1 +
dr. 2, a2
1 @1+ g2+ (G2 —q1)" |-
a

That is why (in view of (10.6))

A 1 (lai+a| |@1
L(ta ) )= A~ . 5 . _H(t’ ) ) s
o |:2a <|:q2 _ql] |:q2i|> P :|p=p(q q)

implying

1
L(.q.9)= [ +a)7 + @ — )]

b) We have
P1
q=VpH(t,q,p)=| P2 |,
sin2q1

which gives

q1
P=|. . 2 .
g2 s~ gg
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Hence

1/, .
[H (¢, 4, D) lp—pia.) = 5 (qf + (@ s1nq1)2> —acosqi,

and therefore

L(tq.q = [([ o }[‘“D —H(t,q,p)} -
2 a 2 p=p(q,9)

Iro, .o )
> gy + (q28ing1)” | +acosqi.

The canonical descriptions (10.9) must meet certain conditions; these are given in
the result that follows.

Theorem 10.2. If a system of equations

q:f(t’q’p)’} (10.11)

p=g(,q,p),
with vector functions £, g : [0, 00) x R" x R" — R", which are some continuously

differentiable given functions, is the canonical description of some dynamic system,
then the following two relationships must be satisfied.:

1
af  [of\T o ag\ 7!
Ro(2), B_(2) (10.12)
ap ap aq aq

2.
of ag\’
—=—(=) . (10.13)
aq op

Proof. If (10.11) is a canonical form of Hamilton, then, in view of (10.9), there is a
Hamilton function H (z, q, p) such that

Then
of _ V2H (1 )
ap = P .q,P),
g
- —VéH(t,q, p),

aq
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where the symmetry condition (10.12) is followed. Now cross-deriving (10.14) we get

of 0 (VpH (t )

aq—aq p »q,P)),

ag ad

5 (VH (1,4, P)),

ap ap( qH (t,q p))
and the property

9 9
@(pHU&mD=aﬂ%H04m»

leads to the condition (10.13). O
The previous result allows to solve the following problem.

Example 10.7. Determine the conditions that the system of equations

.=A +B1
=14 p} (10.15)

p=Cq+ Dp

must meet in order to be a Hamilton’s canonical description of a dynamic system.
Apply the conditions obtained for the system

(10.16)

X1 =x1 +x2,
X2 =3x] +axa,

and calculate the value of « that makes it in the canonical form of Hamilton.
In the notation of the previous theorem, for (10.15) we have

f=Aq+ Bp,
g=Cq+ Dp,

which is why
of
dq
g
aq

of
%_
g
%_

A, B,

C, D.

So, we must have, by condition (10.12),
B=B", c=cT, (10.17)
and by condition (10.13),

A=-DT. (10.18)
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The conclusions (10.17) and (10.18), applied to the system (10.16), under the identi-
fication

q=Xx1, p=2x2,
lead to the condition

oa=—1.

10.3 First integrals

The expression of a dynamic system in Hamilton’s canonical form has consequences
that go beyond being a mere alternative form to Lagrange’s equations. Remember
from Chapter 6 that (10.1) can be expressed in the normal format, namely,

G=F(t.q.9, qeR".

Therefore, the dynamics of the system represented by (10.1) is described by a system
of n nonlinear differential equations of the second order. However, in the alternative
form of Hamilton (10.9), the same system is governed by 2n nonlinear differential
equations of the first order. This observation is the great contribution of the technique
addressed in this chapter, since it is known that, comparatively, there are many more
results applicable to this last type of equations than for the first. In fact, this section
presents several such results.

It has already been mentioned that in mechanics the functions are smooth, so in the
following, this fact is used without explicitly mentioning it.

Definition 10.3. A function f (¢, q, p) that is constant in the trajectories of a Hamil-
tonian system is called the first integral of that system.

The previous definition says that if the total temporal derivative of f, given by

df of  ~~(0f .  of .
dt_8t+§<8qiql+8pipl ’

along the paths of a system in the form (10.9)

._8H . oH
CIl—apiv pi = 36],”

i=1,..,n, (10.19)

for some function H (¢, q, p), that is,

UGy (e oy

dr — 9t = \0g; dp;  dpi g

is identically zero, then f is the first integral of the system (10.19).
The previous discussion allows to formulate in a trivial way the following result.
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Theorem 10.3. A function f (t,q,p) is the first integral of a Hamiltonian system if
and only if

af

a +(f,H)=0,
where
_ N~ (Of 0H _of 0H
= Z (3611' dpi  Opi 3%’) (1020)

i=1
receives the name of the Lee—Poisson (or simply Poisson) bracket.

The importance of the first integrals is that they allow reducing the number of
differential equations to solve in a Hamiltonian system. In other words, suppose the
Hamiltonian system

| = V H tv bl ’
4="pf (9. P) (10.21)
p= _qu (t’ q, P)

has as first integrals the following linearly independent relationships:
fl (t,q,p) =C,
: (10.22)
fit,q,p) =Gy,

where C;,i =1, ..., [, denote constants. Then a Hamilton q or p variable can be found
from each of the relationships, which eliminates the need to solve its corresponding
differential equation (10.21).

Conclusion 10.1. Based on the above, it can be said that the first | integrals (10.22)
reduce the order of the system (10.21) to 2n — . So, if | = 2n, then it is not necessary
to solve any differential equation at all.

! With the notation

]

the set of expressions (10.22) is linearly independent if and only if all the possible determinants of order
I x I of the matrix

... AN
dz1  dzp 320,
A 3L .. 23
daz1  dzp 92,
of ... B4
dz1  0dzp ko

are non-zero for any (¢, z).
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10.4 Some properties of first integrals

Given the importance of the first integrals, several of its properties are now investi-
gated.

10.4.1 Cyclic coordinates

Lemma 10.1. If among the arguments of the Lagrange function L (t, q, q) one of the
coordinates qy does not appear, that is,

L=L(tvq1,"',q(x—l,q(x+1,"'1Qn7('])7

which is true if and only if

oL .
B_ZOV(t’qvq)9
qa

then there is the first integral

f,q,p)=Cq,

where, in addition,

f(t’ qvp):pa'

Proof. The Lagrange equation in (10.1), corresponding to «, is given by

but in view of

oL oL
— =Ppa, — =0,
04y 04y

it is reduced to

dpe

dr —

which gives

Ppa =const = Cy.
t

Definition 10.4. If for some « € {1, 2, ..., n} we have
oL
—— =0,
99q

then the coordinate g, is called cyclic.
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By the previous lemma, if g, is cyclic, then
Do =Cyq.

Therefore, in the Hamilton function corresponding to the system in question, both g,
and p, do not appear, that is,

H=H(’»Q17 syda—1>Y9a+1, " aQn?Pl»"' 7P0(—17C0(’p01+17"' ’pn)v
(10.23)

and since

. _0H 0H
T = ope ~ 9Cs
by direct integration we get

t

Go (1) = go (0) +/ Hy ('C, Gista (T), Pisa (T), Cot) dr,

=0 aCa
where Hy, (T, giza (T), Piza (T), Co) denotes (10.23).

Conclusion 10.2. [t may be concluded that each cyclic coordinate reduces the number
of differential equations of the description (10.9) by 2.

10.4.2 Some properties of the Poisson brackets

From the last theorem we know that the function f (¢, q, p) is the first integral of the
dynamic system with canonical description (10.9) with respect to some function of
Hamilton H (¢, q, p) if and only if

s rm=0 (10.24)

a
and if in particular a—J; = 0, then the condition (10.24) results in

(f, H)=0, (10.25)

which shows the importance of the Lee—Poisson brackets in the characterization of the
first time-independent integrals.

Lemma 10.2. Consider the functions ¢ (¢, q, p), ¥ (t,q, p), and x (t,q, p). Then the
following properties hold:

a)
(p.¥)=—W.9),
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b)
(cp,¥) =c(p,¥), c=const,
c)
o+, %)= (e, x)+ W, x),
d) ifs is a Hamilton variable, that is,
seflt.pr.qi. -+ Pnsdqn}s
then
L= (zf w) + (w, aaf) , (10.26)

e) the Poisson identity

(@, ¥), 0+ (¥ 0.9 + (. 9), ¥) =0.

Proof. Sections (a)—(d) follow directly from the definition:

a)
" (00 0y Q¢ oY
(¢,W)=Z(a—3——a—(pa—>=
—\9qi dpi  Ipi 3q;
n
oy d Yy 9
_ (a_lﬁ_ﬁl)__lﬁ_‘ﬂ):_(w’(p)’
= \9qi dpi  Ipi 3q;
b)
n
dcp 0y dcp oY
(C‘p"/’):Z(a a9 a_>:
=\ 9qi dpi  Ipi g
= (3¢ Oy 8(;)81//)
c e — | =cle.¥),
;(3% dpi  9pi 9gi
©)

= dg;  Op; op;i  9q;

n n
dp 0 dp 0 RV oy d
Z(_w_x__w_X)+Z<_¢_X__¢_X):
= \9qi dpi  9pi dqi) =/ \0qidpi Ipi dqi
(@00 + (W %)

"/ 9 9 9
(<p+1/f,x)=2( (p+¥) dx (@ +¥) X>:
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d)
dp 0y B¢ OY
<<o ¥ = Z(————— =
dqi dpi  dp; 9q;
i 3 9\ Oy 3 dp\ oY N
= ds dq; ) Ip; das ap; ) 9q;
Z ) 81& 8<p ) Btp
Bq, ds opi 8pl 3s aqi
This result (10.26) follows trivially, because due to the smoothness of ¢ and ¥,

o0 a0 d 00 0 c gy e ) 1

- = Y, ,q}, i=1,..,n.

ds dr;  0r; 0§ ¢ P-4

e) We have
(e, ¥), x) =
Y (%%JE%) 3 (3&%_3&%)
2”: jT N0 Opy 0Py B4y ) gy i \Bay Opy 9Py 845/ g |
= 9gi opi opi 9gi
(a_¢a_¢_a_¢a_¢> a(a_q’%_a_‘/’%)

g dg; dp;  dp; dgq; a_X_X”: dgj dp;  dp; dq;) x
purl e aqi pi o api 9q;

by ( Po oy g 3y Po dy  dp Py >3X

dq;0gi dpj ~ 3q; dpjdq;  Op;dq; dq;j  dpj dq;9q; ) Ipi

3q;0p; dp; | 9q; dp;dpi  dp;op; dq;  Ap; q;0pi

and analogously,

(o, ¥), x) =
Ppdy g Py P Y g 'Y
( * > p

9g2 8p ' dq dpdq  dpdq dq  dp dqdq
( ¢ 0y n dp 02y 3% 0y D¢ %Y ) Ix

dqdp dp ~ 9q dpdp  dpdp dq  dp dqdp ) dq
Fodyox 0% Iy Ix 9% 0y ax | 9% 0y Ox
8q2 9p dp  dpdq dq dp  dqdp dp dg  dpdp dq dq
dx %9 9y Ay ¢ ay Ay g 3y dx d*¢ Y

dq dpdq dp  dp dqdq dp  dq dpdp dq  Ip dqdp dq
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and
oy 9y Px 9% dx 0y 9%x )\ dp
(Wox) 9= (2L W IX OV IX OV 9
dg> dp = dq dpdq  dpdq dq  dp dqdq ) dp
Py oy o Px 9w ax  dy 9\ g
dqdp dp ' dq dpdp dpdp dg  dp dqdp) g’
9 x dp Ox ¢ 9Px dp  dx %9\ oy
o). =\+5+5 — s T _Z
29p ' 9q opdq 0pdq dq  9p dqdq) dp
82X dp  dx ¢ Py d¢ dax 3%¢ \ 3y
dqdp dp ~ 9q dpdp  dpdp dg  dp dqdp) dq’
implying

(0. ), 0+ (¥, ), )+ ((x.9), ¥)=0.
It is also easy to check that
(e+¥. 0+W+x. 0+ +9. )=
@ X+W.)+W o)+ + 0¥+, ¥).
O

The newly characterized bracket allows to obtain first integrals from others, as
shown in the following two results.
Theorem 10.4 (Jacobi—Poisson). If f and g are first integrals of a system with Hamil-
tonian H, then the function

vi=(f8 (10.27)
is also the first integral of the same system.

Proof. Since f and g are first integrals, by (10.24) we have

af
m +(f, H)=
(10.28)

ag
. ) H = 01
» + (g, H)
and for ¢, if it is also a first integral, we must have

% (L H) =0, (10.29)

Now, by the definition of v, given in (10.27), and by the properties of the Lee—Poisson
brackets we have

oy (of 0g
E—(W)*(ﬂ&)
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and

W.H)=((f.9) . H)=-0g. H). /)= ((H. f).g).

Using the properties

0 0
—(H. f)=(f.H). (f, 8—f)=—<8—‘f,f),

we get

oy af g
T~ B H = ~. 5 H ) - . ) H ) )
at+<w ) <8t+(f )g> (8t+(g ) f)
where (10.29) follows, given the premise (10.28). O

Lemma 10.3. If f (t,q,p) = cotnst and therefore is the first integral of a Hamiltonian

i

system and if qq is a cyclic coordinate of the same system, then foranyi=1,2..

i
o
are also first integrals.

Proof. Let H be the Hamilton function of the system. Since f is the first integral,
by (10.24) we have

af B
oot =0,

The derivative of this expression with respect to g, is given by

0% f B]
— (f,H)=0. 10.30
s + e (f, H) ( )

But by the property (d) of the Lee—Poisson brackets,

9 _ (3 OH\ _ (3f
@(f’H)_<3qa’H>+<’3qa)_<3qa’H>’

oH
where — = 0 since g, is cyclic. Using this result, (10.30) is reduced to

o

a a a

__f+ _f’H EO,
0t 3qq 99q

a

and hence, in view of (10.24) B—f is the first integral, implying that there exists a
q

constant C such that ¢

d
a—f (t,q,p)=C.
qa
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The fact that higher order derivatives are also first integrals is established by a similar
process. O

In stationary Hamiltonian systems, where H is not an explicit function of time,
it follows that H is also a first integral.

Lemma 10.4. If the Hamilton function H of a dynamic system is such that

oH
— =0,
ot

then H is a first integral, namely,
H(q(?),p(#)) = const.

Proof. By the condition (10.25), H is the first integral if and only if
(H,H)=0,

which is trivially satisfied in view of the definition of the Lee—Poisson brackets given
in (10.20). O

The previous lemma allows us to test easily a result of Chapter 3 (Section 3.3)
concerning the conservation of total mechanical energy in conservative systems.

Example 10.8. Let us show that the total mechanical energy of a conservative particle
system remains constant. Since the mechanical energy of a particle system is the sum
of the mechanical energies of the particles, it is enough to show the statement for the
terms. If it has mass m, the kinetic energy is

T=E<x2+y2+zz),

while the potential energy V (x, y, z) obeys some standard expression. As obtained in
the first example of this chapter, if

T
q:=[x vy ],
the generalized impulse is given by
p=mq,
implying
1
T ()= Ipl*,
m
and the Hamiltonian of this system is

H@,p=T@m+VQ,
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that is, it is the total mechanical energy of the particle, which also does not explicitly
depend on time. So, in view of the previous lemma, it remains constant, that is,

T +VQ= coPst.

10.4.3 First integrals by inspection

The first integrals can be identified by the form of the Hamiltonian. The results that
follow address this fact.

Lemma 10.5. If the Hamiltonian H of a given system has the structure
H=H(f(q1.92: " .qm, P1, P2~ s Pm) » m+1> Pm+15 "~ s qns Pn3 1) s

then f (q1, 2. +qm, P1» P2, » Pm) is a first integral, that is,
f@@,q@), . qu@),p1@),p2), -, pmn ) =C

for some constant C.

Proof. Note that

_N~ (3 0H _Of 9HN _~ (0f 0H of _ of 9H Of \ _
o H)_§<3q1' dpi  Opi 3611')_2(3%' af dpi  dpi of 3!11')_0’

and the result follows from the condition (10.25). |
The following simple example illustrates the usefulness of the previous result.

Example 10.9. The immediate application of the previous lemma to the Hamiltonian
function

coSq1 1
H=< > +q§+p§><§1nq3+p3)

allows to establish that

cosq (1)
p1 (1)

1
3Ings (1) + p3 (1) = C2,

2
+30+p"=c,

where C;, C, are some constants.

Lemma 10.6. If the Hamiltonian H of a system has the form

HZH(()DI (q1,p1)a§02(q2»l72)»' awn(Qnapn);t)a
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then {@; (qi, pi)}Y'_, are the first integrals of the system, namely,

0ilg@®,pi@®)=C;, i=1,..,n,

with some constant C;, i =1, ...,n

Proof. Sinceforalll=1,...,n

d
—_ = — —+ ’H =
779 = 5% (@1, H)

n
dp; 0H  0¢; 0H
(goz,H>=Z(— )=
= \9qi dpi  9pi 9q;
dp; 0H dgp dp; 0H d¢y _
dq1 dpr Op;  Op; D¢y dqr

in view of the condition (10.25) the statement follows.

O
An illustrative example of the result is presented below.
Example 10.10.

a) If
n
H="ai0)sin(q? + p?)
i=1

is a Hamiltonian function of some system, by the previous lemma, it is concluded
that

Sin(q,»2 (t) + p? (t)) =, i=1,..,n,

for some constants «;, i =1, ...,n
If the function

e ()

is a Hamiltonian of some system, then

b)

%2 (t)+17,-2(l‘) =8, i=1,..,n,

with some constants B;,i =1, ...,n
Lemma 10.7 (On a telescopic structure). Assume that the Hamiltonian function H of
a system can be presented in the form

H=H(¢j (- @2(01(q1. P1):G2. P2) )3 qj1, Pj+1s

s Pit),
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for some j (1 < j <n). Then

{0k (k=1 C -2 (01 (q1, P1) 1 92, P2)5 i Gk—1> Pk—1) s Gk» PK) Y=y

are the first integrals of this system so that there exist constants Cy, k =1, ..., j, such
that

Ok (Qk—1 ¢+ @2 (01 (g1, P1) 592, P2) 5+ s Gk—1> Pk—1) s Gk»> Pk) = Ck.

Proof. Note that for any k (1 <k < j) andany i (1 <i <n) we have

dor  OH < Ak %) dgi

. relp,q}, i<k,

ari g \dgk_1 91 ) ori
OH oH ( Ik 8(02) dgi
ar;  dgr \dgk—1  d¢1 ) Ori”

and therefore

n J
opr OH 0@ OH dor 0H  0pr 0H
(<pk,H)=Z< Pk _ 9%k >:Z< Pk _ 9%k >

—\98qi dpi  dpi 9q; ) =/ \93qi dpi  Ipi 3q;

[ LR LA LY RNy

P do \dgi_1 g1 ) 0qi dpe \dpe—1 91 ) Op;
3_H( ¢k 3&)%%( 9ok @) doi _
0o \0pr—1  0¢1/ Op; g \Opr—1 391/ 9q;

[aH ( I ...@)Ti(aw@_%%:o
g1 i=1 ’

@ 8@k—l 8ql 3pi 8pl' 8(/]1
and again the result follows from the condition (10.25). O

The newly formulated lemma serves to identify first integrals in systems as in the
following example.

Example 10.11. Suppose the Hamiltonian function of a certain system is

2
. + COS
H= p% +sing; + —(pz p32 92) .
q;

Then, by the previous lemma, it follows that

p3(t) =Cy,

(p2(t) + p3(1) cos (1))
a2t B

p(t) +singi (1) = C

Ca,

for some constants Cy, C, Cs.
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The chapter concludes with two more results on obtaining first integrals from the
Hamiltonian form.

Lemma 10.8. If a system has a Hamiltonian function of the form

Yoy fi (i, pi)
_ , 10.31
> i (i, pi) ( )

then { f; (gi, pi) — Ho; (gi, pi)};'zl are the first integrals of the system, namely, there
exist some constants C;, i =1, ..., n, such that

fi @i, pi) — Hoi (qi, pi) = Ci. (10.32)
Proof. First let us show that for any functions f (g, p) and g(q, p), we have

(f&. H)=f (g H)+g(f, H). (10.33)
Indeed, by the definition of the Poisson brackets we have

_s-[ausan _auw o) _
(fgvH)—E[ dgi Opi op; 3%}_

- af dg\ OH af dg\ 0H
2t o) o et e ) o | =
qi 0q; ) dp; opi opi ) 9q;

i=1

" /dg 9H 9dg OH " /3f 9H df OH
Fy(fun oy (oo oy
1 i=1

dg; dp;  dp; Iq; dg; Op;  dp; Iq;

i=

and the assertion (10.33) follows. In view of (10.25), formula (10.32) holds if and only
if

(fi (i pi) — Hei (qi, pi), H) =0.
But, by (10.33)
(fi—Hei, H)=(fi,H)— (Hpi, H)=(fi, H) — H (¢i, H) —¢i (H, H),
and since (H, H) = 0 we may conclude that
n n
ofi oH  df; 0H dp; OH  0¢; 0H
PRI o (L AL Y ALY
dqj dpj  9pj 9q; ‘o \04j9pj  p;oq;
_0fi 0H  df; 0H H(E)(p,- oH dg; 8H>

j=1

dg; dp;  Op; dq;

~ 9q; dpi  dp; 0q;

_(aﬁ- H8<p,->8H <8fi Hagoi)aH
aq; 9gi ) 9pi opi api ) dqi
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Now, deriving (10.31) we get

Afj n 09 —n af; d¢;
VA o S A I P A Sk ')
OH _ or 2izi ¢ or; izt fi o
arj (X ) Yo

re{pvq}’ j=1a-~-7na

which is why

" (of d0;\ 0H af; dp; \ OH
(ﬁ—Hwi,H>=Z< iy “’) —<8£—H “’) =
J

(%_H%> IH _(%_Ha(pi) OH _

9q; dqj ) opj

j=1

api opi ) 0qi

afi 0g;

9gi dgi ) dpi

ofi H3<Pi

apj/) 9qi

Ofi 0H _0fi 0H _0fi opi ' dpi i dar | dar _

dqi dpi  Opi dqi  dqi Y19 opi

which concludes the proof.
Lemma 10.9. Consider a system with the Hamiltonian

Yo i (g, pi)

H = ,
1o Yo Bivi (qis pi)

Z;l: 191

(10.34)

where a;, Bi, i = 1, ..., n, are some constants. Then {¢; (q;, pi)};’zl are the first inte-

grals of the system, satisfying

@i (gi (1), pi)=Ci, i=1,.,n,
for some set of constants C;.

Proof. Since ¢; = ¢; (g;, p;i) it follows that

36]] 3pj 3pj 86]]

n
dgi OH 3¢ OH\ 3¢ 0H 3¢ 9H
WﬁH):Z( @i @i )_ ¢i 0H g

= ~ 9q; api
But in view of (10.34) H results in

OH _ 09 Y Bigi — B Y i ¢

a}’j arj (Z:'l:l /3[90[)2
dgj o f (1) = BiH

, ref{p,q}, j=1,..
arj i1 Bivi

=f@ =

dpi 0qi
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SO
dpi 0pi a; f (1) — BiH 3¢ 3¢ o f (1) — pi H
(¢i, H) = ~r —~i—— =0,
dqi dpi i1 Biw;  Opi dqi Y i1 Bjwj
and by (10.25) the result follows. O

10.5 Exercises

Exercise 10.1. The Hamiltonian H of a system is

H= (q12 —i—p%) F(p2, ..., pn,1).
Show that the movement of the system is given in the form
pi (1) =a;,

0 fori =2, ...
qi (1) =f¥%/ aa.F(Oéz, o o, 1) dt + B,
1

and
q1 (1) = o1 sin (2/ F (a3, ...,Oln,l‘)dt—i-ﬂ]) ,

q1 (t) = aqcos (2/ F(ay,...,apn, t)dt +,31) .

Exercise 10.2. Show that using the Poisson brackets (10.20) the canonical Hamilton
equations (10.9) can be represented as

gi=(qi, H), | .
. i=1,..,n.
pi=(pi, H),

Exercise 10.3. The function W (g, p, t) (g, p € R) satisfies the relation

3
S W+ (W H)=F @),

where (W, H) is the Poisson bracket. Check that the first integrals of the canonical
system with the Hamiltonian A have the form

ﬁ(q,p,r)=W(qi,p,-,r)—/m)dt, i1 ..n.

Exercise 10.4. A mechanical system with the Lagrangian

4
1.,
L=5;q,~—n<q>
1=
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has the first integral

f=a(q192 — §192) + B (q3G4 — §394)

where o and $ are constant parameters. Show that the potential energy I (g) of the
system has the form

I(q=F (qlz +43, 95 +qF, a arctan <@) — Barctan (ﬂ)) .
q4 q2

Exercise 10.5. A dynamic system is described by a system of differential equations
X=fix),i=1,..,n, xeR". (10.35)

For each starting point x (0) = a there is a temporary mean

1 T
lim — 1)dt = ,
o ftzog(X(a, ) v (a)
where g: R" — R is some function and x (a, ¢) is the solution of the system (10.35)
with the initial value a. Show that the function v (x) will be the first integral of the
system.
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The canonical transformations of the dynamic variables, describing Hamiltonians
in new variables, are considered. Several criteria of canonicity are studied. The
Hamilton—Jacobi (HJ) equation that corresponds to Hamiltonian canonical equations
is also considered and analyzed in detail. Their complete integrals (solutions) are
found. This chapter shows also the relation between the HJ equation in mechanics
of conservative systems and the dynamic programming method in optimal control

theory.

11.1 Canonical transformations

The Hamiltonian H depends on the variables ¢, q, and p:

H=H(,q,p),
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so that

oH ) oH .
=—) pi=——, i=1,n. (11.1)
api g

qi
These variables are transformed into a set of new variables:

gi =¢i(t,q,p),

. (11.2)
Pi=vit.q,p).
We also will require the property of one-to-one mappings of (11.2) to be able to re-
cuperate back the coordinates (q, p) from new ones ((], f)). To make it possible, using
the theorem on inverse functions, the following condition must be satisfied:

r o d 0 d b
%Qﬂl @‘Pn a—qll/fl a—qllﬁn
d d 0 d
a‘ﬂl a—plfﬂn B—plwl a—pl‘ﬁn
det : : : : : : #0 (11.3)
d d 0 d
8Qn¢1 8qn(pn aqnl/fl @wn
d d 0 d
R T e S v 1

for all (q, p) and any ¢ > 0.

Definition 11.1. The nonlinear mapping from the space (¢, q,p) into the space
(t,q, p) by means of the vector functions ¢ and ¥ (see (11.2)), respectively, which
satisfies the condition (11.3), is referred to as a canonical transformation if there
exists a function H (¢, q, p) such that the new variables q and p satisfy

d OH,qP)  d 0H (.4, D)
—qt)=—F77, —pilt)=———=—, i=1,n. (11.4)
dt d p; dt 9gi

The central idea of Hamilton was to look for a transformation such that the new
Hamiltonian H would be as simple as possible, for example, equal to zero or to a
constant c. Therefore, following his idea, selecting

I:](t, q,p)=0 forany (¢,q,p),

we will have

—¢q; (t) =0and g; (t) = o; = const,
dt ' (11.5)

d . -
7P (1) =0and g; (1) = Bi = const;
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and from this point we do not need to resolve the system of differential equa-
tions (11.1), dealing now only with the system (11.5) of algebraic equations, which is
significantly simpler.

11.2 The Hamilton-Jacobi method

This scheme consists in the following considerations.
Given the derivatives of the Hamilton variables

q=V;H, p=-V;H,

as well as its canonical transformations q = ¢(¢, q, p) and p = ¥ (¢, q, p), respectively,
which satisfy

d ~ L d S
E‘p(t’q7p):vf)H(t?q1p)f Ew(t$qsp)=_qu(tvq»p)v

we may realize the main idea to select these transformations in such a way that the
new Hamiltonian would be as simple as possible. In the particular case where the
Hamiltonian H (¢, q, p) is equal to zero, namely,

H(t.4.p) =0,

the transformation functions ¢ (¢, q, p) and p = ¥ (¢, , p) are constant:
q=¢(, q,p) =const, p=7vy(t q,p)) = const,

being able to redefine these functions by
o =¢i(t,q,p), Pfi=1vi,q.p).

So, the new algebraic system is of the type

gi=qit,a,B), pi=pitap).

Two problems arise:

1. Obtain criteria of “canonicity” for transformations ¢ and ¥.
2. For which canonical transformations ¢ and ¥ do we have H (¢, q, p) = 0?

11.3 Hamiltonian action and its variation

The first problem is solved using the so-called invariant integral of Poincaré and the
concept of the Hamiltonian action defined by (see Fig. 11.1)

1 ()
I (@) ::/ l L(t,q(t,2),q(t,a))dt, «ac[0,1]. (11.6)
I

0(c)
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t C

M ty(a)

Co
to(@)

q

Figure 11.1 A family of trajectories of a Hamiltonian system in the extended state space with two initial
and final contours.

Its derivative on « is

I'(a) = L(t1(), q(t1 (@), 41 () 17 () —
L(to(e), q(to()), @(to())) () +

1 (o)
/ l [VJL(r,q(r,a) q(. a))aq(’ )y (11.7)
to(a)
VIL(z.q(r. @), (T, a))&aa) }

Let us use the short notations:

Li—y @ = L(t1 (@), q(t1(@)), q(t1())),
Li—1y() := L(to(@), q(to(@)), q(to(a))),
Lig:=L(t,q(t,a),q(r, ).

Therefore we have

81 (o) = Li—t ()8 t1 (@) — Li—sy(a) 70 () +

n@ * rar oL (11.8)
/ Z[ =2 8qi(z, o) + .’*“aq,-u,a)}dr,
@ ‘=L 99 agi

where for T € (fo(a), t1 (@))
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dq; (1, )
5qi (T, o) = "’Taa = [8g/1, .

Integration by parts leads to the following expression:

81 (o) = Li—t ()8 t1 (@) — Li—sy(a) 70 () +

ne) X rar d dL
/ > [ ot — .T’“} 8qi(z, a)dT+
@ =L 9gi dt 0g;

n n
oL oL
> 3 2281 (T, &) L=ty (@) — Y, 3 =28qi (T, @) li=ip(e) =
i=1 i=1 !
pi(tT,a) pi(T,@)

Li—1 ()0 t1(at) — Ly—gy(ar) 810 () +

Y pilti(@), )8g; (i (@), @) = Y pilto(@), @)dg; (to(@), @)

i=1 i=1

ne L rar d AL
+/ Z|: LEL A _T’ai|5q,~ (t,a)dr.
e =L 9¢  dt 3qi

For the variations of the terminal conditions we have (s =0, 1)

0gi s (@), )

8qi (s (), &) = g (15 (), )8t () + 3 =
o

qi (ts (), a)dts () + [SQi]tx(a) ’
which gives
8qi (15 (), &) = [84i];, (o) + 4i (ts (@), )8t (@), s =0, 1.

Recalling that
n
H(1,q,p) = [Zpiqi —L(aq@)} :
i=l 4=4(1,q.p)

n
[L (ta qv Q)]ngq,q,p) = sz‘b (tv qs p) - H (tv q5 p) 3
i=1

(11.9)

(11.10)
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substitution of (11.10) into (11.9) leads to the relation

i=1

81(a) = [Z pidi (t.q.p) — H (1.4, p)} 811(c)+
t=t1 (@)

> piti(@), @) [[8gi, ) + i (11 (@), @)St1 ()]

i=1

i=1

- [Z pigi (t,q,p) — H (1,4, p)} Sto(er)—
t=to(a)

D pilto(a), @) [[8Gil1y () + i (to(@), @)St0(e)]

i=1

ne 2 rgr d oL
[ Z[ e f’“}éqi (t, )d.
fo(r) 9g; dt 0g;

i=1

Simplification of the last equation gives

8I(@) =) pi(ti(e), &) [8Gilyy @) — [H (t, @ P)ly—r, (@ 8 11 ()

i=1

- (Z Pi(t0(@), @) [84i Ty e — [H (1 €y P y—sg 5t0(0l)> +

i=1
@ 2 raL d oL
/ Z[ o — _r’ai|8q,-(r,oz)dr.
@ =L 3¢ dt 3qi
Defining
n t=t;(«)
[Zm [5qi]—H(r,q,p>at] =
i=1 t=to(at)

Z Di (tl (a)v O{) [Sqi]tl(a) - [H (tv q, p)][:tl () 1) 4] (O{)—

i=1

(Z pi(to(@), &) [8qi i) — [H (.4, P)i=1y(a) fO(“)) ,

i=1

the last relation becomes
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" t=t) (@)
1@ =) pilsqil —H (t.q.p)31 +
i=1 t=to(er) (11.11)
ne) X raL d oL
/ [ LECI ”‘:| 8qi (T, a)dr.
n@ =L 9gi dt 9g;

Remark 11.1. If the triple (¢, q, ¢) corresponds to the dynamic path (line) of a real
mechanical system where

oL d oL
M =0 (i=1,.n),
86[,‘ dt aq,‘

then

t=t1 (@)

8I(@)=|>_ pildqi]—H (t,q.p) 51 : (11.12)

i=1 t=to ()

11.4 Integral invariants

Expression (11.12) for the variation of the Hamiltonian action in the extended space
(z, q, p) allows to establish two fundamental statements of mechanical systems.

11.4.1 Integral invariants of Poincaré and Poincaré—Cartan

Theorem 11.1 (Poincaré, 1885). For any Hamiltonian system the following properties
hold:

! Jules Henri Poincaré (April 29, 1854-July 17, 1912) was a French mathematician, theoretical physicist,
engineer, and philosopher of science. He is often described as a polymath, and in mathematics as “the
last universalist,” since he excelled in all fields of the discipline as it existed during his lifetime. As
a mathematician and physicist, he made many original fundamental contributions to pure and applied
mathematics, mathematical physics, and celestial mechanics. In his research on the three-body problem,
Poincaré became the first person to discover a chaotic deterministic system which laid the foundations of
modern chaos theory. He is also considered to be one of the founders of the field of topology.

Poincaré made the importance of paying attention to the invariance of laws of physics under different
transformations clear, and was the first to present the Lorentz transformations in their modern symmet-
rical form. Poincaré discovered the remaining relativistic velocity transformations and recorded them in
a letter to Hendrik Lorentz in 1905. Thus he obtained perfect invariance of all of Maxwell’s equations,
an important step in the formulation of the theory of special relativity. In 1905, Poincaré first proposed
gravitational waves (ondes gravifiques) emanating from a body and propagating at the speed of light as
being required by the Lorentz transformations.

The Poincaré group used in physics and mathematics was named after him.
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1. Integral Poincaré—Cartan invariant:

n
Ik = ¢ > pidai—H (.4, )81 const
any contour C

‘1 mdepena'enlly on contour C
1=

(11.13)
2. Integral universal Poincaré invariant:
Ip :_f Zp,(Sq, = const (11.14)
any contour Cr—const i1 independently on contour Ci=const

(it is referred to as universal invariant because of the independence of H (t, q, p),
that is, it is valid for all Hamiltonian systems).

Proof. 1. Consider two contours, Cy corresponding to time #y (o) and C; corre-
sponding to time #1 («), as in Fig. 11.1. Taking into account that C is a contour
(I(x=1)=1(ax =0)), from (11.12) we have

1
0=1(1)—1(0) =/ dl () =

1 n
/ [Zmaq, —H(t.q, p)ar}
a=0 i=1

1 n
/ [Zpimq, —H(t, qp)ar}
*=0Li=1 1=io(e)
% [sz[SQz]—H(qup)at}_

Ci izt
?{ [Zpi[éqi]—H(t,q,p)ét]

Co

i=1

t=ty(a)

implying (11.13).
2. In this case we have 879(«) = 6¢1 (o) = O since both contours correspond to the
constant times #o(«) = const and #1 (o) = const (see Fig. 11.2). That is why
ael0;1] ael0;1]

n
Ur—klc_oons =7§ Z pildqil=1Ip.

t=const ;1

11.4.2 The Lee Hwa Chung theorem

The following results (Lee, 1947) turned out to be very useful for a wide class of
applications.
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t G ti (@) = const

Sl I

to(a) = const
Co a

p

q

Figure 11.2 A family of trajectories of a Hamiltonian system in the extended state space with two initial
and final contours: both correspond to constant times.

Theorem 11.2 (Lee Hwa Chung, 1947). If the contour integral

n
ILpe = ?g > [Ai (t,q,p)8qi + Bi (,q,p) 8pi]
Ct=consl i=1 (1115)

=7§C (AT (t,q,p)8q+ BT (1,q.p) 5p)
t=const

does not depend on the contour Ci—const for any Hamiltonian system, or in other
words, it is universal, then there exists a constant ¢ (independent on the considered
contour) such that

Irgc=clp. (11.16)

Proof. Since both integrals are constants, there exists a constant ¢1 (may be dependent
on the considered contour C,(i)const) such that (omitting arguments)

T Tsp) = T
fc,('_’ t(A 8q+ B ap)_clfct(]_) tp iq,
or equivalently,

55(1) ([A = c1p]T 8q + BT3p) =0. (11.17)
C,

t=const

Since the integral (11.17) is equal to zero for any value of the variable f € Ct(lz)Const
and for any arbitrary path Cl(i)const of integration, the expression under the sign of the

integral must be a fotal differential of some function ® (q, p). Therefore

O—f 8@—% ik T8 + ik T8
S ~Jew, Wag) M1 ) P

t=const
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with

L) R
—=A—cpand — = B. (11.18)
iq p

) 0 8 0
Since t = const, here we have — = — and — = ——. Taking into account that for
, gi  9g; Spi Opi
smooth functions

P’d 920
opidg;  9q;dp;
and hence

P’ (92D \T
opdq  \dqip/

from this property and in view of (11.18) it follows that

dA aB\T
— —c1lhyxn=—) . (11.19)
ap aq

But the same is true for another contour C t(lz)const with another constant ¢, namely,

A 9B\ T
— — o= —1 . (11.20)
ap aq

Comparing (11.19) and (11.20) we conclude that c; = ¢; = c and

dA aB\T
B e =) . (11.21)
op aq

which proves the theorem. O

Example 11.1. Let us consider the single-dimensional case with n = 1 and the inte-
gral

I=§ 1Al P+ Bl P3P,
Cl:L‘ﬂilSY
with
p
A= =and B=¢q +In(g).
q
We wish to know whether this integral is universal. If it is universal, then by the Lee

Hwa Chung theorem, Theorem 11.2, and in view of (11.21) the following property
should be satisfied:

0 A ) BB
— (A—c¢p)= —B,
ap P aq
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or
B <p> 9
—\|=)—c=-—(@+ng),
ap \q dq

which gives

1 1
——c=14+ -
q q
and
c=-—1.
So, indeed there exists a constant ¢ = —1, satisfying (11.21), and hence the considered

integral [ is universal.

11.5 Canonicity criteria

11.5.1 Poincaré theorem: (c, F)-criterion
Theorem 11.3 (Poincaré). A pair ¢ and ¥ of the coordinates transformation
Gi=¢it.q.p) pi=vi(t.q.p) (i=1,..m) (11.22)

is canonical if and only if there exist a constant ¢ and a function F (t, q, p) such that
n n
D Vidpi —c Y pidgi=—3F, (11.23)
i=1 i=1

where
1) oF
So; :=dy; — —dt, §F :=dF — —dt.
@i @i Y Y

Proof. a) Necessity. Suppose that {¢, ¥} is a canonical couple for a Hamiltonian
system with the coordinates (q, p) and the Hamiltonian H (¢, q, p) transforms
these coordinates into new ones ((1, f)), satisfying the Hamiltonian equations

with the Hamiltonian H (. Q. p). Take two arbitrary closed contours C;—cons; and

ét:mmst in two different spaces (¢, q, p) and (t, q, f)) but corresponding to the
same fixed time ¢. Then by Theorem 11.1 we have

n n
% (ZPiSQi—H(Lq,P)5f>=y§ > pidqi,
C/=C0n5‘ C

i=1 1=const ;1

n n
f (Zﬁia@ —H (t,q,fa)at) =f Y biddi.
CI:const C

i=1 t=const ;1
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Using (11.22) we get

7§c Zp,éql fc Zwl(rqpmw,aqp)—

t=const ;_1 t=const ;1

81' ,q, T 8[ s Y, T
?g Zwl(tqp)[(w(tqp)) 8q+<w(tqp)) 8pi|=
C 3q Sp

t=const ; _1

fc [(Zwloqp)ﬁ) 5q

i=1

(sz(t @.p dei(t,q, p)) p}
3p

:7€c (AT (1. q.p) 5q+ BT (1. q. p) 3p)
t=const

where
A(t,q,p) = lefz(t a. p)M
i=1
and
B, qp)—va qp)M

i=1

Then by the Lee Hwa Chung theorem, Theorem 11.15, it follows that there exists
a constant ¢ such that

7§c Zpl&zz —y{ (AT(t.q.p)8q+ BT (1,4, p) 3p)
1= COnSti 1

Cf =const

=c Zpl&zl,

Cf COﬂSll‘ 1
which gives
¢ zw,aw,—czp,aql ~0.
C1=C0nst i=1

Since the last expression is true for any arbitrary contour Cy—const, the expression
under the integral should be a total differential of some function ® of (q, p)
variables, namely,

n n
D idgi—c Y pidqi =589
i=1 i=1

Defining F := —®, we get (11.23).
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b) Sufficiency. Suppose that (11.23) holds. We need to demonstrate that there exists
a Hamiltonian function H (t, q, f)) such that

d_. 0 ~, _ _ d . 0 ~ . .
Sa= ﬁH(t,q,p) and Ep_—ﬁH(z‘,q,p).

Integrating (11.23) on some contour C;—const W€ Obtain
n n
f D idpi —c Y pida; =—jl€ §F =0,
Cr=const i=1 i=1 Cir=const
which implies
n n n
?g Zﬁi&?izf ZW}‘&M:C% > pidq:.
Cr:consl i=1 CI:consl j=] Ct:consl i=1

Since the original system is Hamiltonian by the Poincaré theorem, Theorem 11.1,
it follows that

n n
f Zﬁi&?izcyg Zpi&li:clpz
Ct=const i=1

Ct:cons[ i=1

CO .
independently on contour Cr—const

Therefore a system in new coordinates is Hamiltonian too.
O

Definition 11.2. The function F is referred to as the generating function, and the
constant ¢ as the valence of the canonical transformation {¢, ¥}.

Example 11.2. Let n = 1 and let the nonlinear transformation {¢, ¥} be given by

G=qp, p=In (qzop”)- (11.24)

We need to establish if this transformation is canonical, finding valence ¢ and gener-
ating function F. We have

¢=qp, ¥ =In (Clzop”) =20Ing +17Inp

and

fc [V d¢ — cpdql = ?g [(20lng + 171In p) 8 (gp) — cpdq] =

Ct =const

% [(20lng +17Inp — ¢) pdg 4+ (20Ing + 17In p) gép] = 0.
Ct=COHSl
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If F exists it should satisfy the equations
(20lng+17Inp —c)p =

5 3
—%Fand (201nq+171np)q=_$F’ (11.25)

e e
apaq - aqop

which gives

(20lng +17Inp —c¢) +17= (20Ing + 171n p) + 20,
which is true for

c=-3.

So, we have found the valence. Now to find the generating function F, let us integrate
the second relation in (11.25):

—F:/ (20lng + 171n p) gdp =20gpIng + 17q/1npdp+f(q).
P P

To find F we need to recuperate f (q). Substituting this representation of F in the first
equation of (11.25) implies

0
_B—F =20lng+ 17lnp —c) p=20plng + 20p
q
d
+17 | Inpdp +—f(q).,
p dq
d
—f(@)=17plnp—17p—17 | Inpdp,
dq p
f(@) = <17p1np —17p — 17[ lnpdp> q — const,
p
and, finally,
F =¢gp (17 —-37Inq) + const.
So, the considered transformation (11.24) is canonical.

11.5.2 Analytical expression for the Hamiltonian after a
coordinate canonical transformation

Let us prove the following useful result.
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Theorem 11.4. If some integral

I ;_f <Z pidqg;i — ®(1,q, P)5f>
any contour C

in the coordinate space (t, q, p) is constant for any arbitrary contour C, that is,

Iy = const
independently on contour c’

then this system is Hamiltonian with H (t, q, p) such that

9
cH(t,q,p)=®(1,q,p) + EG(”" p) (11.26)

for some function G(t, q, p) and a constant c.

Proof. By the Poincaré theorem, Theorem 1 1.1, the considered system is Hamiltonian
if and only if the integral

Ip—k :=¢ [szrsq, H(1,q, p)c”}
any contour C' | ;=

is constant, namely,

Ip_g = const
independently on contour c

Therefore we have
Io =clp_g

for some ¢, and as a result,

n
jg [Zpiz?qi —d>(t,q,p)5t] = 7{ [sz&]z HSt},
any contour C | . any contour C

i=1

which gives

f (cH—®)8r =0
any contour C

From this relation it follows that it is a complete integral over this contour:

G G G
H—®)b1=dG = ——t 8qi + —3dpi |,
(c ) +Z[ qi + o pl]
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and since variations &, 8g;, and §p; are independent we get

9G _9G _ G _,
at  dqi  pi

which gives (11.26). O
Now we are ready to formulate the main result of this subsection.

Theorem 11.5. If a transformation {@, ¥} is canonical, then the Hamiltonian
H (t, q, f)) after a coordinate canonical transformation is as follows:

L 3
c1H(1,.4,p) = (cH (t.q.p)+ - F(.q, P)> la=a(@.5). p=p@.5)
(11.27)

9
—G(,q,p).
+8t . q,p)

Proof. Since the considered pair {¢, ¥} is canonical, the system (¢, q, p) and (t, q, f))
is Hamiltonian and by Theorem 11.1 we have

n n
Y widgi—c ) pidgi=—3F &
i=1 i=1

n n
> pidGi — cHst=c (Z pidqi — H8t> —8F &

i=1 i=1

n n
Yo~ a
E p;&q;—cHBt:c(E pqui—H(St)—(dF—gF(St)@

i=1 i=1

n n
_ )
;Pia% - <cH + 5F> St=c (Z pisqi — H(St) —dF.
1=

i=1

(11.28)

Integrating this identity over some arbitrary contour C in the extended space (t, q, f)),
which corresponds to some contour C in the space (¢, q, p), we get

- d
Ip_ g ::f ) Zﬁ,ﬁqi - <cH+—F) 8t | = const )
any contour C 1 ot independently on contour C

i=

n
= c pidgi —Hét | —dF | =
iny ContourC|: (Z o

i=1

pidq; — Hét —% dF =
any contour C
[ ——

0

n

$ >
any contour C

i=1

Ip_k

clp_x = const .
independently of contour C
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Hence, by Theorem 11.4 it follows that

o 3
&(,q,p) = (cH + gF) la=a(G.5). p=p@d.5)

and
- . 3 o
ciH (t, q, P) =& (t, q, p) + §G(“ q.p) =
0 3 o
cH+ =2 F ) la=a@.p). p=p@.p) 3,6 4. ),
which proves the theorem. .

Remark 11.2. The constant ¢ is not equal to zero since [27:1 pidGi — H 8t] is not
a total differential. Hence dividing (11.27) by c¢; we obtain

L By d -
H(r,q,p)= (cH (t.9.p) +—F (.q, p)) lq=q(@., ), p=p(.p)* (11.29)
where

c=c/cy, F:é(F—i—G)

11.5.3 Brackets of Lagrange

Corollary 11.1. A functional pair {@, ¥} is canonical if and only if there exists a
constant ¢ such that:

1.
n
dp; 0Y;  dg; 0
|:(Pz 1//1_ Pi wz]:z[qj’qk]zo Vi k=1,n, (11.30)
— 199 9k 9qx 9q;
2.
n
dp; 0V  0; OY;
[ﬂﬂ_ﬂﬂ]:[pj,qk]zo Vi k=T, (11.31)
— Lopj dpx  pk Ip;
3.
n
dp; 0y,  d@; OY;
|: @i OV, 09 I//li|:=[q]',pk]:caj,k: (11.32)
— L9q; dpx  9pk 9g

with
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1, forj=k, ) N
cdjr=c ) jk=1,n.
0, forj#k,

The expression [q;, pi] is referred to as the brackets of Lagrange.
Proof. By (11.23) we have

n n
Zwi&pi - CZP:‘(S%‘ =—4F.
i=1 i=1

Since

n

oF oF
SF(t.q.p)=) [—&u + —apj}

oL op
and
" [0 Ap;
Spi = [ ’511‘+—15p~],
we get
n n aw 8(p n
ZW; Z |:—18qj + —lép]] - ch,qu =
o oLoa) pj =1
j= i=
n n n
d¢i d¢
S5 | S0+ 2] ey pisar =
j=li=l 4 i=1
n n a(p §0 n
J j
55 5[ S+ § o |~ e b =
i=1j=1 i=1
n n . n (p
Do\ | o vigs —epi | bai+ Y vy Lo | =
i=1 j=1 j=1
n
_Z Ea + Eg
. 94 qi ap; Pi
i=1
This implies
dF Xn:W dp; IF Xn:‘ﬁ dp; 1133)
- = ; —cpi, —— = ; . .
i o Tagi P Topi o 7 opi

Since F (¢, q, p) is total differential in space (q, p) under the fixed ¢, the following
properties hold for all i, k:
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ad (BF) a (8 )
dqk \ 9gi dqi \dqx )"
a (0F a [0F
— (= )==(—=), (11.34)
dpk \ 0pi dpi \ Opk
d <8F>_ 0 <8F)
apr \dqi ) 9qi \dpx )

Substituting (11.33) into (11.34) gives

n

KN 3%_._"%% 0 (395 _
gk ;% b _J;( Y < >>_

dqx 9q; jBQk 0g;
" ¢ "0y 09, 3 [0g;
ZW/—J—P =Z<3Ja—]+lﬁja—<a—1>),
pas o1\ g0 gk gi \ 9qx

which leads to (11.30). Analogously we may obtain (11.31). As for (11.32) we have

3 (OF
= (= W ep | =
3pk<8qi) apr JZ ! 8qz '

=1

n
IV A 3 [
, Opr 9q; Opr \ 9gi

j=1
9 <8F>_ 9 iw dp; |
d9g; \dpx) g P Topr )

3Lty B0

=\ 9gi dpe " g O

which leads to (11.32). Il
Example 11.3. We have the linear transformation

q=Aq+ Bp, p=Cq+ Dp.
Let us find the conditions, which matrices A, B, C, and D should satisfy, guaranteeing

that this transformation is canonical.
For this system

n n
Yi = Z (aisqs +bisps), ¥i = Z (cisqs +disps) -

s=1 s=1
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So,
n
dp; I ;i Vi
0= [qj’ Qk] = |:_l_l - _l_l = Z aijCik — alkclk]
i=1 i=1

which in matrix format is
ATC =CTA.

Analogously, 0= [ p;, p] is equivalent to the relation
BTD=DTB

and finally, [qj, pk] =cdj ) gives
ATD —CTB =clyu.

11.5.4 Free canonical transformation and the S-canonicity
criterion

Let us consider stationary nonlinear transformations, which do not depend on time z,
namely, let in (11.2)

(11.35)

In view of the condition (11.3) there exists an inverse transformation ¢ such that

P=0(q. @, (11.36)
which leads to the following representation of p:
P=v(q ¢ 1) =V d. (11.37)

Definition 11.3. Nonlinear transformations ((]), 1/7), defined by the relations (11.36)
and (11.37), are referred to as free transformations.

Theorem 11.6 (S-canonicity criterion). The free nonlinear transformation ((ﬁ, 1})

(see (11.35)) is canonical if and only if there exist a constant ¢ and a function
S(t,q, q) such that for all i = 1, ..., n the following relations hold:

3S(t, q, q 85(t,q,q -
te@ _ - 950a® _ . (11.38)
aq; 9g;

wherein

7 ~ aS8(t,q,q)
H(ts q, (I) :CH(ta q, p) |P=P(f?‘!~0(q,fl)) +T (1139)
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Proof. In view of the transformation (11.36) the generating function F(t,q,p)
in (11.23) can be represented as

F(t,q,p)=F(,q,9(q, @) := S(.q.9), (11.40)
whose total differential has the form
BN " [as IS .
dF =dS= "8+ ; [a—qiaqi + 8—6}.1_597ii| :
Since we also have
dF = 8—F§t + ; [B—F(?qi + 8—F8pii| )
ot ; dgi api

=

the last relation in (11.29) gives
n n
> pidgi— Hst=c (Z pidqi — H8t) —dF =
i=1 i=1

n n
aS a5 a5
i6q; — Hot | — —6t — —368qg; + —8q; | = 11.41
c (ZP! qi ) 97 Z |:aqi qi + 3G %i| ( )

i=1 i=
n

EN . S\ .. EN
> (= )sar+ Yo (5o )i+ (—et = 52 ).
l

i=1 i=1 !

Equating the coefficients of 8¢;, 8g;, and §¢ in (11.41) we get (11.38) and (11.39). O

Example 11.4. We need to check if the transformations

_ _ _ 2
Qi=(pi+a)" =1 2= =20,
vp2Ta (11.42)

~ . 1
pr==pi+q). 2==5r2+q1)
with y # 0 are free canonical or not. To answer the question we need to find a con-

stant ¢ and a function S(z, q, q) satisfying (11.38). Resolving (11.42) with respect to
p1 and pr, we get

1[ : } 1[ : }
P1=—|= — D, 2= —4q1|-
Y Lg1+aq1 v La2+2q

Substitution of these expressions in the formulas for p; and p; gives

- [ 1 } < 1 + ) 1 BN
DlL=—|= —p|l—p=—\= @—q | =—= =—,
q1+q1 q1+q1 q1+q1  9q1
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. 1 1 2 1
D2 = —5(ypz+q1)= ) [m —ql] -3
1 2 1 a8
T2 <52+2612 - +q1> T o2 oqy

By Theorem 11.6 we should have

05t @ . 1
g 'Ta+a
. 11.43
050 0. . 1 (1143)
— =D =—F-
0q2 P Q2+ 2q>

Resolving the first equation in (11.43) with respect to the function S(z, q, q) we find
S(t,q,q) =In(g1 +q1) + f(@2, 491,92, 1)
Substituting this formula for S(z, q, q) into the second formula in (11.43) gives

0f (g2, q1,92,1) 1
0g2 G2 +2q2°

Integrating this equation with respect to g» we find

f(G2,q1,92,1) =1n(g2 +292) + fi(q1, 92, 1),
which implies

S, q,q) =In(g1 +q1) +1n(g2 + 292) + fi(q1, g2, 1). (11.44)
Recalling now that

05(.9.@) _

cp1,
9q1

after the substitution of (11.44) in this relation it follows that

1 af1(q1,q2,1) C|: 1 ]
po + =cp1=—|= —q2-
g1+ qi 991 y Lg1+aqi

Taking
c=y,
we derive

of1(q1,q2,1)

_q25
9q1
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which leads to
f1(q1, 92, 8) = —q192 + f2(q2, 1)
and

S(t,q,q) =In(g1 +q1) +In(g2 +292) — q192 + f2(q2,1).

Analogously, we derive

3S(r,q.q) _ 2 o+ 0f2(q2, 1) —p)
0q2 G2 +2q> g2

i ]
c—|=————q1|.
v La2+2g2
Since ¢ = y, we get

f2(q2. 1) _

O’
g2

which is why
f2(q2, 1) = f3(1),
where f3(t) is an arbitrary function of ¢. So finally,
S(,q,q) =S, q.9 =In(G1 +q1) +1n(g2 +292) — q192 + f3(1).

This means that we have found the constant ¢ and the function S(z, q, q), satisfy-
ing (11.38), and therefore the nonlinear free transformation (11.42) is canonical.

Example 11.5. For the nonlinear transformation
gi=lnpi—gqi, pi=—p;i (@(=1,..,n) (11.45)

we need to check if it is a free canonical transformation finding S(z, q, q) and c.
From (11.45) it follows that

pi =exp(qi +4i), pi =—exp(qi +4gi).
By Theorem 11.6 we should have

0S(,q,q) N .
# =—pi=exp(qi +qi)-
agi

Integrating this equation with respect to the variables g; gives

S(t,q,@) =" 4 i (G210 qist) .-
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Substituting this expression into

050,99 __;
aé];él JF#i
leads to
St q, @ . Of (Gji-qit) B
e =T PjE = =€Xpg i T qj#i),
3G 4 JF# 3G 4 ( JF# J#l)
implying

fi(@jirqit) =exp (G2 +qj2i) + fij (Grij- G qj. 1) -
Iterating this process we get

n

SU,q,@ =) e+ f(q,1).

i=1

Analogously, substitution of the last formula for S(z, q, q) into

0S(t,q,q)
— 22 —p;
agi
leads to
aS(t,q, G Gi+qi o 0 (@1 7
a8(t.q. @) — odita 4 ar@n _ cpi =cexp(qi +qi) -
dgi 9qi
Taking
c=1

we obtain foralli =1, ...,n

0 (@.1) _

O’
agi

which is equivalent to

1@, 1) = fo(),
implying

n

S(t,q, @ =Y Mt 4 fo0),

i=1

which means the transformation (11.45) is free canonical.
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11.6 The Hamilton-Jacobi equation

As mentioned in Section 7.2, the main idea of the Hamiltonian approach consists in
finding the canonical transformation such that in new transformed variables the corre-
sponding Hamiltonian would be equal to zero. Using free canonical transformations

P=0(q. &, P=V(q ¢(q.q) =V, ), (11.46)
we have the following expression for the new Hamiltonian (see (11.39)):
— 95(1,9,)
where the function S(z, q, q) satisfies the relations (11.38), namely,
aS(t,q, q 0S(t,q,q -
399 _ ., PC8D _ 51w, (11.48)
9gi 9gi

for some scalar ¢ # 0.
The following result is one the main results in this chapter.

Theorem 11.7 (Hamilton—Jacobi). If there exists a solution S(t, q, q) of the partial
differential equation

9 . 19 s
—8(t,9.9Q) +cH(,q,——S(,q,q) =0, (11.49)
at cdq

which satisfies the “non-singularity condition”

82
det| ——S8(,q,qQ) | #0 foranyq,qe R" andt >0
9q9q

and satisfies the S-canonicity criterion (see Theorem 11.6), then

Gi = ai = const =i (1,4, p),
! (11.50)
pi = /3[' = COPSt = WI(tv q, P)»

and the dynamics in the original space (t,q,p) for all i =1, ..., n satisfies the equa-
tions
9S(1,q,a)
=,
aOl,'

. (11.51)
—S(@t.q,0) =cp;.
9qi

Proof. Taking in (11.47) Hr, q, qQ) = 0, after the substitution of p from (11.48) in the
obtained equation we get the Hamilton—Jacobi equation (11.49). If there exists a non-
singular solution S(¢, q, q) of (11.49) satisfying the S-canonicity criterion (11.48), in
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view of the main Hamiltonian equations

d . d ~ d . 0 ~
—q:—~H=0, —p:——~H=O,
dt op dt aq
we find (11.50). Since our transformations are free (see Definition 11.3) and non-

singular, we are able to resolve the first equation in (11.51), obtaining

q=q(t,a,B) (11.52)
and
19
p=-—-S80qt a B),a). (11.53)
cdq
O

11.7 Complete integral of the Hamilton-Jacobi equation

11.7.1 Complete integral

In this section we will present the method helping to find the solution of the Hamilton—
Jacobi (HJ) equation for stationary systems.

Definition 11.4. A function S(¢, q, q), which is a non-singular solution of (11.49), is
referred to as a complete integral of this HJ equation.

Remark 11.3. To obtain a solution S(¢, q, q) of the HJ equation (11.49) it is suffi-
cient to take ¢ = 1, since it follows from (11.49) that if S(¢, q, q) is a solution, then

- 1
S(t,q,q)=-S(t,4q,q) is also a solution.
c

11.7.2 Generalized-conservative (stationary) systems with first
integrals

For the class of generalized-conservative (stationary) systems

oH
i
at
we have H = cotnst (see Lemma 10.4). Let us try to find the solution of (11.49) in the
form
S(t,q,q9 =S(,q,9(t,q,p) =—ht +V(q,p), (11.54)

where £ is a constant. Then the HJ equation (11.49) with ¢ = 1 becomes equal to

a
h=H(q, aV(q,p)). (11.55)
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Consider now the class of conservative systems where the variables are grouped as

H=H (¢1(q1, p1),92(q2, P2) s+ » P (Gn> Pn)) - (11.56)

Then {¢; (gi, pi)};'zl, as follows from Lemma 10.6, are the first integrals of the sys-
tem, that is,

@i (gi (1), pi (1)) = i, (11.57)
implying

pi=®(gi,a;) (i=1,..,n).
Recalling that in view of (11.48) and (11.54) for ¢ = 1 we have

_9S(.q. @) D

Vg,p) =g, ), (11.58)
ag; 0g;

Di

the following result holds.

Theorem 11.8. In the considered case
n
Vigq,p) = Z/ D;(qi, ai)dg; (11.59)
i=1
and the complete integral S(t,q, q) (11.54) is
n
S(t,q,q) =—ht + Z/ ®;(gi, ai)dg;. (11.60)
i=1

Proof. It follows directly from (11.54), which is in this case

h=H(q,V(q,p)), (11.61)
and the relations (11.58). 1
Remark 11.4. From (11.55) and (11.61) it follows also that

h=h(ai, ..., o). (11.62)

Remark 11.5. The same representation (11.60) is valid if instead of (11.57) the sys-
tem

%i(q@), p@)=«;
is a complete system of other first integrals (not obligatorily structured as in (11.56)).

We consider now several examples.
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Example 11.6. Consider the Hamiltonian system with Hamiltonian

1
H= 5(171612 +2p1p2+aqd).

We need to realize the following steps:

— to present the dynamics of the system in the Hamiltonian canonical form;
— to find the solution of the obtained system of differential equations using the HJ
equation.

1. By (10.9) the Hamiltonian canonical form is as follows:

. 0H 1( 2Py, G oH
IN=7—=3592 pP2), 92 = 7 — =1DP1,
ap1 2 dp2

. 0H . oH 1
Pl=———=—q1, pp=———==pI.
9q1 g2 2

oH
2. Since FTin 0, the corresponding HJ equation (11.49) is

s 19§ aS a8
— TG+

2
22 =0,
ot 2'0q o1 9qs IV

where
S=—ht+V(q,p),

satisfying
h=H(q,V(q,p))-

Taking into account the representation

1
H= 7 [pl(qz +2p2) +q12],

we find that the first integrals are
©=q2+2pr =0y, 1 =praz+ q% =ay,
implying

h—l
—2011.

Resolving the equations above, we get

2
o] —q a2 —q2
plzil ;:d)l’ p2: q
o 2

=dy
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and by (11.59) and (11.60)

2
o] — oy —
o 2

2o-—ad+20p -4,
aqu 3a2611 52792

which gives

o2

1 (03} 1 3 2
S(l‘,q,“)=—§051t+a—241 - 54+ S 2~ 9

3o
By (11.51) it follows that

B = s 1t+ 1

1_8011 2 agql’

By = as 1 3+1

2 = 80{2 - 30[%611 26121
which is why

q1(t,a, B) =062(% - B1)
and

1 t
@, a, B)=-2 |:,32 + @fﬁ} =-2 [ﬂz + %(5 - ﬂ1)3] .

2

The corresponding p can be found using (11.51) again:

a5 o 1 o1 t
01 ar o o 2
a5 o o) oy 1 3
t =2 =244 2 :
p2(t, o, B) bn 2 2= + [,32-1- 3 (2 B1) ]

The constants ¢, 8 can be found from the following system of algebraic equations,
obtained by the initial conditions:

ql(()’ o, ﬂ) =41,0= _O[Zﬂlv
©0.0.8)=20=-2[p~ T} .

o o] (11.63)
p100,a,B)=pro=— +012,312 = — —q1,0P1,
[0%) (0%)

(6%) (%) (%)
20,0, 8)=pr0= > +4 [ﬁz - ?/3?] =5~ 2420
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Example 11.7. Consider the Lagrangian conservative dynamic system with the La-
grangian

) 1 . . )
L(t,q.q) = 5(61126112 + 4343 +43) — cosqi.

We need to find the dynamics q = q (¢, q (0), ¢ (0)) using the Hamiltonian approach.
The state variable q € R satisfies the following Lagrange equation (see (10.1)):

ARl ) = L. =0,
or, in the open format,
L4 . 2o ;
G175 +sing1=0. 42q5 +¢392=0. §3=0.
The generalized impulses p; are as follows:
oL 5. oL 2. aL .
p1= 3_611 =4q1491, P2 = 3_q2 =4;492, p3 = % =4q3.

The Hamiltonian H is equal to

3
H=|:Zpiéi—L(t,q,(1):| =
a4=4(q.p)

i=1

2 2 2 2
1
p—;+p2+p§——<p—;+p—§+p§>+cosq1=
1 q

2
1 2\4i @
1 2 2
= p—;—l—p—;—lrp% + cosq
2 q7 q;
and the Hamiltonian canonical form is
0 P1 a §2) 0
ap1 q; ap2 q5 ap
. d i . d P . 9
pr=——""H= —; +singy, pp=——"H = —g, p3=—7—H=0.
9q1 q; 9q2 95 9q3

The HJ equation in S-format with ¢ =1 is
05 osar 1] 1 <as>2+ 1 (as>2+(as>2 0
il 4o = (= ~ (22 22 | =o.
ar 13 q? \dq1 a3 \9q2 dq3

For this system the first integrals are

1p} 1 p3 1,
—— +C0Sq| =U], =—5 =02, =pP; =03,
26]12 q1 1 Zq% 2 2173 3
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which allows to express the generalized impulses as

P1 =:|:,/2q12((x1 —cosqp) :=Pq, a1 >cosqi,
P2 =%V 2 lq2| := P2, p3 ==%+/203:= 3.

By (11.60) we have

n
S(tv q1 a) - _ht + Z/ q)i(qj,aj)dq,' = —ht
i=1

i/\/ 2q7 (o) — cosq1)dq) ﬂ:/\/2062|612|d612:|:/\/20!3d113=
/n,2 (92 >
—ht :I:/ 2g7(ay —cosgy)dq) £ 76]2 + /2a3g3.

Note that in view of the relation & = H it follows that
h=o1 +ar+ ajz.

Then, by (11.51), we get

EN q?
W=—ﬂl=—fi/ L dqu,
! 2g}(ar — cosqp)

0 _ _p_pl 1
dar 2T 2\ 20,
9 _ gy ]

daz 3= 20(3%'

From these relations we find

G2 =F\ 2y 22(t — B2), t = Ba,

a3 =Fv2a3 (1 — B3),

aS
pi(t.a, )= Fre +,/243 (a1 — cosqy),

0S
pat e, B) = o +v202g2 = 202)** /2t — Bo),

and

as
p3([, o, ﬂ) = a_q?, = :l:\/ 20[3.

The constants «, oz, and a3 can be found from these last relations putting ¢+ = 0
analogously as has been done in (11.63).
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Example 11.8. Let for a Hamiltonian system

St.a.0 ==Y afi0 - Y aia - Y [ 1) +aPdr
i=1 i=1 i=1

We need:

— to find the Hamiltonian H (¢, q, p);

— to obtain its first integrals;

— to define the differential equation and dynamics for q(¢, &, 8) in the Lagrange
form.

1. Since the considered system is Hamiltonian we have

9S -
—Bi= =—61i—22/[fi(1‘)+06i]dt,
i=1

305,'

from which it follows that

qi = Bi —22/[fi(l‘)+ai]df=,3i —ZZ/fi(t)dl‘—Zl‘Zai.
i=1 i=1 i=1

‘We also have
aS
pi=——=—fit) —a,
agi

which gives

a; =—fi(t) — pi.
Recall that

BN

— + H=0,

at +
which is why

38z, q,
H:_[ (qm} _
ot a=a(t.p)

n d ‘ n ‘ . 2
[;qzaﬁ(tH;[ﬁ(t)Jraz]} ,

a=o(,p)
and, finally,

n

d
Hiqp=). <qiEfi(t) + p?) :

=
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2. By (10.6) we have

n
L(t.q.q) = [H(t, q.p) - Zpiq,} =
p=p(.q.9)

i=1

n d n
|:Z (%‘Efi(t) + P?) - Zpﬂ}i:|
i=1 i=1 p=p(1,q,4)
But

o0H

~ opi

qgi =2p;,

and therefore

= d i
Lt.q. @) =) <CliEfi(t) —~ %)

i=1

3. Recalling that

we get the following dynamic equations:

l""i'df'(t)—()
0T g SR =

After double integration we finally obtain
gi (1) ==2fi(t) +ci

and
t
qi (1) = —2/ Ofi(f)df +ciit+cip=
T=

t
a©-2 [ s+ 0 + 201

foralli =1, ..., n.

11.8 On relations with optimal control

This section shows the relation between the HJ equation in mechanics of conserva-
tive systems and the dynamic programming method (DPM) in optimal control theory.
Here we follow Chapter 3 of (Boltyanski and Poznyak, 2012). See also (Kwatny and
Blankenship, 2000) and (Levi, 2014).
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11.8.1 Problem formulation and value function

Let (s, y) € [0, T) x R" be “an initial time and state pair” to the following control
system over [s, T']:

(11.64)

xM=fx@,u@,n, tels, T,
x(s)=y,

where x € R" is its state vector and u# € R" is the control that may run over a given
control region U C R" with the cost functional
T
Sy ) =hox @)+ [ b nr (11.65)

t=s

containing the integral term. Suppose that u (¢) is partially continuous and functions f,
h, and hg are sufficiently smooth (for the details see (Boltyanski and Poznyak, 2012)).
Under these assumptions, for any initial (s, y) € [0, T) x R" and any admissible u« (-)
the optimization problem

J(s,y;u())— min (11.66)
u(-)et

formulated for the plant (11.64) and for the cost functional J (s, y; u (-)) (see (11.65))
admits a unique solution

X() :zx("svy’u('))’
and the functional (11.65) is well defined.

Definition 11.5 (Value function). The function V (s, y) defined for any (s, y) €
[0,T) x R" as

Vs, y):= u(i»?;fy J (s, y;u (),

VAT, y)=ho(y)

(11.67)

is called the value function of the optimization problem (11.66).

We will be interested in the solution of the optimal control problem (11.66) when
s=0and y =x (0).

11.8.2 Hamilton-Jacobi-Bellman equation

The following theorem presents the conditions for the admissible control # which
makes the value function V (0, x (0)) minimal.

Suppose that under the accepted assumptions the value function V (s, y) (11.67) is
continuously differentiable, thatis, V € C 1 ([0, T) x R™). Then V (s, y) is a solution
to the following terminal value problem of a first order partial differential equation,
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named below the Hamilton-Jacobi-Bellman (HJB) equation, associated with the
original optimization problem (11.66):

d 0
— =V, x)+supH(——V(t,x),x(@),u(),1)=0,
ot wel 0x

(t,x)€[0,T) x R", (11.68)
V(T,x)=hy(x), x eR",

where
HW,x,u,t) :=%Tf(x,u,t)—h&x@),ut),r) (11.69)

(t,x,u,l/fe[O, T] x R*" x R" XR”)

is the Hamiltonian of the system (11.64) containing the adjoint vector ¥ (¢) € R",
which satisfies the following system of ordinary differential equations:

ad
(0 =S H@W,x, 00,0 = f (x,u”(),1), x(0) = xo,
v (11.70)

. 0 d
X ox

Here
* * 0
u()=u{t,x,—V(, x) (11.71)
ox
is a solution to the optimization problem
d
H(——V (t,x),x,u,t) — sup (11.72)
dx uel

0
with fixed values x, ¢, and P V(t,x).

X
The proof can be found in (Boltyanski and Poznyak, 2012, Section 3.3) (see the
proof of Theorem 3.3).

Remark 11.6. As follows from this theorem:

e any dynamic system from the considered class, controlled by the optimal control
u*(-) (see (11.71)), is Hamiltonian;
the state vector x corresponds to the generalized coordinate q;
the adjoint variable v plays the same role as the generalized impulses p in (10.9);
the function 4 in (11.65) corresponds to the Lagrange function L.

11.8.3 Verification rule as a sufficient condition of optimality

The theorem below, representing the sufficient conditions of optimality, is referred to
as the verification rule.
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Theorem 11.9. We make the following assumptions:

1. Suppose that we can obtain the solution V (t, x) to the HJB equation

9 9 . _
=5 V60 + H=2=V (@), x,u" (), =0, (11.73)

V(T,x)=ho(x), (t,x) €[0,T) x R",
which for any (t, x) € [0, T) x R" is unique and smooth, that is,
Vec'([0,T) x R");

2. Suppose that for any pair (s,x) € [0, T) x R" there exists a solution x (s, x) to
the following ordinary differential equation:

fc(t):f<x(t),u* <t,x(t),%V(t,x(t))),t>,

(11.74)
x*(s) =x,
satisfied for t € [s, T].
Then with (s, x) = (0, x) the pair (x (t) ,u* (-)) is optimal, that s,
* * 8
u ()ZM <t,x(t),£V(t,x) |x_x*(t)) (1175)

is an optimal control.

To apply the optimal control u* (-) (see (11.75)) we need to have at our disposi-
tion the function V (¢, x), or in other words, we should be able to resolve the HIB
equation (11.73).

11.8.4 Affine dynamics with a quadratic cost

Definition 11.6. The plant (11.64) is called stationary and affine in control if the
right-hand side does not depend on 7 and is linear on u € U = R’, that is,

S @), u@)= folx@®)+ filx@)u(@). (11.76)
Consider the loss functional (11.65) with ko (x) = 0 and the quadratic cost function

h(x,u) = x[15 + lullg .

(11.77)
0<QeR', 0<ReR
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on the infinite horizon (T = 0o). Then (11.71) gives

]
u* (x) =arg sup H <——V (x),x, u) =
uekRr ox

d
max (——v T Lfo () + fioul — [Ixllg — ||u||§) (11.78)

ueR"

1
=3k 'fi (X)T V(X)

and the corresponding HJ equation becomes as follows:

2

=0. 11.79
™ ( )

a 1
——=V T fox)—lIxlg + 4HR fl(x)T V@l

Suppose also, for simplicity, that we deal with the special subclass of the affine sys-
tems (11.76) for which the matrix [ f; (x)R™! £ (x)T] is invertible for any x € R", that
is,

rank[fl(x)R‘lfl (x)T] =n. (11.80)
Denote
4 12
Ry 0= AR Ai@T] =0, (11.81)

which, by (11.80), is strictly positive, and, hence, R;l (x) exists. Then Eq. (11.79)
may be rewritten as

P2 () = lxld + HR;W ) fo (x)H2 —
1
il

—1/2

2
R/ (x )—V(x) x) fo (x)

where

_ 2
r =l + | R @ fo
0 f
This implies the following representation:
Rl
SRy )—V(X)— (x) fox)=ex)rx),

e (x) being a unitary vector (|le (x)|| =1),

—1/2
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or, equivalently,

10 R —1/2
SV @ =R @ fm+ R 0ewr @
B (11.82)
=[AOR @] @+ R @weEwr @,
So, substitution of (11.82) into the optimal control (11.78) gives
il
u* () =R~ fi(oT [Ea—v (x)}
—1
— R AT ([fl(x)R_lfl @] fow+ (11.83)

-1
re[AoRTAWT] e (x)) :
There exist many ways to select e (x), but all of them have to guarantee the property

J(0,x(0); () =/ (ke O + lu ()13 de < o0. (11.84)

t=0

Substituting (11.83) into (11.64) with s =0 and y = x (0) leads to the final expression
for the optimal trajectory:

XO=f@x@®,u@®)=fox®)+ filr Ou* @) =—r(x)e(x).

To guarantee (11.84), we need at least to satisfy the asymptotic stability property
lx (T)]| T—> 0. To select e (x) satisfying this requirement, let us consider the function
— 00

V(x) = 1 llx||%, for which we have
Vx 0))=xT@)x @) =—r@)xT @) (x).

Taking, for example,

_ 1
e(x):= WSIGN(x),
SIGN(x) := (sign (x1), ..., sign (x)),

we get

r(x)
NG

) D [0 <— (Z)\/zwx ) <0

V(x (1) =—

xT (#) SIGN(x (1)) =
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for x (t) # 0. If, additionally, r (x) > ¢ > 0, then this inequality implies

. 2
Vx (1) ==/ -cyV(x ()
n
and, as a result, V (x (¢)) — 0 in the finite time

treach =+/nV (x 0))/c,

so that V (x (t)) = 0 and hence x (t) = 0 for any ¢ > f,¢q4cp, satisfying (11.84) with the
optimal control

-1
W)= =R A@T[AIEORTAET] o) +r (0 SIGN@].
(11.85)

11.8.5 The case when the Hamiltonian admits the existence of
first integrals

The next theorem represent the main idea of finding the HJB solution using the
notion of the first integrals. Let the system of n first integrals of a stationary

a
<§f (x,u*,t) = O) H-Hamiltonian system

i (x@),v(@) = (i=1,..,n) (11.86)
be solvable with respect to the vectors 1 (t), ..., ¥, (¢), that is, for any x* € R"
i (x*,¥) 0 (x*,¥)
—_— x , ... x y
v @1 v @1
det : e : #0. (11.87)
i (x*,¥) ! (x*,¥)
—_— x . PR —_— x ,
e ®n o ®n

Denote this solution by
Yi=S8(x,a) (i=1,..,n). (11.88)

Then, as in (11.60), the solution to the HIB equation (11.73) is given by
n
Ve =-is=) [ 5 0.y, (11.89)
i=1

where the constants ; (i =1, ...,n) and h are related (for a given initial state x() by
the equation

n
> / Si (9, 0) dYi ly=e*(T|T.xg)=xp=—hT — ho (x0). (11.90)
i=1
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The optimal control u* (-) (see (11.75)) has the following form:

M* () = M* (tv X (t) P -S (-xv “) |X=x*(t)) s

S(x,0) = (S1 (x, ), ..., Sy (x,0)) 7. (11.91)

Remark 11.7. It follows from (11.90) that the constant / is a function of constants o
and initial conditions xp, namely,

h=h(a,xg).

11.8.6 The deterministic Feynman-Kac formula: the general
smooth case

In the general case, when the system of # first integrals is not available, the solution
to the HIB equation (11.68), after substituting in it u™ (-) (see (11.75)), is given by the
deterministic Feynman—Kac formula.

Suppose that the solution

x=x(]0,y)

of the Hamiltonian canonical equations (11.70) is solvable with respect to an initial
condition y for any ¢ € [0, T'], that is, there exists a function Y (¢, x) such that for any
t €[0,T] and any x

x(t]0,Y (t,x)) =x,
y=Y(x(t]0,y)),

and, in particularly,
x(10,Y (@ )=y,
which implies
x(@]0,Y (@, y)=y=Y(x(]0,y))
and
ad
—x(10,Y(t,y)=1.
dy
Define the function v (¢, y) as
v(t,y)=ho(y)+
ra
/ [—H(T,X(f 10, ), ¥ (z [0, y)T¥(z0,y) (11.92)
T

= LoV
—H (7, x(7 [0,y),¥(r |0, y)]dr.
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Then the function V (z, x) given by the formula
Vt,x)y:=vY(t,x)) (11.93)
is a solution (local) to the HIB equation (11.73).

Proof. a) Since
Bl
—x(t10,y) r=0=1,
dy

the equation x = x(¢ | 0, y) is solvable with respect to y for any small enough ¢ €
(0, &), that is, there exists a function Y (¢, x) such that y = Y (z, x). Define the function

ad 9
S(I’Y) = _H (tvya a_hO (}’)> _/ —H(TPX(T |0»Y), 1//(7: | 07 )’))df
y 1=0 0T
(11.94)
In view of (11.70), it follows that
d
ad ad
- EH(l,X(t 10, y), ¥ (z10,y)) + EH(I,X(I 10, ), ¥(10,y)+
a
8—H(l,x(f|0,Y),1/f(lIO,Y))T)'C(HO,Y)-F
X —
2 H
oy
d .
8—H(I,X(I 10,3, % @ 10,y)T ¢ (10,y)=0.
w —_———

d
*gH

(11.95)
From (11.94) for t =0 we get
a
S(O,}’)“‘H O,Y’Eho()’) =07
which together with (11.95) implies
s(t,y)+H(t,x@0,y), ¥ ]0,y)=0 (11.96)
for any ¢ € [0, ¢]. In view of the property
a )
H——V (@, x),x,u,t)y=—H(—V (¢t,x),x,u,t),
ox ox

to prove the theorem it is sufficient to show that

9
Y(t]0, y)=—8—V(t,y) (11.97)
y
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and
0
S(t,y)=—5V(t,y)- (11.98)
b) For the vector function
0
which in view of (11.70) verifies

9 9
U(T,y)= —V(T YV+Y(T]0,y)= —ho(y)+1/f(T|0 ) =0,

(11.100)
we have
0 d
P U,y = ——V(t Y) + 9 () lo=@l0,n=

o[ o
~% wH(t XY DT () — H (¢, x(), 1/;())] l()=(t10,y)

0
- EH & x(), ¥ ) lo=ql0,n=
—i_ifm ()W())Ttﬂ()}l +

3y | oy X ()=(10,y)
9 0
S H GO, 0 0) [o=w0.y 5)60 10, Y (,y)

y
1

0 o _

e &, xC), ¥ () lo=al0,n=
T

_3 iH(t OO || =0

ay | oy ()=(]0,y)=

S ,u*(),t)
(11.101)

since the term f (x,u*(),#) ¥ (-) |()=q0,y) does not depend on y as well as
¥ () l()=(|0,y) (it depends on the terminal, but not the initial condition y). Both prop-
erties (11.100) and (11.101) give

U(t,y)=0,

which proves (11.97).



The Hamilton—Jacobi equation 379

¢) By (11.73) it follows that

5 N ]

but in view of (11.96) we have

0
s, y)=—H|t,x@t0,y),v(|0,y) | =—=V(,Yy),
—_—— ot
0
——Vit,y
dy .y)
which gives (11.98). O

Corollary 11.2. It follows from (11.75) that

a
M* () = M* (tax (t) ’ av (t7-x) |X—X*(t)> = M* (tvxv —’ﬁ (t | O,X) |X:X*(t)) .

Remark 11.8. Note that the integral term

rray
7 :=/ [—H(r,x(‘), YT (t]0,y)— H (t,x(), ¥ () dr

= LoV }<-)=<r|o,y>
(11.102)

in (11.92) is exactly equal to the Hamiltonian action (see (11.6))

(@)
I (x) ::/ L(t,q(t,a),q(t,a)dt, acl0,]1]
I

0(@)

with fo(«) =t and t1 (o) = T. Indeed, recalling that

S
X = alle(T,x(Tm,)’),W(va)’))

and associating x with q and v with p, from (11.102) we get

T
It ::/ [xT (T) W() - H (Tv x(')v W(.))](-):(ﬂo,y) d‘l,' =

T
/ [4T (1) p(r) — H (1. q(7), p(r))]

_, O=(l0.y). p=p(.a.0) ~

T=t)(a)
f L(t,q(t,a),q(t,a))dt = I(a).
t

=to(a)
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Remark 11.9. Of course, the direct use of formula (11.92) in most real cases is not
possible, since analytical expressions for the integral term cannot be written out com-
pletely. However, the expression may be of interest in terms of its digital computer
implementation.

11.9 Exercises

Exercise 11.1. Show that the curvilinear integral
n
I= f > i pi + 9i (q)18qi + [Bigi + i (p)15pi)
i=1

is a universal Poincaré invariant (see (11.14)) if
ar—Bi=ara—Ba=...=an— P

Exercise 11.2. The function f (q, p,?) is the first integral of the canonical system
with the Hamiltonian H (q, p, f). Prove that the integral

1=/---/f(q,p, tydqidqs - - - dgndpidps - - - dpy,

is an integral invariant (see (11.13)).

Exercise 11.3. Show that the necessary and sufficient condition for maintaining the
phase volume

v (1) =/f dxy (1) dx (1)
CCR?

of the stationary linear dynamical system
X1 =anxi +anxa,
X2 =agix) + anxy,
x1(0) = x10, x2(0) =x20

is that this system is Hamiltonian with the Hamiltonian function

1 2 1 2
H= 5012%) +ayx1xy — S

satisfying the condition

ail +ax» =0.

Hint. Use the following steps:
1.

F=Ax=x () =ex(0),
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dx (1)

= / /c,ch o= / /coch 3x (0)
/ / / / dx (0) = ‘deteA’
CoCR? CoCR?

(Cy is the contour corresponding Co),

det dx (0) =

dete’ | dx (0) = |dete?’ v (0)

3. apply the Liouville formula
dete?’ = exp{(tr A) ¢} = 1 for all ¢ if an only if tr A =0,

which by Example 10.7 shows that the system is Hamiltonian.

Exercise 11.4. Find the full integral of the system with the Hamiltonian

H=pqf )+ py (@)

and show that the law of the system’s motion is described by the relations

Q(t)=exp<ff(t)dt> |:c+/1ﬂ(t)exp<—/f(z)dt)dtj|,
P(f)=CleXP<—/f(t)dt).

Exercise 11.5. A body of mass m, connected to a fixed wall by a stiff spring ¢, can

slide along a smooth horizontal guide Ox. The force F (t) (| F (t)| < FT) acts on the
+

body. At the initial moment of time, the body is motionless and is at a distance 6—

¢
from the equilibrium position. Demonstrate that the change in the force F' (¢) at which
the body returns to the equilibrium position at zero speed in a minimum time is given
by the formula

Ft, forO<t<m ﬂ,
m m
Fit)=1—-F*t, forn |—<t<2m |—,
¢ ¢
Ft, for 27 ﬂ<t§37‘[ ﬂ.
V¢ ¢

Hint. In (11.65) take
ho(x(T)) =0, h(x (@), u(t),1)=1,

and apply Theorem 11.8.2.
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This chapter is dedicated to the implementation of the methods given previously for
the construction of mathematical models of different mechanical systems (mostly
robots) and also some electrical systems such as power converters and DC and
AC machines. All models analyzed here are presented in the uniform Lagrangian
format

D(@)§+C(q,9)q+g(q) =T,
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with a detailed description and deriving of the corresponding Lagrange functions L =
T-V.

12.1 Cylindrical manipulator (2-PJ and 1-R)

Consider the cylindrical manipulator with two prismatic joints (PJs) and a rotating
joint (R) represented in Fig. 12.1.

Figure 12.1 Manipulator with two prismatic joints (PJ) and a rotating joint (R).

Generalized coordinates
The generalized coordinates for this mechanical system are as follows:

q1:=¢1, qQ:=¢2, q3:=2z, q4:=Xx.
Kinetic energy

The kinetic energy T of this system is given by the following expression:

T=> Tn. (12.1)

where T,,,; can be calculated using the Konig formula (see Section 3.6 in Chapter 3)
Tmi =Tm;0+ Tmi,roth +2m; (Vm,'fc.i.va VO) s
1 2 1
T 0= >Mmi Ivoll”, T rot—0 = 3 (@, i ow) .

Here I o is the inertia tensor with respect to a coordinate system with the origin at
point O, the vector v, _.; —o is the speed of the center of inertia with respect to the
coordinate system with the origin at point O, and the vector vq is the speed of the
origin of the coordinate system. In our case we have

Tm| =1Im,0+ Tm],rot—O +m (sz—c.i.—Oa VO) =



Collection of electromechanical models 385

2 2
T _ L., (myr; _omiry .,
my,rot—0 = 5 @7 - q1

2 2 4
and

Tmz =Tm,,0+ Tmz,rot—O + my (vmz—c.i.—09 VO) =

1., m2r22 m2r22 .
Tml,rot—O = Egol (T = qu-

Also the following relations hold:

Tm3 =Tm;,0+ Tm3,r0t70 + m3 (Vmgfc.i.ny VO) = Tm3,() + Tm3,r0t70 =
2

:2 1~2m3l§:1 2 lé2m3l3
271 24
and

Tm4 = Tmy,0+ T;n4,r0t—0 + my (Vm4—c.i.—0» VO) =

1 . ) )
—my [(xsﬁl)z + x4 z2] +

2
1 2
§m4r4 0 0
. T 2 2 .
1 %2 0 ry li 0 ¥2
AR "\ TR 0
$1 ®1
0 0 R
ma |l % + 24
N4 12
1 2.0, 2, 2, Lo i G
=m (614‘11"'44 TG oty |4
Substituting all derived terms in (12.1) gives
1 5 , m3l3 1 ALY
T=Z<mlrl+m272+v+§m4 ”44‘; q;+

(12.2)

[ 1 1 o, 1 2.2, .2
PR F + (5’"3 + §m4> q3 + 5m4 <44611 +¢14> .

Potential energy
The potential energy V is calculated as

4
V= Z Vins »
i=1
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Vi, = const, V,,, = const,

Viny =m38z =m38q3, Vi, =magz=magqs,
which finally gives

V = g (m3g3 + maq3) + const. (12.3)

Non-potential generalized forces
The generalized forces are given by the following formulas:

Onon-pot,1 =T1 — frric=101 =T1 — frric—141,
T is a torsion force,

Qnon—pot,Z =172 — ff'ric—2¢2 =172 — ffric—ZC}Z,
T 18 a torsion force,

Qnon»pot,3 =F;— ffricf32 =F— ffricf3q.3y
F3 is a force of vertical movement,

(12.4)

Qnon—pot,4 =Fy— ffric—4)'c =Fy— ff'ric—4q4a
F4 is a force of horizontal movement.

Lagrange equations
Based on the expressions for 7 (12.2) and V (12.3), we can derive Lagrange’s
equations for this system:
d o d

L—-—L= Qnun—pot,i (l = 1, ceey 4) s L=T-— Vv
9qi

dt 9q;

which can be represented in the format

D(@)§+C(q.9)q+g@q) =T, (12.5)
with
mirf | mary
2 2 0 0 0
mi (78
B T
D(q) = . ,
2
0 5m4r4 0 0
0 0 m3+my O
0 0 0 mq
2m4qags + frric—1 0 0 0
N 0 ffricfz 0 0
claa= 0 A
maqaqy 0 0 Sfrric—a
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71
(%]
—2gm3 + F3

0

0
s@=|gl =

0 Fy

12.2 Rectangular (Cartesian) robot manipulator

Consider the rectangular (Cartesian) manipulator with two prismatic joints and a ro-
tating joint, represented in Fig. 12.2.

Figure 12.2 Rectangular (Cartesian) robot manipulator.

Generalized coordinates
The generalized coordinates of this system are

q1 ‘=, qr ‘=X, q3 =Yy, q4 = 2.

Kinetic energy
The kinetic energy 7T of this system is T = Z?:l Ton;, where T,,. can be calculated
using the Konig formula:

Ty = Tim; .0 + Ty rot—0 + 2m; (Vm,‘—c‘i.—Oa VO) )

1 1
Tm,—,O = Emi ||VO||2 s Tmi,rat—O = E ((z), Ii,Ow) .

Here I; o is the inertia tensor with respect to a coordinate system with the origin at
point O, V;;;_¢.i.—o is the speed of the center of inertia with respect to the system
of coordinates with the origin at point O, and vy is the velocity of the origin of the
coordinate system.
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In our case we have

Tml =Tm,,0+ Tml,rotfo +mq (szfc.i.fo’ VO)

T 1 <2 1 <2

= =—mx° = -m43,

m.0 = 5 5143
Tm2 =Tm,,0+ Tmz,rotfo +my (szfc.i.fo’ VO)

1 <2 1 )

= Tn,y,0= SMmaXT = Smagy,

Tm3 = Tm;,0+ ng,ratfo + m3 (Vm37c.i.70’ VO)
1 . . 1 ) .
=Tny0= §m3 [x2 + Zz] = §m3 <q22 + qf) ,
Tm4 = Tmy,0+ Tm4,r0170 + my (Vm4fc.i.70’ VO) =

1 ) o 1.,/(1
Tng,0 + Tingror—0 = §m4 I:xz + }’2 + Zz] + 5(,02 <§m4rf)
1

) ) ) 1 )
= Jms (q% +43 +Q§) + gmaridi.

So finally,

e o 1o 1 -2
T = 2+ 5 (my +ma+m3+my)g; + Smads + 5 (m3 +ma4)qj.
(12.6)

Potential energy
The potential energy V is as follows:

4

V=23 Vu.

i=1
Vi, = const, V,,, = const,

Ving =m3gz =m3gq4, Vip, =magz =magqs,
which gives
V = g (m3 4+ my4) q4 + const. (12.7)

Non-potential forces
The generalized forces are given by the following formulas:

Qnun-pat,l =711 — ffric—l(;b =T — ffric—lély
7 is a torsion force,

Qnun-pat,2 = - ffric—2)27 =F - ffric—Zq'Z,
F> is a force of horizontal movement,
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Qnon—potﬁ =F - ffric73).’ =F— ffric73q3’
F3 is a force of transverse movement,

Qnon—p01,4 =F4— ffric—4i =Fy— ffric—4é4,
Fy is a force of vertical movement.

Lagrange equations
Based on the expressions for 7 (12.6) and V (12.7) we can derive Lagrange’s equa-
tions:

aL aL—Q (i=1 4), L=T -V
—_ - — = _ =1, ..., s = .
dt aql aql non-pot,i

In the standard format (12.5)

D(q) §+C(q,.9) ¢ +8(q) =T,

with
L
§m4r4 0 0 0
mi +mp+
D(q)= [m3+m4] S
0 0 my 0
0 0 0 (m3+ms)
Sfrrie—1 0 0 0
ca.p=| o e 00
0 0 Srric=3 0
0 0 0 Srric—4
0 0
0 F
g@= ol = Fy
0 Fy— g (m3 +ma)

12.3 Scaffolding type robot manipulator

Consider the scaffolding robot manipulator represented in Fig. 12.3.

Generalized coordinates
The generalized coordinates for this mechanical system are as follows:

q1:=@1, 42 =92, 43 ‘=2, 44 = X.
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@1
A
/

©2

Figure 12.3 Scaffolding robot manipulator.

Kinetic energy
The kinetic energy 7 = Z?:l T,n; of this system is given by the following compo-
nents:

Tmi = Tmi,O + Tmi,rotfo +2m; (Vmifc.i.foa VO) s

1 1
Tn; 0= >Mmi Ivoll?, T, ror—0 = 3 (@, i o) .

In our case

Tml = Tml,O + Tml,rat—O +m (sz—C.l.‘—O! VO)
1 . . 1 ) .
=Tm,0= Fm <x2 + yz) =5m (6112 +6122) ,
Tmz = Tmz,O + Tmz,rot—O + my (sz—c.i‘—Os VO) =
1 .2 .2 1 1 -2
Tny,0 + Timy,ror—0 = 7™M (x +y ) + Fm (r2+13) F%i
1 . . 1 .
=3m2 (q12 + q%) +5m2 (r2+13)% 43,
Tins = Tins,0 + Tz ror—0 +m3 (Vm3—c.i.—0s VO) =
1 1

1 . . ,
Tm3,0 + Tm3,r0t—0 = 5””3 <x2 + y2> + Em3r3 E(plz

1 . . 1 .
M3 (qlz + q%) + Zm3V§Q§,

and
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1 . .
Tm4 = Tmy0+ Tm4,rot—0 + my (Vm4—c.i.—09 VO) = §m4 (XZ + y2> +
2 2
l
mg (r_4 + —4> 0 0
T 4 3
1 (pl ]"2 12 ‘Pl
710 0 mq (Z“ + 34) 0 0
@2 (%)
2
0 0 my 2
2
Ll
— Sin
®1 ) @
+ my (x y 0) Ly
@1 —-COSQ
2
0
1 .2 .2 rz% lz% 22
V2
"4:2 1 s . .
S dath (q1sing3 + g2 cosqs)qs] .

Potential energy
The potential energy V = Z?:l Vin; with V,,. = const gives V = const.

Non-potential forces
The generalized non-potential forces are as follows:

Qnan-pot,l =F - ffric—lx =F - ffric—lél,
F1 is a force of horizontal movement,

Qnon—pot,Z =F - ffricfZ).’ =K - ffric72q-2,
F, is a force of transverse movement,

Qnon—pot,3 =1 — ffric—3¢71 =13 — ffric—3‘23,
73 is a torsion force,

Onon-pot,4 = T4 — [fric—a92 = T4 — ffric—4q4,
74 is a torsion force.

Lagrange equations
The Lagrange equations

4o, 9, 0 (i=1,4),L=T-V
—_— 0 _— = _ 7 1 = s . = —_
dt aqi aQi non-pot,i

may be represented in the format (12.5)

D(@)§+C(q,9)q+g(q) =T,
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with
mi +my ! i
( ms + m4) ’ s "
mi +my 1
0 < U m4) 2m4l4 oS ¢3 0
B 2 2 ]
r l
(3 )
D(qg)= mal myl ’
1
S1 €osqs3 Emz (rn+ i’3)2 0
1
RELCC
i
0 0 0 mg—
2
1 .
Ffrie—t 0 §m4l4 (cosq3) g3 0
1 . .
Cg.y=| O frrie=2 §m4l4 (sing3) g3 0,
0 0 ffric—3 0
0 0 0 Srric—4
and
0 F
0 @)
8 (Q) = ol T= 7
0 7

12.4 Spherical (polar) robot manipulator

Consider the spherical (polar) manipulator with three rotating joints represented in
Fig. 12.4.

Generalized coordinates
The generalized coordinates for this mechanical system are as follows:

q1 = ¢1, 92 =¢2, 43 = ¢3.
Kinetic energy
The kinetic energy 7 of this system is given by the following expression, T =

Z?:l T,n;, where T,,, can be calculated based on the Kénig formula:

Tin; = Tin; .0 + Ty ror—0 + 2m; (Vm,-—c.i.—O’ VO) >



Collection of electromechanical models 393

Figure 12.4 Spherical (polar) manipulator with three rotating joints.

T 0= - : Ivoll*
mi,0—2mz Yol -

Here v,,, —c.i.—o is the velocity of the center of inertia with respect to the coordinate
system with the origin in the point O, vy is the velocity of the origin of the coordinate

systems, and Ty, ror—0 = > (w, I,-,oco), where [; o is the tensor of inertia with respect

to the coordinate system with the origin in the point O.
In our case we have

Tm1 =1m,0+ Tml,rot—O +mq (sz—c.i.—O’ VO)
L., m1r12 m1r12 .
=Tm1,rot—0=§(ﬂ1 ) = 2 q1»

Tm2 =T1m,0+ Tmz,rot—O + my (sz—c.i.—O’ VO) = Tml,rot—O

. 2, 2 2 2
_ma@y (al +a2) (a1 — a3) ay
=Sy [vm B vl ——F—+

2 6
(@ —a3)? 13
+v23< > + n ,

V21 = ajaghy, vy =2azazha, vz =ajazhy,

Tm3 = 1m0+ Tm3,r0t—0 +m3 (Vm3—c.i.—Oy VO) = Tm3,r0t—0 =

b2
. m3 O 0 .
@1 sin @ T 12 P @1 sing@
> @1 COS @] 0 % 0 @1 COS @]
v 0 g ™ (bps +15) v
12
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1
= ﬁm3 [<b2 sin2q1 + l% cos? ql) c}lz + (b,2n3 + l32> qzz] ,

and

Tm4 =Tm,,0+ Tm4,r0170 +my (Vm4fc.i.70’ VO)
1 (3+19)2¢> (I3 +14)% @2
|: 3T )79 n 3T L) @5 n

= 1m0+ Tm4,rot—0 = My

2 4 4
2
m
mary 0 0
.. ATl 2
| @1smm@; + @3 r} lf
S| @reosen O ma\4+4 0
(/.)2 2 2
r l
0 0 4y 4
m4<4+12>
@1singy + @3
x| @1cosg
1%5)

1 o AW .
= g [(13 +14)? (q12 + q%) + (rf + é‘) (qlzcosqu +q§)
+2r§ (qlz sin2q1 + q32 + 24341 sinql)] .

Potential energy
The potential energy V = Z?:l Vi, contains V,,,, = const, V,,, = const, V;, =
const, and

Ving =mag (hy +hy +rsingy) =myg (hy +hy +rsingy),
which leads to

V =myg (h1 + hy + rsingy) + const.

Non-potential forces
The generalized non-potential forces are

Onon-pot,1 =T1 — ffrie—101 =T1 — ffric—141,
71 is a torsion force,

Qnun»pat,2 =17 — ffric—2¢2 =17 — ffric—Zq%
T is a torsion force,

Qnon—pot,3 =13 — ff'ric—3¢3 =13 — ffric—?aq?n
73 is a torsion force.
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Lagrange equations
Based on the expressions for 7 and V, we can derive Lagrange’s equations
d 9 L 0 L=Q 1 =1,2,3, L=T -V
——L-—L= -pori» 1=1,2,3, L=T —
dt 8‘]1 aqi non-pot,i
for the considered system in the format (12.5)

D(@)§+C(q,.9)q+g(q) =T,

where
din 0 di3
D(@=|0 dn 0],
1 0 ds3
with

V =wy1 +v22 + 23,

2, .2
mo ajy +a
di=— |:v21 112 24

om ((dl —2a3)2 n %) <(al —613)2 f>:|

m m SlIl q COS q
2 " 3 12 ! 1 2 !

2 2 2
l 1 I3+1
my ((Z1 + 142> cos? q1 +§r4 sin? q1 —l—%),

v21 = ajaghy, v =2azazh;, vy3 =alazh1,

(bps +1%) r (13 +14)?
dr = m3 ' 4,4 BT ,
22 [m3 B +m 1 + B + n

1, 1,
d3z = Fmars, diz=d3 = S /mary sin (q1) »

and

ffric—l 0 0
caqp=| ° Jyrie=2 0

Em”‘% cos (q1) 0 Stric-3

0 T
g(q) = |magrcosq|, T =|12|.
0 7

ﬂ
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12.5 Articulated robot manipulator 1

Consider now the articulated robot manipulator represented in Fig. 12.5.

)

Figure 12.5 Articulated robot manipulator.

Generalized coordinates
The generalized coordinates for this mechanical system are as follows:

q1 ‘= ¢1, 92 ' =92, 43 ‘= ¢3.

Kinetic energy
The kinetic energy T = Z?:l Ty, of this system consists of three components 75,,,,
which are calculated as

Tmi = Tmi,O + Tmi,rot—O +2m; (Vmi—c.i.—Oa VO) s
1 1
Tm,—,O = Emi ||V0||2 ) Tm,-,rot—O = 5 ((l), Ii,Ow) )
where I; ¢ is the inertia tensor with respect to the coordinate system with the origin in
the point O, v, ;.o is the velocity of the inertia tensor with respect to the coordi-

nate system with the origin in the point O, and vy is the velocity of the origin of the
coordinate system. In our case we have

Tm] =Tm,,0+ Tm],rot—O + my (sz—c.i.—Os VO)

2 2
1,5, [mir miry .,
=Tm1,rot—0= Ewl = q1»

2 4

ng =Tm,,0+ Tmz,rot—O + my (sz—c.i.—Oa VO) = Tmz,rot—O =
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IZxx 0

. . T . .
@18in gy 1, @18ingy
— | ¢1cosgm 0 ngl2 + Doy 0 91 COS @2
. 1 .
$2 0 0 Zmzlg + 1, $2
1 2

[\

.2 . mal . mzl2 .
= |:12qu12 sin® gy + (Tz + I2yy> g3 cos® g2 + (Tz + Izzz) q%} :

1 i i
Tm3 = Tm;,0+ T;n3,rot—0 +m3 (Vm3—c.i.—0» VO) = §m3 (QD%I% + §0121§ COSZ <P2) +

. T
@18in (93 — ¢2) I3xx 0 0
3 @1 cos (93 — @) 0 m3d32 + I3yy 0 X
@+ @3 0 0 md3 + I

[— (@2 + @3) d3 cos gy sin (g3 — ¢2) +)
@18in (93 — @2) @1d3 sin gy cos (p3 — ¢2) —
(sbl cos (p3 — ¢2) | +m3 (@2 + ¢3) d3 cos (p3 — ¢2)] X
2+ @3 [@1d3 cos @1 cos (3 — @2) +
(92 + @3) d3 singy sin (@3 — ¢2)]
—@lr cos gy singy — @11z singy cos g2
( @alrcos =
—@1l2 cos @1 cos g2 + @olo sin @y sin @y
= %m3l% (q12 cos? q + q%) + %13”(}12 sin? (g3 —q2) +

lmdz+1 12 cos? (g3 — Ymsd2 41 2 462 4 2604
5 \mady + Ly ) g cos (g3 Q2)+2 m3dy + 13;: ) (g5 + 93 + 29293
—m3[(§2 + 43) g2ladz cos g3] — m3 [c}lzlzd3 cos g3 cos (g3 — c]z)] .

Here d3 is the distance of the union of links 2 and 3 to the center of inertia of link 3.

Potential energy
The potential energy V = Z?:l Vin; has components

[ l
Vin, =const, V,,, =msg (52 singpz) = ngEZ sings,

Viny =m3g (dz sin (@3 — ¢2) + > singo)
=m3g (d3sin(q3 — q2) +[2sing2),

which gives

1 : . .
V= Englz singy + m3g (d3 sings + [ singy) .
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Non-potential forces
The non-potential forces are given by

Qnon—pot,i =T — ffric—i‘.bi =T — ffric—i‘ji»
where 7; (i =1, 2, 3) are torsion forces.

Lagrange equations
Based on the obtained expressions for 7', V, and L =T — V we can derive La-
grange’s equations for the considered system:

49, 9 L=0 i =1,2,3
= A . - S = - -7 l_ 9 k) 9
dt aql aqi non-pot,i

which leads to the following dynamic model in the format (12.5):

D(@)§+C(q,.9)q+g(q) =T,

where
D11 (g) 0 0
D(q)= 0 Dy (q) Dx(g)|,
0 D3 (q) D33 (q)
with
Dy (q) = Fmr + Ixy sin“go + e + Iyy +m3ly | cos” g
+ [I3xx sin® (q3 — q2) + (fn3d32 + I3yy> cos® (g3 — 42)]
—2m3 [lad3 cos g2 cos (g3 — g2)1,
12
maly 2 2
Dy (q) = T + Doz +m3 (b +12) +m3d3 + I3z,

—2m3[(l2 + r2) d3cos g3],
D3(q) = D32 (q) = [m3d32 + ISzz] —m3[(l2 +r2)d3cosqs],
D33 (q) = mads + Iz,
and

Cn(g,9) 0 0
C(q.9)=|C2(q,9) Cxn(g,q) Cxilg,q)|,
C31(q,9) Cx(q,9) C33(q,9)

where
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. mzlg o\ . .
Ci1(q,9) = frriec—=1 +2 | | foxx — 4~ bLyy —msl; | singacosqa | ¢o

+2 [(Im —mads — I3yy) sing; cos 613] (43 —q2)+
2m3 [lrd3 cos g2 sin (g3 — ¢2)143,

. m2l% 2\ . .
Co1(q,q)=— || Ioxx — 4 bLyy —m3ly | singacosqa | g1 —

[(m3d32 + I3y, — I3xx) sin (g3 — q2) cos (g3 — q2) — m3lads sin %] q1,
C2(q,9) = frric—2 + 2m3[lad3 sing3] g3,
C31(q,9)=— [<I3xx — mad; — I3yy> sing3 COSCB] g1—
m3ladz cos g2 sin(q3 — q2) 41,
C23(q,q) =m3[hdssings] g3,
C32(q,q) =2m3 [lrd3 sing3] g2 — m3lrd3 sing3q,
C33(q,9) = ffric—3 +m3ladssings] g3 — m3lads singsqo,

0
1 “
g(g)= <§mz + ms) glacosgqy —m3gldscos(qgs —q2)l||, T=|12|-
m3gdsz cos g3 B

12.6 Universal programmable manipulator

Consider the universal programmable manipulator (PUMA) for assembly shown in
Fig. 12.6.

Figure 12.6 Universal programmable manipulator (PUMA).
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Generalized coordinates
The generalized coordinates for this mechanical system are as follows:

q1: =91, q2:=¢2, 43 = ¢3.
Kinetic energy

The components of the kinetic energy 7 = Zle T,; of this system are calculated
as

Tm,- = Tm,—,O + Tm,—,rot—O +2m; (Vm,-—c.i.—Ov VO) s
1 2 1
Ty 0= S Ivoll=, T ror—0 = 3 (@, 11 o) ,
which in our case gives
Tml =Tm 0+ Tml,rot—O +my (le—c.i.—Os VO) =
1., mlrl2 mlrlz_2
Tml,rot—() = 5(/71 ) = 4 q1,

Tmz =Tm,,0+ Tm2,rol—0 + my (sz—c.i.—Os VO) =

1., m2r22 m2r22 .
Tmz,rot—O = E(pl ( ) = 4 q1,
Tm3 =Tm;,0+ Tm3,ral—0 + my (VH13—C.i.—01 VO) = Tm3,r0t—0 =
1 2
§m3r3 0 0
. T 2 .
l
1 (%2 l 2, 45 ¥2
5 O 0 4m3 r3 + 3 0 p
?1 2 1
0 0 - 243
4m3 <r3 + 3>
1 1 B\., 1,.
~ym (] )it + e
Tm4 = Tiny,0+ Tm4,r0170 +my (Vm47c.i‘70s VO) = E”M%"‘
.. T .
. @1 Singy Laxx 0 0 @1 Singy
3 ¥1COS @2 0 m4df + Iayy 0 @1 COS @)
) 0 0 m4df +1,.; 1)
1 T
—5¢1l3 CoS @1 —@adscos r singy — @1ds sin @ cos ¢
+ 0 @od4 cos @2 =
%M sing; | \—¢1dscos g cos gz + gads sin gy sin s
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1r 1242 Y )
3 |:m4% + I4xx‘112 sin® q2 + (m4df + I4yy) ql2 cos’ Qo+

) 1 ..
(m4dz% + 14zz) 6122] + EM4l3d4611612 cosq2,
and

Tm5 =Tms,0+ Tm5,r0t70 + ms (Vm5fc.i.703 VO) =

1 13 . oL .
~ms [(23 + b2 (cos2 m)) @? 4 b3 + ¢1¢nl3bs sin wz}

2
grsin(@+¢3)\ | [ Lsex 0 0
5 @108 (92 + ¢3) 0 msd2 + Isyy 0
$2+¢3 0 0 msd? + I,

@1 sin (g2 + @3)
@1cos (g2 +@3) | +
©2+ @3
@1ds sin g1 cos (g2 + ¢3) + (92 + @3) ds cos gy sin (92 + ¢3)
ms — (¢2 + ¢3) ds cos (92 + ¢3)
@1ds cos @1 cos (@2 + @3) — (@2 + @3) ds sin g sin (g2 + ¢3)
—%%13 COs @1 — @2bs5 oS @1 sin gy — @1bs sin @) cos g,

@2bs cos g

I, . . ) . .
E(pll3 sin @] — @1bs5 cos @1 cos g2 + @abs sin @) sin s

1 2 ) o .
= 5ms [(23 + b2 (0082 qz)) g3 4 b242 + G1¢alsbs squ]

1 . .
“FE [[15xx Sln2 (g2 +q3) + (de52 + ISyy) COSZ (g2 + 613)] 412+

(m5d52 + I5zz> (92 + 43)2] -
ms
2
—ms (g2 + q3) g2dsbs cos g3,

1 (q2 + ¢3) dslz sin (q2 + q3) — msdidsbs cos g2 cos (g2 + ¢3)

where b5 is the distance from the union of m3 and my4 to the union of m4 and ms.

Potential energy
The potential energy V = Z?:l Vn; has components

Vin, = const, V,,, = constt, V,,; = const,
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Ving =mag (dasings + dy) = magds (sing + const),
Vins = msg [—ds sin (92 + ¢3) + l4 singy + const]
=msg[—dssin(q2 + q3) + l4sing + const],

so that

V =magdssing, +msg [—ds sin(q2 + g3) + [4singz] + const.

Non-potential forces
The non-potential generalized forces are

Qnon—pot,i =T — ffricfiﬂbi =T — ffricfiC]i’
7; is a torsion force (i =1, 2, 3).

Lagrange equations
Based on the expressions for 7, V, and L =T — V we can derive the Lagrange
equations for the system:

d9, aL_Q i =1,2,3
——L—-—L= pori» 1 =1,2,3,
dt aql aCIi non-pot,i

which can be represented in the standard format (12.5)
D(@)§+C(q,9)q+g@q) =T,
where

D11 (q) Di2(q) D13 (gq)
D(q)=||D21(q) D22(q) Dy (q) |,
D31(q) Dxn(q) msdi+Is;

with

1 ms3 12\ myl?
D11(61)=§|:m1r12—i-m2r22—i-7<r32—i-i +—2 |+

12
T4y sin? q2 + (m4df + I4yy) cos? g2 +ms <Z3 + bg (0052 q2>> +

Isyx sin® (g2 + q3) + (msds2 + 15yy) cos® (92 +q3)

—2msdsbs cos g2 cos (g2 + q3)

1 .
D12 (q) =Dz (q) = 3 [m4l3dy cos gy + mslzbs sin g ]

1 )
—Emsdsls sin (g2 +¢3) ,
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1
Dy (g) = §m3r32 + m4df + 1+ msbg + m5d52 + Is;; — msdsbscos g3,

1 )
D13 (q) = D31(q) = —§m5d513 sin (g2 + ¢3),

Dy3(q) = D32 (q) =ms5 (d52 —dsbscosq; + 15zz) ,

and
Ci1(g.q9) Cia(q,q) C31(q.9)
C(g.9)=|C21(q.9) Cn(q,q) msdsbssingsgs|,
C31(q,9) Cx(q,9) Srric=3
with

Ci1(q,9) = frric—1+2 [14” sin g2 cos g + msb3 sing; cos qz] q2—
2 (m4df + 14),y> sing» cos gaga+
2[Isxx sin(q2 +q3) cos (g2 + q3)1 (G2 + q3) —
2 (msd3 + I,y ) sin (g2 + 43) 05 (42 +43) (42 + ) +

2msdsbs [sin (2g2 + q3) §2 + cos g2 sin (g2 + ¢3) §31,
Ca(q,9) = % [msl3bs cos g2 — mal3ds singz] g2
— [14” sings cos gy + <m4df + I4yy> cos qz] q1—
[(%Is)cx — msd2 — ISyy) sin (g2 + g3) cos (g2 + q3)] q1
- [msbg singy cos qz] g1 — [msdsbs sin (2q2 + g3)1 41,
Ciz(q,q) = % [msl3bs cos g2 — mal3da singa] g2
—%msdsh cos (g2 +g3) (§2 + 43) »
C2(q,q) = frric—2 + [msdsbssingz] g3 —
% [msl3bs cos gy — madalz singa] gy,
C31(q,q) = — [Isxx sin (g2 + g3) cos (g2 + g3)1 g1+

[ (52 + 153, ) sin (a2 + a) cos (g2 + 3) | 1 —

msdsbs cos g2 sin (g2 + g3) 41,
C32 (g, g) = msdsbs singzqgs + msdsbs cos g3 (42 + g3) ,

) 1 ..
Ci3(q,9) = —§m5d513 cos(q2 +q3) (g2 +q3) ,
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0 71
g(q) = ||m4gdycosqr +msg (dycosqr —dscos(g2 +g3)) |, T = |12 -
—msgdscos g3 3

12.7 Cincinnati Milacron T3> manipulator

Consider the manipulator “Cincinnati Milacron T3” represented in Fig. 12.7.

(OF)

P1

Figure 12.7 Manipulator “Cincinnati Milacron T>”.

Generalized coordinates
The following variables are selected as the generalized coordinates for this system:

q1:=¢1, 92 =92, 43 ‘= @3, 44 = P4, g5 = ¢s5.
Kinetic energy
The components of the kinetic energy 7' = Z?:l T,; of this system may be calcu-
lated by the Konig formula
Tmi = Tm,—,O + Tm,—,rot—O ~+ 2m; (Vm,-—CAi.—Ov VO) s
1 5 1
Tmi,O = Emi Ivoll~, Tmi,rot—O = 5 (ws Ii,Ow) ,

which in our case leads to

Tm| =1m,0+ Tm],rot—O +m (le—C.i.—Oa VO)

1., m1r12 mlrl2 .
=Tm1,rotO=_§01( ) = 4 q1,

2

ng = Im,,0+ Tmz,rot—O + m3 (sz—c.i.—Oa VO) = Tmz,rot—O =
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.. T ..
@1 Sin @) Iy y 0 0 @1 8In @)
3 @1 COS @) 0 m2d22 + Ipyy 0 ¥1COS 2
) 0 0 mad3 + I )
1 .o . . .
= 5 I:IZqu% s1n2 q2 + <m2d22 + IZyy) CI12 C052 q2 + (m2d22 + IZZZ) 922] s
Tm3 = Tm;,0 + Tm3,rot—0 + my (Vm3—c.i.—07 VO) =
1 r . .
§m3 Z% (0032 902) w% + l%(pg] +
1 I3xx 0 0
Ew;r 0 m3d32 + I3yy 0 w3 + m3a;—b3 =
0 0 m3d3 + I,
l —-
E 12 cos? 92491 +l2q2]
1
3 [I3xx sin? (g2 + g3) + <m3d3 + Isv;) cos® (q2 + 613)] g7+
1
5 (mad} + cc) G2+ 43" =

m3 [d312 cosq2¢os (q2 + ¢3) 47 + dsla cos 3 (42 + §3) fiz] ,
where

@1 sin (92 + @3)

w3 = | ¢1cos(p2+¢3) |,

@+
@1d3 singy cos (92 + ¢3) + (92 + @3) d3 cos @y sin (g2 + ¢3)
a3 = — (g2 + @3) d3 cos (p2 + ¢3) ,
@1d3 cos @1 cos (2 + @3) — (@2 + ¢3) d3 sing sin (g2 + ¢3)
—@olr cos gy singy — @112 sing) cos g
b; = @ala cos g ,
— @112 cos @1 cos @y + @alo sin @1 sin go

Tm4 =T1m,,0+ Tm4,r0t—0 +my (Vm4—c.i.—0» VO)

1 . .
= Em4 [l% (0052 q)z) (p% + l%(p%] +
1 I4xx 0 0
EwI 0 [m4 Iz + d4)2 + 14yy] 0 w4 + m4azb4
0 0 [ma (I3 + da)* + L]

1 1 .
Em412612 2 [I4xx sin® (g2 + ¢3) +
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<m4 (I3 +dy)* + I4yy) cos” (q2 + 613)] i+

1 .
my |:§l§ cos? g2 — (I3 +d4) I> cos go cos (g2 + q3)] q12+
1 . .. .
514” [2 sin (g2 + ¢3) 4194 + qZ] +

% [ (4 G5+ da® + Laze) | G2 + 620 —

[m4 (I3 +dy) 12 cos q3] (g2 + ¢3) ¢,
where

@18in (g2 +@3) + ¢4
w4 = @1cos (p2 + ¢3) ,
@2+ ¢3
@1 (I3 + da) sin gy cos (92 + ¢3)
[ + (¢2 + ¢3) (I3 + dg) cos @1 sin (¢ + (03)}
U= [— (92 + ¢3) (I3 + d4) cos (92 + ¢3)] ;

@1 (I3 + dy) cos @1 cos (¢2 + @3)
— (@2 + @3) (I3 + d4) sin @y sin (g2 + ¢3)

—@oln cos @1 singy — @1l sin @1 cos @)
by = @alacos ,
—@1l2 cos @1 cos @y + @alp sin g sin @)

and

Tm5 =Tms,0+ Tm5,rat—0 + ms (Vm5—c.i‘—01 VO) =
1 )
s [QD% [(I3 + 1) cos (92 + ¢3) — L cos 2] +

033+ (93 + 03+ 20205 ) (s 1) sin? (2 + ¢3) | -

1 .. ) ) )
73 [2¢2 (92 + ¢3) [2 (I3 + 14) sin gy sin (g2 + ¢3)] +

| Isyy 0 0
EwST 0 deS2 + Isyy 0 w5 + msa5Tb5 =
0 0 msds + Is;.

lm [(l3+1 —1 2,2] 4+ 1 1242
ms (I3 +14) cos (g2 + q3) — [ cosq2]” qq +2m52q2+

1 . .
5 [15xx sin® (q2 +q3 + g5) + (msds2 + ISyy) cos® (g2 +q3 + 615)] qt—

ms [ds cos (q2 + g3 + g5)1[(13 + 14) cos (g2 + q3) — L cos 21 7+
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1 . L
Sms [ 3 +10)7sin® (2 +3) ] (62 + ) -
ms [l (I3 + 14) singa sin (g2 + g3)1 (42 + 43) g2+

[m5d52 + ISZZ]
2
ms [ds (I3 + 14) cos (g5)] (g2 + g3 + ¢5) (42 + g3) ,

(G2 + 3 +¢s)* + ms [dslr cos (g3 + g5)1 (42 + 43 + §5) Go—

with

@1 8in (@2 + @3 + ¢s)
ws = | g1cos(p2+@3+9s) |,
@2+ @3+ ¢s
—@1ds sing; cos (92 + @3 + ¢s) —
(92 + @3 + ¢5) ds cos ¢y sin (2 + @3 + @5)
as = (@2 + @3 + ¢5) ds cos (92 + @3 + @s) ;

—@1ds cos @1 cos (2 + @3 + ¢5) +
(92 + @3 + ¢5) ds sin gy sin (@2 + @3 + @s)

—@la cos g1 singy + (g2 + @3) (I3 + 1s) cos 1 sin (@2 + ¢3) +
@1 singy ((I3 +14) cos (g2 + ¢3) — [ cos ¢2)

bs = @2lr cos g2 — (@2 + ¢3) (I3 + 14) cos (92 + ¢3)

@2la singy singy — (@2 + ¢3) (I3 + la) singy sin (g2 + ¢3) +
@1cos @1 ((I3 + 1a) cos (92 + @3) — [ cos 2)

Potential energy
The potential energy V = Z?:l Vin; consists of

Vi, = const,
Vin, = mag (da sin @y + const) = mogds (singa + const),
Viny =m3g (—d3 sin (2 + ¢3) + > sing, 4+ const) =
m3g (—d3sin(q2 + g3) + singa + const)
Ving = mag (— (I3 + da) sin (92 + ¢3) + [2 sin gy + const)
=my4g (— (I3 +dy) sin (g2 + q3) + l2 singa + const),
Vins =msg [— (I3 +14) sin (2 + ¢3) +
I singy + ds sin (@2 + @3 + ¢s) + const] =
msg [— (I3 +l4) sin (g2 + q3) + 2 singa+
dssin(q2 + g3 + g5) + const],

which gives

V =magdysings +m3g (—dssin (g2 +g3) + 2 singz) +
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mag (— (I3 +da)sin(q2 + q3) + lrsinga) +
msg [— (I3 +14) sin(q2 + q3) +
I> singy + ds sin (q2 + g3 + g5)] + const.

Non-potential forces
The non-potential generalized forces are as follows:

Qnun»pat,i =T — ffric—iwi =T — ffric—iqi,
7; is a torsion force (i =1, ...,5).

Lagrange equations
The dynamic equations of the considered manipulator are represented by the cor-
responding system of Lagrange equations:

d 0 d
- L-—
dt 9q; 9gi
L=T-YV,

L= Qnon—pat,iy i = 1, ceey 5,

which leads to the following standard matrix format (12.5) of the dynamic model:

D(@)§+C(q.9)q+g(q) =T,

where
D11 (q) 0 0 D14 (q) 0
0 Dy (q) D2 (q) 0 D5 (q)
D(q)= 0 D3 (q) D33(q) 0 D3s(q) |,
D41 (CI) 0 0 14xx 0
0 Dsy(q) Ds3(q) 0 msd? + I,
with

1 .
Dii(q) = Emlrlz + Dy sin® g + (m2d22 + Izyy) cos gr+
2.2 ) 2 2
m3l5 cos” g + I3xx sin” (g2 + q3) + <m3d3 + I3yy) cos” (g2 +q3) —
2m3dsly c0s g2 cos (q2 + q3) + Laxx Sin® (@2 + g3) +ma (I3 + da)? +

Iyyy cos? (q2 +q3) + m4l§ cos? g2 —2my4 [(I3 + dg) I cos g cos (q2 + q3)] +

ms [(I3 +1s) cos (q2 + q3) — L cos g2 ] —
2msds (I3 +14) cos (g2 + g3) cos (q2 +q3 + g5) +

2ms [dsly cos g2 cos (q2 + q3 + 5)1 + Isxx sin® (g2 + g3 + ¢5) +
<m5d52 + 15yy) cos? (g2 + g3 +gs)
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Dy (q) = laxx sin(q2 + g3)
D2 (q) = mady + Izz + [m3 + my +ms115 + m3ds + I
+my (I3 +dg)* + Iszo +ms (I3 +14)* sin” (g2 + g3) —
215 [m3ds cos g3 + my4 (I3 + dy) cos g3] —
2msly (I3 + 1a) singa sin (q2 + q3) + msds + I
+2msdsls cos (g3 + g5) — 2msds (13 + 14) cos (g5) ,
D3 (q) = m3ds + Iy; +ma (I3 + dg)* + Lazo+
ms (5 + 14)* sin” (g2 + q3) —
I [m3d3 cos g3 + my (I3 + dy) cos g3] —
msly (I3 + 14) singa sin (g2 + q3) — 2msds (I3 + 14) cos (g5) +
|52 + Isec| + ms Ldslz cos (g3 + g5)1.
Dsy (q) =msds + Is;; + msdsly cos (g3 + qs) — msds (I3 + 13) cos (gs) .
Da3 (q) = m3d3 + Iszz +ma (I3 + da)? + Luz.+
ms (I3 + 1)* sin® (q2 + q3) — m3dala cos g3 —
my (I3 + dg) [ cos g3 — msly (I3 + 14) singa sin (g2 + g3) +
mslads cos (g3 + gs) + msdz + Is,; — 2msds (I3 + 14) cos gs,
D33 (q) = m3d; + Iyge +ma (I3 + da)* + Lug; + [m5d52 + ISzz] +

ms (I3 + 1) sin” (q2 + q3) — 2ms [ds (13 + 14) cos gs] ,
Ds3 (q) = msdz + Is;; — msds (I3 + 13) cos gs,
D14 (q) = Lixx sin(q2 + q3),
Das (q) =msds + Is;; +msdsly cos (q3 + gs) — msds (13 + 14) cos gs,
Dss (q) =msd3 + Is;; —msds (I3 + 1) cos gs,

and
Ci1(g,9) 0 0 Ci4(q,9) 0
Cu(q,.q) Cn(q,q9) Cxn(g.q) Culg,q) Cis(q,q)
C(g,9)=|C31(g,9) Cxn(q,.q) Cs33(q,q9) C3s(q,q) C35(q.9)|,
Cu1(q,9) 0 0 frric—4 0
Cs1(g.q9) Cs2(q,9) Cs3(q,q) 0 Css(q,q)
containing

Cll (qv Q) = ffric—l +2 [(IZxx - m2d22 - IZyy - l’l’l3l%> Sinq2 COSQZ] 42+

2[ (T3ax = mad = L3y ) sin (2 + 43) 05 (g2 + 3) | (62 + ) +
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2[ma 3+ da)? sin (g2 + 43) cos (@2 +43) | G2 + d3) +
2[(Iaxx — Iayy) sin (g2 + g3) cos (g2 + g3)] (2 + §3) +
2m3dsly cos g sin (g2 + q3) g3 + [2m3dsly sin (292 + g3)1 g2+
2my [(13 +ds) 2 sin 2q2 + g3) — 13 singa cos (J2] G+

2ms [(I3 +14) cos (g2 + q3) — 2 cos ga] X

[— (I3 +14)sin (g2 + q3)] (§2 + 3) + 2 singag2

2my4 [(I3 + ds) [ cosqasin (g2 + q3)1 43 + [2 <15xx — msd? — ISyy)] X
sin (g2 + g3 +g5) cos (g2 + g3 +g5) (g2 + G3 + g5) +

2msds sin (2q2 +2q3 +q5) [I3 +la — ] go+

2msds [(I3 + 14) sin (2q2 + 293 + q5)]1 g3 —

2msds [l2 sin (g2 + g3 + g5) c0s q2] (43 + G5)

+2msds [([3 + 14) sin (g2 + q3 + g5) cos (g2 + q3)] g5,

C21(q,9) = [(—szx +mad3 + IZyy) sing cos qz] i

I:(mgl% + m4l§> sing cos qz] q1
|:(I3yy — I3xx + de:% +m4 (13 + d4)2 + 14)7y - I4xx>] X

[sin (g2 + g3) cos (g2 + q3)]1 g1—
[m4 (I3 +da) Iz sin 2g2 + q3)141—

[M3d3lz sin (292 + q3) — msl5 cos g Siné]z] q1—
ms [(I3 +14) b sin (22 + g3)]1 g1+

ms [ (3 + 142 cos (g2 + g3)sin (a2 + 43) | 41—
[sin (g2 + g3 + g5) cos (g2 + g3 + g5)] X

[(15xx — msd? — ISyy)] 41—

msds [(I3 + 14) sin 2g2 + 2q3 + g5)]1 g1+
msds [l sin (2q2 4+ g3 + q5)1 41,

C31(q,q) = —sin(g2 + g3) cos (g2 + ¢3) [I3xx —mads — 13yy] 41—

[ Fawe = ma 3 +ds)* = Layy | sin (g2 + g3) cos (02 + 43) 1 -

[m3dsls + my4 (I3 + d4) [2] cos gz sin (g2 + q3) g1+
ms [(I3 +14) sin (g2 + q3)1[(I3 + 14) cos (g2 + q3) — 2 cos g2] g1 —

[stx — msd? — ISyy] sin (g2 + g3 +g5) cos (q2 + q3 + q5) 1 —
ms [ds sin (g2 + g3 + q5)1[(I3 + 14) cos (g2 + q3) — la cos g1 §1—
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ms [ds cos (g2 + g3+ q5)] (I3 + 14) sin (g2 + q3) 41,
Ca1(q,q) = laxx cos(q2 + q3) (42 + 43) ,
Csi1(q,9)=— [(15xx — msd2 — ISyy)] X
[sin (g2 + g3 + g5) cos (g2 + q3 + g5)1 41—
ms [dssin (g2 + g3 + q5)] x [(I3 + 14) cos (g2 + g3) — 2 cos 2141,
C2(q.9) = ffric—2+ [ms I3+ 14)2] X
[sin (g2 + g3) cos (g2 + g3)1(¢2 + 2¢43) — msl> (I3 + 14) sin 2g2 + g3) (42) ,
Ca3(q,q) = —[madslysings +my (I3 +da) [ sing31 (¢2 + ¢3) +
[sin (g2 + 43) c0s (g2 +43)] x [ms (13 +14)? ] 42—
[msls (I3 + 14) sin (2q2 + g3)1 G2 + [msdslz sin (g3 + g5)1 g2+
ms [l (I3 + l4) singz cos (¢2 + ¢3)1 (42 + §3)
Cs2(q.q) = msldslysin(g3 + q5)192
—ms[ds (I3 +14) sings] (q2 + 43 + ¢5)
C23(q,q) =l [m3d3sings + (I3 + da) m4sings3] (242 + ¢3) —
msly (I3 + da) singa cos (g2 + q3) 242 + G3) —
ms [dsly sin (g3 + g5)1 (242 + 43 + ¢5) +
[ms (I3 + 1)* sin (g2 + g3) cos (g2 + 43)] g3,
C33(q,9) = frric—3 +[sin(q2 4 q3) cos (g2 + q3)] x
[ms (I3 + l4)2] (g3 +2q2) + [(m3d3la + ma (I3 + da) I2) singz] 42
—[msls (I3 + 14) singz cos (g2 + g3)1 42,
Cs3(q,q) = —msds (I3 + 14) sings] (2 + 43 + g5)
Ci4(q,q) = laxx cos (g2 +q3) (42 +G3) ,
C24(q,q) = —laxx c0s (g2 + g3) 41,
C34(q,q) = —laxx cos (g2 +g3) q1,
C25(q, q) = msds (I3 + 11) sings (242 + 243 + Gs) —
ms [dsly sin (g3 +g5)]1 (242 + g3 + gs5) ,
C35(q,q) =ms[ds (I3 + 14) sings] (242 + 243 + gs)
Css(q.q) = frric—s +ms[ds (I3 +14) sings] (42 + ¢3) ,
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and
0 R
82(q) 2
g(q)= 23 (q) s T= |13
0 T4
—msgds cos (g2 +q3 + gs) zs
where

82(q) = —magdar cos gz +m3g (d3cos (g2 + g3) — l2c0sq2) +
mag ((I3 + da) cos (q2 + q3) — 2 cosq2) +
msg [(I3 +14) cos (g2 +q3) — lacosqa] —
msg [ds cos (q2 + g3 + qs)],

83(q) =m3gdscos(q2 + q3) + mag (I3 + ds) cos (g2 + q3)
+msg [(I3 +14) cos (q2 + q3) — dscos (g2 + g3+ g5)].

12.8 CD motor, gear, and load train

Consider the following electromechanical system containing a CD motor, gear train,
and load, which is represented in Fig. 12.8.

ry Iy
o~ e i
£ pe— —
u iy L, iz
Motor de CD {
" \\\\\\\\\/,f
7
g:% \ i
é 7
Cylindr 1 T
Cylindr 2

Figure 12.8 CD motor, gear train, and load.
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Generalized coordinates
In this system the generalized coordinates are

t t
q1 ::/ i1 (v)drt, q2 :=/ ir(t)dr, q3:=¢.
T= =0

Kinetic energy
The kinetic energy T is given here by the expression

4
T=Te+) Tu.
i=1

where T,,,; can be calculated based on the Konig formula:
Tm,- = Tm,-,O + Tm,-,rot—O +2m; (Vm,-—c.i.—Oa VO) ,

1 5 1
Tmi,O = Emi Ivoll~, Tm,-,rotfo = 5 (w7 Ii,Ow) .

In our case (see also Section 6.5) we have

L, %) L2.2 .. 1 .2 1 .2 ..
T, = 711 + 712 — M = Equl + §L2CI2 — M4q192,

[ 1s a constant,
Tm] =1Im, 0+ TM|,r0t—0 +mq (le—c.i.—09 VO)
1 mr? 1
1 :2 2.2
ST 5 Y = omiryqs,
2 2 4
ng =Tm,0+ Tmz,rotfo +my (lefc.i.foa VO)

- Tml,rm‘—O -

2
1 mar; 2 1

2.2
=Ty, rot—0 = 3Ty ¢ T mnds
Tiny = Tin3,0 4 Tinz.rot—0 +m3 (Vmgfc.iny VO)
2.2
1 m3r3 r2<p2 1 2.2
= Tm3,rol—0 =z = —m3ryqs,

2 2 2 4

Tm4 =Tm,,0+ Tm4,rot70 + my (Vm4fc.i.703 VO)
T 1 m4r£ r22¢2 1 ré%rz2 .
= Tingrot—0= 3 = —my—5-43.

my,ro ) r32 4 r32 qs3

Potential energy
Here the potential energy V is

4
VZVe‘FZVm,‘v Ve =0,
i=l



414 Classical and Analytical Mechanics

Vi, = const, V,,, =const, V,,; =const, V,, = const,

which gives V = const.

Non-potential forces
The generalized non-potential forces are

Onon-pot,1 = — R1iy =u — R1q1, u is the applied voltage,
Qnon—pot,Z =—up — Roin = —up — Rzéz,
up is the counter-electromotive force in volts,
Onon-pot,3 =T3 — ffric—=393 =13 — frric—3q3, 13 =kir =kq
is a twisting moment.

Lagrange equations
Using the obtained formulas for 7, V, and L =T — V we are able to derive the
dynamic Lagrange equations:

d o d .
Ea_qil‘ - 8_an = Qnun—pat,iv i=1,2,3,

which can be represented in the standard matrix format (12.5)

D(@)G+C(q.9)qg+g(q) =T,

where
L1 —MU 0
—un Ly 0
D(g)= 21l
1 2 2 2 4ty
0 0 myry +mary +m3ry +ms—
2 rs
Ry O 0 0 u
Clq,¢)=||0 Ry 0 , g@=|0|, T=|—up|.
0 —k ffric—3 0 0

12.9 Stanford/JPL robot manipulator

Consider now the Stanford/JPL manipulator represented in Fig. 12.9.

Generalized coordinates
The generalized coordinates for this mechanical system are as follows:

q1:=¢1, q2:=¢2, {3:=X, (g4:=).
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Figure 12.9 The Stanford/JPL manipulator.

Kinetic energy

The kinetic energy T = 2?21 T;; of this system consists of the terms 7,,,, which
can be calculated based on the Konig formula:

Tmi =Tm;,0+ Tm,-,rot—O +2m; (Vmi—c.i.—O, VO) ,
1 2 1
Tmi,O = Emi lIvoll*, Tm,-,roz‘fO = 5 (w, Ii,Ow) s

which in our case leads to the following expressions:

Tm1 =T1m,0+ Tml,rotfo +my (szfc.i.fo’ VO)
T T

=T\ rot—0= Elluﬁol = Ellzqu’
ng =T1m,0+ Tmz,rotfo +my (szfc.i.fo’ VO) = Tmz,rotfo =

(0 T |mad3 + I, 0 0 0

3 @1 0 mady + Iy, —Dh | | ¢1

0 0 —Izzy b,
1 .
=5 (mdd+1,,) 47,

Tm3 =Tm;,0+ Tm3,r0t—0 +m3 (Vm3—c.i.—09 VO)

1 :2 2 2
=Tn;0+ Tm3,r0t—0 = EmS (x + (x +d3) @1) +
T

(O B 0 00
> </:71 0 5L, O </:?1 =
2 0 0 I, | \¢

1 ) . ) )
3 [m3 (q32 + (g3 + d3)* qlz) + Isyyqlz + 13“6122] ,

1 . .
Tm4 =Tm,,0+ Tm4,rot70 + my (Vm4fc.i.70’ VO) = §m4 <x2 + (x+ 13)2 (P%> +
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grsinga\ [ La,, 0 0 @1 8ing)
2 ¢1 COS 2 0 m4d‘% + 14, 0 ¢rcospr | +
@2 0 0 mads + Iy, 7

—dy cos 1 cos a1 + dy singy singr¢n
my —d4 COsS 22 X
d4 sin @y cos @21 + d4 cos @1 sin 2@
Xcosgr — (x +13) sing1 ¢y
0 = - (m4d4% + 147Z> q22 + m4c]32+
.. . 2 22
—xsing; — (x +13) cos g9

1 . .
5 [14” sin® g2 +ma (g3 +13)> + (m4df + 14yy) cos? qz] 7

—mady [c0s 24143 — (g3 + 13) singag14]
Tins = Tins,0 + Tns.ror—0 +my (Vm5*0-i~*0’ VO) = Tns,0 4 Tims.ror-0 = §m4X

— (4 + y)cospcos g1 + (l4 + y) singy singr@p — y singj cos ¢z
—(la + y) cospagp — ysingy

(I4 + y) sing| cos @291 + (l4 + y) cOs @1 Sin a2 — Y COS @1 COS 2

. . . 2
Xcosgp — (x +13) singi ¢

0 +
—xsing; — (x +[3) cos @1 ¢1

+
—

grsingo\ | [Is, O 0| [¢1sing,

(@1 COS 2 0 Iy, O @rcosgr | =
@2 0 0 Iy, 7

N =
—

[m5 (g3 +13)* + Is, sin® g2 + (ms (s +q1)* + 15},},) cos? qz] ql2

NS

1 2.2, 1o 1
+2 Is,. +ms (4 +q4)" | g5 + 2m5q4 + 2m5q5
—ms (Is + q4) [§143cos g2 — (g3 + 13) G142 singa] +

ms [(g3 +13) g1g4cosqa].

Potential energy
The potential energy V = Z?:l Vin; has components

Vi, = const, V,,, =const, V,,; = const,
Ving =magdasingy =m4gdssing,,
Vins =msg (y +14) singy =msg (qa + l4) singy,

which gives

V =mygdssingy + msg (qa + 14) sings + const.
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Non-potential forces
The non-potential generalized forces are given by the following formulas:

Onon-pot,1 =T1 — ffric—101 =71 — frric—141,
71 is a torsion force,

Qnon—pot,Z =17 — ffric72¢2 =17 — ffric72q.27
T3 is a torsion force,

Qnon—pot,3 =F - ffric—3)'c =F;— ffric—3q3y
F3 is a force acting on the horizontal movement,

Qnon—pnt,4 =F4— ffric—4}'} =F— ffric—4q4v
Fj is a force acting on the transversal movement.

Lagrange equations
Based on the obtained expressions for 7', V,and L =T — V we are able to derive
the Lagrange equations:

d . .
—L =ms5(q3 +13) g1 cos g2 + msqa,
9G4

which in the standard matrix format (12.5) is
D(@)G+C(q,9)q+g(q) =T,

where the matrix

Di1(g) Di2(q) D13 (gq) D14 (q)

D)= Dy (q) Dxn(q) 0 0
=Dy 0 mytmitms 0
D41 (q) 0 0 ms

contains the following block elements:

Dii(q) =11, + Ly, + I3, +mad; +m3 (g3 +d3)* +
Iy, sin® g +ma (g3 + 13)* + (m4df + 14,,) cos® gr+

ms (g3 +13)* + Is,, sin® g5 + <m5 (s +q9)* + Isyy> cos? ¢,
Dy (q) = [mads + ms (l4 + q4)] (g3 + [3) singy,
D31 (q) = — (mgdy + ms (I3 + q4)) cos q2,
D41 (q) =ms (g3 +13) cos g2,
D13 (q) = (mady + ms (I4 + q4)) (g3 + [3) singy,
Dyn(q) =13, + m4df + 1y, + 15, +ms s+ q4)*,
D3 (q) = — (mads + ms (s + qa)) cos qa,
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D14 (q) = ms (g3 +13) cos g2,

and the matrix

Cnu,q9) Ci2(q.9) 0 0
) Cu(qg,q9) Cn(q.9) 0 Ca(q,q9)
Cg.9)= . )
C31(q,9) 0 Sfrric—3 —2ms o8 241

Cun(q,q9) Ca2(q,q) 2ms5cosqaqi frric—4

has the elements

Ci1(g.9) = frric-1+2 [(—MS (s +q4)* — 15”> sings cos 612] g2+

2 [(14” — m4df =L, + 15“_) sin gy cos qz] Q@+

2[m4 (g3 +13) + m3 (g3 +d3)143+

2ms (g3 +13) 3 + 2ms (Ia + q4) Ga cos” g,
C21(q,9) =ms(q3 +13) qasingr—

[(14n —madj — La,, + ISN) sing cos 6]2] q1—

[(—ms s+ qa)* — Isyy> sing; cos 6&] q1,
C31(q,9) = —=2[m3(q3 + d3) + ma (g3 +13)141 — 2ms (g3 + [3) q1,
Ca1(q.§) = —2ms (g3 + 13) singaga — ms (4 + g4) G1 cos” g2,
Ci12(q,q) = +2[(mads + ms (l4 + g4)) singa] g3,

+[mads + ms (la + g4)1 (g3 + 13) c08 q2q2,
C22(q,9) = frric—2 +2ms (l4 + q4) G4,
Cax2(q,q) =—ms (s +q4) 42,
Ca4(q,q) =ms (g3 +13) g1 singa,

with
0 71
magdscosqy +msg (qa + 14) cosqp (%)
2 (q) = |48 q qu 2| "
3
msg sing F4

12.10 Unimate 2000 manipulator

Let us consider here the robot manipulator Unimate 2000, represented in Fig. 12.10.
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Figure 12.10 Robot manipulator Unimate 2000.

Generalized coordinates
The generalized coordinates of this robot are as follows:

q1:=¢1, q2:=¢2, g3 =¢3, (4:=¢4.

Kinetic energy
The kinetic energy 7 = Z?:l T,,; contains the elements T,,,,, which are calculated
as in the previous sections:

Tm,— = Tm,-,O + Tm,-,rot—O +2m; (Vm,-—c.i.—O’ VO) ,

1 2 1
Tmi,O = Emi Ivoll~, Tm,-,rotf() = 5 (w: Ii,Ow) ,

where
Ty = Tny 0+ Tonyrot—0 4+ mi1 (Viny —c.i—0. Vo) =
Tnyror—0 = %sf"f (I.) = % (1) df
Tiny = Tny0 + Tonsror—0 + M2 (Vimy—c.i—0, ¥0) = Ty ror—0 =

. T ..
@1 Singy Iy 0 0 @1 singy
3 ¥1COS @) 0 m2a'22 + by 0 ¥1COS @)
33 0 0 m2d22 + I, o)
1

=3 [szxq'lz sin ¢ + <m2d22 + 12yy) gicos® g + (m2d22 + 12zz> ézz] )

Ty = Tnz,0 + Tinz,rot—0 + 12 (Vm3—c.i.—0, VO) =

@1sin (¢2 + ¢3)

@reos (g2 +¢3) | x
@2+ @3

1 . . 1
§m3 [l% (0052 <p2> (p% + l%(p%] + 5
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L 0 0 g18in (g2 + ¢3)
0  m3d; + Iy, 0 @108 (92 + ¢3)
0 0 m3ds + Iz, @2+ ¢3

@1d3 sin @i cos (92 + @3) + (@2 + ¢3) d3 cos 1 sin (¢2 + ¢3)
+m3 — (@2 + @3) d3 cos (g2 + ¢3) X
@1d3 cos @y cos (g2 + @3) — (2 + @3) d3 sing sin (g2 + @3)

—@2l cos @ singy — @1l sin @) cos @
@l cos g = 5m3 I:l% cos® qzc}% + Z%qzz:l +
—@1l2cos 1 cos 2 + @alr sin gy sing,

1 ) )

5 [I3xx sin’ (g2 +q3) + (m3d§ + I3yy) cos? (g2 + 613)] 5112"_
l A2+ 1 ; 22

2 m3dy + I3z ) (g2 + ¢3)

m3 [d3lz cos q2G7 cos (g2 + q3) + dsla (42 + §3) G2 cos 113] )

Tm4 = Tim,0+ Tm4,rot—0 +my (Vm4—c.i‘—0s VO) =

1. .
Sma [%2 [13cos (92 + @3) — lrcos 2] + w%lﬁ] +

Lo (62 + 62 + 203 ) 2 sin (02 + 03) —
S\ 92+ @3+ 20293 ) I3 sin (g2 + @3

1 .. ) . :
S Ma [2¢2 (92 + ¢3) 213 sin g sin (@2 + @3)] +

@18in (@2 + @3 + @4)
2 prcos (g2 +@3+@4) | x

@2+ 93+ ¢4
Lix 0 0 @18in (@2 + @3 + @4)
0 mad] + Inyy 0 @1c08 (92 + 93 +4) | +
0 0 m4d4% + I4zz ¢2 + ¢3 + ¢)4

. . T
—@1dasing) cos (@2 + @3 + 1) —

(92 + @3 + @4) da cos @1 sin (@2 + @3 + @4)
my (@2 + @3 + ¢4) dacos (g2 + @3 + @4)

—@1d4cos @1 cos (92 + @3 + @4) +

(@2 + @3 + ¢94) dasin gy sin (@2 + @3 + @4)

—@2ly cos @1 singy + (@2 + ¢3) I3 cos @1 sin (2 + ¢3)
+@1 singq (I3 cos (2 + ¢3) — [ cos @2)
@ala cos gy — (@2 + ¢3) I3 cos (92 + ¢3)
@ala singy singy — (@2 + ¢3) I3 sin @y sin (g2 + ¢3)
+@1cos @1 (I3cos (92 + ¢3) — 2 cos g2)

L [l —1 2,2] 4+ Lpa2a2
= 5Ma 3¢08 (g2 +g3) — 2 cosq2]” g3 +2m42q2
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1 . :

3 [14” sin® (q2 + g3 + qa) + (m4d4% + 14yy> cos® (q2+q3 + ‘14)] qi—
ma [dscos (g2 + g3 + qa)1[13cos (g2 + q3) — L cos g2 1 G7+

lm 12 : 2 5 2 2 —

54 |13 sin (92 +g3) [ (G2 +43)

my [lo13sings sin (g2 + g3)1 (42 + 43) 4o+

1 . . .

E [m4d4% + I4zz] (g2 +q3+ CI4)2 +

my [daly cos (g3 +q4)] (q2 + ¢3 + G4) 2 —
my [dal3 cos (g4)] (G2 + 43 + q4) (42 + G3) -

Potential energy
The potential energy V may be calculated as V = 2?21 Vi, » with

Vin, = const,

Vin, =m2g (da singy 4 const) = mogd, (singy + const),

Viny =m3g (—d3 sin (@2 + ¢3) + [ sing, + const) ,
=m3g (—d3sin(q2 + g3) + singz + const)

Ving = mag (—l3sin (@2 + ¢3) + L2 sing) + da sin (g2 + @3 + ¢4) + const)
=mag (—I3sin(q2 +g3) + [2singy + dasin(q2 + g3 + q4) + const) ,

which gives

V =mygdysingy +m3g (—dzsin(q2 + q3) + l2sing2) +
mag [—13sin(q2 + q3) + l2sings + dy sin (g2 + g3 + q4)] + const.

Non-potential forces
The generalized non-potential forces are as follows:

Qnan-pot,i =T — ffric—i(pi =T — ffric—iq.iv
7; 1s a torsion force, i =1, ..., 4.

Lagrange equations
Based on the obtained 7" and V, we are able to derive the dynamic Lagrange equa-

tions:

dd aL_Q i=1,.,4, L=T—V
——L—-—L= poti»1=1,..,4, L=T -V,
dt 9g; 9gi nom-potd

which can be represented in the standard matrix format (12.5)

D(@)§+C(q,9)g+g(q) =T,
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where the following matrices participate:

and

Di1 () 0 0 0
0 D2 (q) Da(q) D24 (q)
0 D3 (q) D33(q) D34 (q)
0 Dn(q) Diz(q) madi+ I

D11 (q) = I, + Ly sin* g2 + (M2d22 + IZyy) cos” go+

D(q) =

m3l3 cos® qp + Iy sin® (q2 + q3) + (m3d32 + I3yy) cos? (g2 4 q3) —
2m3dsla cos qa cos (g2 + q3) 4 ma [13.c0s (q2 + q3) — lacos qa]* —
2madals cos (g2 + q3) cos (g2 + g3 +q4) +

2ma [daly c0s g2 c0s (q2 + q3 + qa)] + Laxy sin® (q2 + g3 + qa) +
(nudf + I4yy) cos® (g2 + g3+ qu)

Dy (q) = m2d22 + Iozz + [m3 + my] l% + m3d32 + I3 + m4dz% + lazz+
mal3 sin® (g2 + q3) — 21> [m3d3 cos g3] — 2mylal3 sings sin (g2 + g3)
+2mydyls cos (g3 + q4) — 2madals cos (q4) ,

D3;(q) = m3d3 + Isz; +malj sin® (g2 + g3) —
m3dsly cos g3 — mylyl3 sings sin (g2 + g3) +
malyds cos (3 + qa) + mady + laz; — 2madalz cos g4,

D3 (q) = mady + laz +madaly cos (g3 + q4) — madals cos qa,

D23 (q) =m3d3 + I3;; + mul3 sin® (g2 + g3) — I [m3d3 cos g3] —
mylrl3 sing; sin (g2 + q3) — 2madyl; cos (q4) +
(1143 + L] + maldalz cos (g3 + g1,

D33 (q) = m3d? + Iz + mal? sin® (g2 + q3) + [m4d3 + 1411] -
2my [dal3 cosq4],

Du3(q) = mudi + Isz; — madal3 cos qa,

D24 (q) = madi + Iszz + madaly cos (q3 + qa) — madal3 cos (g4) ,

D3y (q) = mad3 + Lyz; — mydyls cos gy,

Cii(g,9) 0 0 0
C2(q,9) Cn(q.q) Cx3(q,q) Caulq,q9)
C31(q.9) Cxn(q.9) C33(q.9) Culq,q)|’
Ci1(q,9) Ca2(q.9) Ca3(q.q) Caa(q.q)

Cq.9)=
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Ciu(@q.9) = frrice1+2 [(IZxx —mads — Loy — ma@) singy COS(]z] g2+

2[(T3ux = mad = I3y ) sin (@2 + g3) 05 (42 + ) | (62 + d3) +

2m3dsl; cos gz sin (g2 + q3) g3 + [2m3dsla sin g2 + q3)] g2+
2my [l3cos (g2 + q3) — lrcosga] x

[—13 (g2 + ¢3) sin (g2 + g3) + [2sing2g2] + [2 (I4xx — myd; — 14yy)] X

[sin (g2 + g3 + q4) cos (g2 + g3 + g4)] (G2 + g3 + g4) +
2mydy sin 2q2 + 2q3 +q4) [(I3 — 1) g2 + 13g3] —
2mydysin (g2 + g3 + q4) [12 (§3 + G4) cos g2 + cos (q2 + g3) 44],

C2(q,9) = [<_12xx + mad; + IZyy) sings cos 112] q1+
[m3l§ singp cosqz] q1+
[Isyy — Byx + m3d32] [sin (g2 + g3) cos (g2 + q3)1q1—
[madslz sin (2¢2 + g3) — mal3 cos g2 sin 612] q1—
my [1302sin (292 + g3)141 + m4 [l_% cos (g2 + g3) sin (g2 + %)] q1—
[sin (g2 + g3 + q4) cos (g2 + g3 + q4)] [<I4xx — mady — 14yy)] q1
—mydy (I3 + 12) [sin (2q2 + 293 + q4)1 41,

C31(q,9) =— [I3xx — m3d3 — I3yy] [sin (g2 + g3) cos (g2 + q3)]1 g1 —
m3dsly [cos gz sin (g2 + q3)]1 41+
myl3 sin (g2 + q3) [I3 cos (g2 + q3) — [ cosqa] g1 —
[I4xx — myd} — I4yy] [sin (g2 + g3 + g4) cos (g2 + g3 + q4) 11—

mydy sin (g2 + g3 + q4) [13cos (g2 + g3) — 2 cos 2] G1—
madals cos (q2 + g3 + q4) sin (g2 + q3) 41,

Ca1 (q.9) = = (Lavs = mad? = Luyy ) [sin (2 + g3 + g4) €05 (g2 + 43 + g)] 1
—mydysin(q2 + g3 + qa) [[3c0s (g2 + q3) — [ cos q2] g1,

C22(q.G) = frric—2 +mal3 [sin (g2 + g3) cos (g2 + 43)1 (42 + 243)
—malbyl3sin (22 + q3) (§2)

Cx2(q,§) = — [m3dsla sings] (g2 + §3) + mal3 [sin (g2 + g3) cos (g2 + ¢3)1 62
—mabyl3 ([sin (2q2 + ¢3)]1 G2 + [singz cos (g2 + ¢3)1 (G2 + ¢3))
+ [madaly sin (g3 + q4)] g2,

Ca2(q,q) = maldalysin(q3 + qa)] G2 — ma [dal3sings] (§2 + ¢3 + G4) ,

C23 (9, q) = m3lads [sing3] (2g2+¢3) —malal3 [sin g cos (q2+4q3)] (242+43)
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—my[dalysin (g3 +qa)]1 242 + ¢3 + q4) +
mal3 [sin (g2 + g3) cos (q2 + q3)1 43,
C33(q,4) = frric—3 +mal3 [sin (g2 + q3) cos (q2 +¢3)1 (43 +242)
+m3dslz [sing3] g2 — malal3 [singa cos (g2 + q3)1 42,
Ca3(q,q) = —madslz [singa] (2 + g3 + q4)
C24(q,q) = madalzsings (242 + 2G3 + q4) —
ma [dalysin (g3 + q4)1 242 + 43 + q4)
C34(q,q) = maldal3sings] (2q2 + 243 + q4)
Ca4(q,q) = ffric—a +maldal3sings] (g2 +q3) .

The vectors g and t are as follows:

g1 (q) Ty

82(q) %)
g(@)= , T= ;

83 (q) 73

84(q) T4
g1(q) =0,

82(q) = —magdp cosqa +m3g (d3cos (g2 +q3) — l2cosg2) +

mag (1308 (q2 + q3) — l2c08q2] —magdscos(q2 + q3 + q4)l,
g3(q) =magdscos(q2 + q3) +mag [l3cos (g2 + g3) — dscos(q2 + g3 + q4)],
84 (q) = —magdscos (g2 + g3 + q4) -

12.11 Robot manipulator with swivel base

Consider now the robot manipulator with swivel base of three degrees of freedom
represented in Fig. 12.11.

Figure 12.11 Robot manipulator with swivel base.
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Generalized coordinates
The generalized coordinates of the considered mechanical system are

q1:=¢1, 4q2:'=X, (g3:=¢@2.

Kinetic energy
The kinetic energy T = Zizzl T;n; has two elements, T,,, (i =1,2), which can be
calculated as in the examples before:

Tm,- = Tm,-,O + Tm,-,rot—O +2m; (Vm,-—c.i.—Oa VO) ,

1 5 1
Tmi,O = Emi Ivoll~, Tm,-,rotfo = 5 (w7 Ii,Ow) .

In our case we have

l ‘2 1 '2
Tony = Tiny,0 + Ty rot—0 + my (sz—c.i.—09 VO) = Ellzzﬁol = Ellzqu >

_ . _ 1 2.2 )
ng =1Im,0+ Tmz,rot—O +my (sz—c.z.—09 VO) = EmZ XTor+x7 )+

grsings\ || Iz, 0 0 @15in @2
— | ¢1cos ¢y 0 m2d22 + I2yy 0 ¢rcosey | +
@ 0 0 mad3 + I, @
@1dp cos @1 cos @2 — @pdy sin @y sin @) —@1xsing| + X cos @
my @ada cos o 0
—@1dy sin @ cos g — @adp cos 1 sin @) —@1X CcOos Y| — X sin @

1 . . .
= 3 [12“-‘112 sin’ q3 + <m2d22 + 12”,) q12 cos? q3 + (m2d22 + 1211) qg] +

7m2 (nglz + qzz) +m3 [q192d> cos g3 + g143q2dr sings] .

Potential energy
The potential energy V = Z?:l Vpn; contains

Vin, =const, V,,, =mgd, singy, =mgd; sings,
which gives
V =mgd, singz 4+ const.

Non-potential forces
The generalized forces are given by the following formulas:

Qnan-pot,l =T — ffric—l(;bl =T — ffric—lq.ly
71 18 a torsion force,
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Onon-pot,2 =2 — frric2y = F2 — frrie—242,
F> is a force of horizontal movement,

Qnon»pat,3 =13 — ffric73¢2 =13 — ffricf3q.3y
73 is a torsion force.

Lagrange equations
Using the obtained expressions for 7 and V, we are able to derive the dynamic
Lagrange equations

d aL 8L_Q [ =1,2,3, L=T -V
——L—-——L= -poti> 1 =1,2,3, L=T =V,
dt 9g; agi nonpor

which in the standard matrix format (12.5) gives

D(@)G+C(q.9)qg+g(q) =T,

where
D11 (g) [madz cosqs] [maqadssings]
D (q) = | [madscosqs3] ) 0 ,
[m2q2d> sing3] 0 mad; + I,

with D11 (¢) equal to
D1 (q) = [Ilzz + (m2d22 + Izyy) COS2 LI3:| + 1, Sin2 q3 + mzqzz.

The matrix C (g, ¢) is as follows:

Cii(q,q) 0 maqad cos 343
C(g,9)= 0 Sfrrie=2 —mady singsqy |,
C31(q,q) 2madaysingsqy Sfrrie=3
where
Cu@q,9) = frric-1—2 [mzdzz sing3 COSC]3] g+
2[(I2,, — I2,,) sing3 cos g3] 43 + 2magaqa,
C21 (g, ) = —mady singigz — m2q2q1,
C31@. @) == [(I2,, = Io,,) sings cosgs] 1 + [mad3 sings cosgs | dr,
and
0 7
g(@)= 0 ,T=|F|.

—mgds cos q3 7
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12.12 Cylindrical robot with spring

Consider the cylindrical robot with spring represented in Fig. 12.12.

Figure 12.12 Cylindrical robot with spring.

Generalized coordinates
Select the generalized coordinates as

q1 ‘=, q2 ‘=z, q3 = x.

Kinetic energy

The kinetic energy T = 21'5:1 T,u; consists of the elements T},,,, which can be cal-

culated using standard formulas:
Toni = Tony0 + Ty ror—0 + 2mi (Vim;—c.i—0, Vo) ,
0 = 5 V012 Ty ror-0 = 5 (@, 1100)
For this system we have

Tm1 =1m,,0+ Tml,rot—O +mq (sz—c.i.—O: VO)

o 1 .2

=Tm1,rot—02511yy(ﬂ Zillyyﬁha
ng =Tm,,0+ Tmz,rot—O + my (sz—c.i.—O: VO)

1 o 1 .2

= Ty rot—0 = E 20,9 = 5 241>

Tm3 =Tm;,0+ Tm3,r0t—0 +m3 (vm3—c.i.—O: VO)

1
)
=1Imy,0+ Tm3,rot70 = 5"”32 +

O\ B 0 o0y
3 @1 0 Ly, Off|e]= 3 [m36]§ + 13yy4%] ;
0 0 0 I, 0

Tm4 = 1m0+ Tm4,rot—0 + my (Vm4—c.i.—09 VO) =0.
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The mass of the spring m4 is considered negligible. Now we have

Tm5 = Ims,0+ Tm5,rot—0 +ms (Vms—c.i.—Oa VO)

1
= —ms (22 +i2+ msx2¢2) +

2
L0\ s 0 0] [0
~ K% 0 L, Ofle]=
2\o) | o 0o . |\o
1

> [ms (a3dt + 3 +3) + 15,4

Potential energy
The potential energy V = Zis:l Vi, has

Vi, =const, V,,, =const, V,,, =m3gz =m3gq3,
1 1 2

VI’H4 =k (x - .X())2 =k (112 - 1120) s
2 2

Vins =msgz =msgq3,

which gives
1 2
V=ms3gq3 + Ek (6]2 - qzo) + msgq3 + const.

Non-potential forces
The generalized non-potential forces are

Qnun-pat,l =T — ffric—l(;b =T — ffric—lély
71 1s a torsion force,

Qnon-pal,Z = - ffric—2x =F - ffric—2é2s
F) is a force of horizontal movement,

Qnon—pot,3 =F;— ffric—?)).) =F;— ffric—?aq.&
F3 is a force of vertical movement.

Lagrange equations
Using the obtained expressions for 7 and V in the dynamic Lagrange equations

d 0 d .
———L——L=0nnrpori i=12,3, L=T -V,

dt 9g; 9gi

we get the following representation in matrix format:

D(@)§+C(q,9)q+g(q) =T,
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where

[11)")' + Izyy + 13.\’.\’ + ISYY] + m5q22 0 0

D(q) = 0 ms 0 ,
0 0 m3+ms
frrie—1 +2msqaqn 0 0
C(q,9)= —msq241 Sfrrie—2 0 |,
0 0 ffric—3
0 71

@) =|k(g2—q2)|. t=|F].

m3g +msg F3

12.13 Non-ordinary manipulator with shock absorber

Consider the non-ordinary manipulator with a shock absorber which is presented in
Fig. 12.13.

Figure 12.13 Non-ordinary manipulator with shock absorber.

Generalized coordinates
The generalized coordinates of the considered systems are

q1:=Xx, q2:=Yy, {q3:=¢1, q4:=¢2, g5:=¢3.

Kinetic energy
The kinetic energy T = Zle T)n; has terms T, , which can be calculated as

Tm,— = Tm,-,O + Tm,-,rot—O +2m; (Vm,-—c.i.—07 VO) ,
1 ) 1
Tmi,O = Emi ”VO” ) Tm,-,rot—O = E ((0, Ii,Ow) )
so that
Tm1 ="Tm,0+ T;nl,rot—O +m (le—c.i.—O» VO) =
2

1 .2 1 . 3 -2
Tml,O + Tml,rotfo = Em]x + Zmlx = Zmlfh,



430 Classical and Analytical Mechanics

Tmz =Tm,,0+ Tmz,ratfo + my (lefc.i‘fos VO) =

Topo+ T, Laf & 2mai® = 2mait
0= —myx —myxX~ = -m 5
my,0 my,rot—0 ) 2 ) 2 4 297

Tm3 = Tm;,0+ Tm3,r0170 + m3 (Vmgfc.i‘fos VO) =

1 ‘2 l ‘2 1 .2
Tm3,0 + Tm3,rm‘—0 = §m3x + Em?:y + E 3yyP1 =

1, 1 5, 1,
~m3qy + -m3q; + ~13yyq3,
) 397 B 39, B 3yyq3
1 o 1 .9
Tng = Tnyg,0 + Ting,ror—0 +m4 (Vm47c.i.70s VO) = §m4x + 5"’14)’ +
. T .
P1cos@2\ |1y, 0 0 @1c0S @2
3 @1 singy 0 mad] + Isyy 0 @1singy | +
@ 0 0 m4df + Iz, @
G1dy sin g sin @) + gady cos 9 cos @2\ %
my —@odssin gy y
@1d4 cOs @1 Sin @y — @2dy sin g1 oS 2 0
1 . 1 . 1 .
= Smad? + smad3 + 5 [mad + Iz 43+

Ir, 2 2l .2 7.2
5 | faxx cos qa + (mady + Layy ) sIn“qa | g5+
ma [(dssings singa) G193 + (da cos q3 c0s q4) G144 — (da singa) g2q4],

Tm5 = Ims,0+ Tms,rot—O + ms (Vm5—c.i‘—0s VO) =

| @1l sin @y singy + @al4 cos @1 cos o + X 2
7™Ms —@lysingy + y +
@114 cos gy singy — @olasing) cos g
. T ISxx 0 0 .
@108 (92 + ¢3) msd2 @108 (92 + ¢3)
= | —¢18in (g2 + ¢3) +1syy —@18in (g2 +@3) | +
2+ ¢3 0 0 msds ©2 + @3
+15zz
—@1ds sing; sin (g2 + ¢3) T (G1lasingy sings
— (@2 + ¢3) ds cos g1 cos (g2 + ¢3) +@aly cos gy cos gy + X
ms (2 + @3) ds sin (p2 + ¢3) —@lysingy +y
—@1ds cos @1 sin (g2 + ¢3) @1l cos @y singy
+ (@2 + @3) ds sing cos (g2 + ¢3) —@alasing) cos o

1 ) ) 1 ) )
=3ms (qf + q%) +5 [msli sin g4 + Isyy cos® (qa + 615)] a3+
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I . o .
5[ (msa? + 15,y ) sin® (@ + g5) — 2mslads singy sin (g +gs) | 43+

Lonsi2az + L ms2 + 12| s + 45)°

7Msliqy + 5 | msds + Isz: (g4 +q5)"+

ms [l singz sings — ds sings sin (g4 + g5)]1 g193 + msla [cos g3 cosqa] G1Ga—
msly [sings] G2g4 — mslads [cos gs] (Ga + G5) Ga—

msds [cos g3 cos (g4 + g5)] (ga + G5) g1 + msds [sin (g4 + q5)] (g4 + g5) g2.

Potential energy
The potential energy V =V, + Z?:l Vi, 1s as follows:

1 ) 1 2
Vi=2k(y—y0)"=5k(q2—q20)",
2 2
Vi, =migxsina =migq; sina, V,,, =mygxsina =msgq sinc,
Viny =m3g[xsina + (dz + y)cosa] =m3g[q1 sina + (d3 + q2) cos o],
Vin, =mag[xsina + (I3 4+ y) coso — ds cos @z cosa — dy sino cos @1 sin @]
=mag[q1sina + (I3 4+ g2) cosa — dscosqga cosa — dg sinw cos g3 singa],
Vins =msg[xsina + (I3 +y) cosa — I4cos ¢y cosa + 4 sin @) sina cos ¢1 ]
+msg [ds cos (g3 + @2) cos o + ds sin (93 + @2) sina cos 1] =
msg [q1 sina + (I3 + g2) cosa — [4cos g4 cos o + 14 sin g4 sin o cos g3]
+msg [ds cos (g5 + qa) cosa + ds sin (g5 + g4) sinw cos g3],

which gives

1 .
V= Ek(% — q20)* +[m1g +mog +m3g +mag +msglqi sina+

m3g [(d3 + q2) cosa] +

mag [([3 + q2) cosa — dg cosqq cosa — dg sina cos g3 sings ] +
msg [([3 + q2) cosa — l4cosga cosa + 4 Sing4 sin o cos g3] +
msg [ds cos (g5 + q4) cosa + ds sin (g5 + g4) sin cos g3] .

Non-potential forces
The generalized non-potential forces are given by

Qnan—pot,l =F - ffric—l)'c =F - ffric—lq.h
F1 it is a force of longitudinal movement,
Qnon—pot,Z = _C}" = _CC?Za
¢ is the coefficient of viscous friction,
Qnon—pot,3 =13 — ffric73¢3 =13 — ffricf3q.3v
73 is a twisting moment,
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Qnon—pat,4 =T4— ffric74(/"4 =T4— ffric74q47
T4 is a twisting moment,

Qnon»pat,S =715 — ffric75¢5 =715 — ffri075q.57
Ts5 is a twisting moment.

Lagrange equations
Based on the obtained formulas for 7 and V, we are able to derive the dynamic

Lagrange equations:
d o a .
Ea_qiL B 3_611L = Qnon-pot,i, | = 1.5, L=T-YV,

which can be represented in the standard matrix format

D(@)§+C(q,.9)q+g(q) =T,

where
D11 (q) 0 Di3(q) Disa(q) D15 (q)
0 m3 +myq + ms 0 D14 (q) D5 (q)
D (q) = |D31(q) 0 D33 (q) 0 0 ,
Dy1 (q) Dy (q) 0 Dus(q)  Das(q)
Ds1 (q) Ds; (q) 0 Dss(q) msd: + Is;

3
Dy (g) = [5 (m +m2)+m3+m4+m5:|,

D31 (q) = (mydy + msly) sin gz singg — msds sings sin (g4 + gs) ,
Dy (q) = (mydy + msly) cos g3 cos g4 — msds cos g3 cos (g4 +gs) ,
Dsy (g) = —msds cosqz cos (q4 +qs)
Dy (q) = — (mads + msly) singy + msds sin (q4 + gqs) ,
Ds3 (q) = msds sin (g4 + q5) ,
D13 (q) = (mqdy + msly) sings sings — msds singz sin (g4 + gs) ,
D33(q) = <MSd52 + ISyy) sin? (q4 + gs) —

2mslyds singy sin (g4 + g5) + I3yy + Lgxx cos? qa+

<M4df + I4yy + mslz%) sin? g4 + Isxy cos® (qa +gs) ,
D14 (q) = (mady + msly) cos g3 cos g4 — msds cos g3 cos (g4 + gs) ,
D2y (q) = — (mads + msly) singy + msds sin (q4 + gqs) ,
Duys (q) = m4df + 4y + mslf + m5d52 + Is;; — 2mslads cos gs,
Dsy(q) = m5d52 + Is;; — mslsds cos gs,
D15 (q) = —msds cos gz cos (g4 + gs) ,
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D)5 (q) = msdssin (g4 + q5) ,
Dys (q) = msds + Is;; — mslads cos gs,
and
frrie=1 0 Ci3(q.9) Cis(q.q) Cis(q,9)
0 c 0 Ca(q,q) Cxs(q,q)
C(g.9)=|C31(q,9) 0 C33(q,9) Cs4(q,9) 0 ,
0 Cix(q,q9) Ca3(q,q) Sfrric—4 Cis(q,q)
0 0 Cs3(q,q) —Imsladssingslgs Css(q,q)

C31(q,q) = —2[msdssings cos (g4 + q5)1 (44 + g5) ,
Ca2(q,q) = —2[msdscos(q4 + q5)1 (g4 + gs5) ,
C13 (g, q) = [(mady + msly) cos g3 singa] g3 —
[msds cos g3 sin (q4 + q5)143,
C33(q,q9) = frric—3 — 2[mslads cos g4 sin (g4 + q5)1 qa+

2 [(mm’f + Iyyy + mslf — I4xx) sin g4 cos q4] qa+

2 (msd3 + Isyy = Isex ) sin (gs + 45) €05 (g4 + 45) (44 +ds) =

2[mslads sings cos (g4 + q5)1(4a + gs) ,
C43(q.q) = —2[(mads + msly) singz cos q4] 41+
2[msdssingz cos (qa + q5)]1q1—

[(nudf + Ly — Lgpx + msb%) sing4 cos 114] 43—

(m5d52 + Isyy — stx) sin (g4 + gs) cos (g4 + q5) g3+
[mslads sin (2q4 + q5)143.

Cs3(q,q) =2[msdssingz cos (g4 +q5)1 41—
(m5d§ + Isyy — 15xx) sin (g4 4 gs) cos (g4 + ¢5) g3+
[mslads sin gy cos (g4 + q5)143,

Ci4(q,q) = — [(mady + msly) cos g3 sing4] g4+
[msds cos g3 sin (g4 + q5)1 (44 + gs) ,

Co4(q,q) = — [(mads + msls) cos qal G4 + [msds cos (qa + q5)1 (G4 + gs) ,

C34(q,q) = 2[(mads + msly) singsz cos qa] q1,
Ci5(q,q) = [msdscosqzsin(qs + q5)1 (44 + ¢5),
C25(q,q) = [msds cos (g4 + g5)1 (g4 + gs5)
Cs5(q, 4) = [mslads sings] (244 + gs)
Css5(q,q) = frric—s + [mslads sings] ga,
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[my 4+ my +m3 + mg 4+ ms] gsina
k (g2 — q20) + [m3 +my + ms] g cosa
g(g)= — [(msly — mady) singq + msds sin (g5 + qa4)] g sin sin g3
[mads + msls] g sings cosa + [msly — mads] g Sino cos g3 cos gq
—msg [ds sin (g5 + ga4) cosa — ds cos (¢5 + qa) sina cos g3]

12.14 Planar manipulator with two joints

In this section we will consider the two-joint planar manipulator represented in
Fig. 12.14.

Figure 12.14 Two-joint planar manipulator.

Generalized coordinates
Select the generalized coordinates as follows:

q1:=¢1, q2: =Y, {3 =X, (q4:=¢2.

Kinetic energy
The kinetic energy T = Z?:l T)n; has the terms

Tm| =1m,0+ Tm],rot—O +m (le—C.i.—Oa VO)
1 o1 .2
=T ror—0= Ellzd”] = Ellzzq] )

ng = Im,,0+ Tmz,rot—O + m3 (sz—c.i.—Oa VO) = Tmz,rot—O =
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{0 T Ix 0 0 0
AR 0 my(dr+r)?+ by 0 0
¢1 0 0 ma (da +11)% + D | \@1

—l my (d Ly P2
=3 2(dy+r1)" + Iy ) g1,

Tm3 = 1m0+ T;n3,r0t—0 + my (Vm3—c.i.—0» VO) = Tm3,0 + T;n3,r0t—0 =

1 ) .
—m3 [yz + ¢ (r+h+ y)z] +

2
L (0 "N 0 o /0
5o 0 Iy 0]]0

¥1 0 0 I3z \¢1

—lm l Ly 72 1 52
=5 3(ri+h+q2)" + Iz, 611+2m3612,

Tm4 = Tmy,0+ Tm4,rot—0 + my (Vm4—c.i.—07 VO) =

Lot .
Jma [ 463 01+ b+ 9+ +

2
O\ " [ Zaxx 0 0 0
~lo 0 max?+ Iy, 0 0]+
¢1 0 0 ’/”4-)52 + I4zz (/'71
icosgr —grxsing\ | [(—¥singt — @ (1 + b+ y) cos gy
my | Xsing + @1x cos gy ycosgr — @1 (r1 + 1+ y)sing
0 0

1 .
= 5 [m4 (rn+h+ 6]2)2 + m4CI32 + I4zz] QI2+

1 . . .. ..
Fm4 (fhz + 6132> + [maq3lqig2 — [ma (r1 + 12 + 92)14143,
Tm5 =Tms,0+ Tm5,r0t—0 +ms (Vms—c.i.—O» VO) =

1 . . .
—ms [y2 + <pf ri+hL+ y)2 + xz] +

2
@2\ [ Isxx 0 0 @
~lo 0 ms(x+ds+ds) + Isyy 0 0
o1 0 0 ms (x +dy + ds)* + Is;; | \@1

X cos@) — @1 (x +dy +ds) sing)
+ms | Xxsing) 4+ @1 (x + dg + ds) cos ¢ X
0

—ysing; — @1 (r1 + 12 + y) cos g1

ycoser — @1 (r1 + 2 + y)sing;
0

P
[ 1+ 2+ @202 4 15 (G5 + ds +ds)? + Isee | d + 5 Ims1 a3+

N =
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1. . o1 .
Emsqi +ms (g3 +da +d5)11dp = Ims (1 + 1+ @)1 drds + 5 [Isxx]G3.

Potential energy
The potential energy V = ZiS:l Vin; contains

Vi, = const,
Vin, =mag (r1 + dz) cos 1 = mag (r1 +da) cosqy,
Viny =m3g (r1 +da + y) cospy =m3g (r1 +dz + q2) cosqu,
Vin, =mag[xsing) + (r1 + 1+ y)cosgr] =
maglg3sing + (r1 + 12 +g2)cosqi],
Vins =msg [(x +da +ds)sing1 + (r1 + 12 + y)cosg1] =
msg [(g3 +ds + ds)sing1 + (r1 + [ + q2) cosqi],

which gives

V =myg (r1 +dz)cosqy +m3g (r1 + 12+ q2) cosq1+
mag lg3sing) + (r1 + 1 + q2) cosq1] +
msg (g3 +ds + ds) singy + (r1 + I + g2) cos g1 ] + const.

Non-potential forces
The generalized non-potential forces are given by the following formulas:

Qnon-pal,l =71 — ffric—lgbl =1 — ffric—lély
71 1S a twisting moment,

Qnon»pat,2 = - ffri072).} =F - ffricfZC}Z,
F5 is a force of longitudinal movement,

Qnon—pot,3 =F - ffric733‘c3 =F— ffric73q.37
F3 is a force of transverse movement,

Qnon—pot,4 =T4 — ffric—4¢72 =T4 — ffric—4q4»
T4 is a twisting moment.

Lagrange equations
Using the obtained expression for 7 and V, we are able to derive the Lagrange
equations

d 9 ol

——L——L= R ,i=1,..,4, L=T -V,
dr aq'i 34; Onon pot,is 1

which may be represented in the standard matrix format:

D(@)§+C(q,9)q+g(q) =T,
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where
Dii(q) ™93 —my4 (r1 + 1+ q2)
+ms(q3+ds+ds) —ms(r1+12+q2)
D (q) = | D21 (q) m3 + mq +ms 0 0|,
D31 (q) 0 msq +ms 0
0 0 0 Isxx

D11 (q) = Iz + Dozz + iz +ma (da +11)% +m3 (r + b+ q2)* +
ma (11 + 1+ q2)* +maqi + Lige + Isgo+
ms (r1 + 1l + q2)* + ms (g3 + da + ds)*,

Dy (q) =maq3 +ms(q3 +da+ds),

D31 (@)=-—ma(ri+h+q)—msri+h+q2),

and

Ci1(g,9) 0 Ci3(q,9) 0

. C21(q,9)  frric—2 0 0
C(q,q)= . ,
@CD=Nchi@.d) 0 fries 0
0 0 0 ffric—4

Ci(q,9) = frric—1 ++2(m3 +mg+ms) (r1 + 1+ q2) §2,
C21(q,q) = —[(m3 +mg +ms) (r1 + 1 +q2)1q1 +2[m4 + ms] g3,
C31(q,q) = —maq3qr —ms (g3 +ds +ds) — 2[mg +ms] ¢,

Ci3 (9, 9) = 2maq3q1 +2ms (g3 + ds + ds) q1,

81(q) 7
[m3 4+ m4 4+ ms] gcosq F,

= . , T = 5
8(@) [m4 + ms] g sing; F3
0 T4

g1(q) =—mag (r1 +dp)sing; —m3g (r1 + 1> + q2) sing +
maglq3cosqr — (r1 + 12 + g2) sing] +
msg (g3 +ds+ds)cosqr — (r1 + 12 +q2)sing].

12.15 Double “crank-turn” swivel manipulator

Consider a double “crank-turn” swivel manipulator, represented in Fig. 12.15.

Generalized coordinates
The generalized coordinates are

q1:=¢1, q2:=¢2, (g3 =¢3, {g4:=X.
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O

Figure 12.15 “Crank-turn” robot manipulator.

Kinetic energy
The kinetic energy 7' = Z?=1 T,n; contains

1 . 1 .
Tml =Tm 0+ Tml,rot—O + m (le—c.i.—Os VO) = _Ilyyfﬂl = _Ilyyqlz,

2 2
Tm2 =T1m,,0+ Tmz,rot—O +my (le—c.i.—Oa VO) = ng,rot—O =
L0\ 2 0 0 0
5 ¢1 0 mad3 + Iy 0 o1 =
0 0 0 mad3 + .|| \ 0

1 )
) [m2d22 + I2yy] qlz’
Tm3 =Tm;,0+ ng,rot—O + m3 (Vm3—c.i.—0s VO) =

Ts0+ T, = L2
m3,0 ms3,rot—0 — 2m3 2§01+

| 0 \'|B O O 0
2 @1+ @2 0 Iy O |lor+e]=
0 0 0 I, 0

1 . 1 ) .
Emglgqf + §I3yy (41 +42)%,

1 .
Tm4 = Tm4,0 + Tm4,rot—0 + my (Vm4—c.i.—0s VO) = _m4l§§0%+

2
I4xx 0 0
— @1 +gcosgs\ | o mad] — (g1 + g2) cos 3
3 (o1 + (éz) sing3 +layy , (1 + ¢_2) sin @3
¥3 0 0 madj ¥3

+1az;
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(@1 + @2) dg sinpz sin (¢1 + ¢2)

+@3d4 cos @3 cos (g1 + ¢2) —@1lysing)
“+my —¢3d4 sin @3 0 =
(@1 + ¢2) dgsin gz cos (1 + ¢2) —@1l2cos g
—@3d4 cos @3 sin (@1 + ¢2)

1 1
2 2
LT (mad? + 14y, ) sin? g3 + 1 2q3 | (@1 +¢2)* —
5 [ \mady + Layy ) sin"q3 + Iyxx cos™q3 | (41 + G2)

[m4l§] qt + [m4df + 1411] 43 + [maladysings cos g31 4143+

my [l2ds cos g2 sing3] (g1 + 42) 41,
Tm5 =Tms,0+ Tm5,r0t70 + ms (Vm5fc.i.703 VO) = Tm5,0 + Tm5,r0t70 =

. . . . . . 2
(@1 + @2) (I4 +x) singps sin (@1 + ¢2) — @112 sing;
1 +¢3 (la + x) cos g3 cos (¢1 + ¢2) — X sin @3 cos (g1 + ¢2)
§m5 —@3 (l4 + x) sing3 — X cos @3 +
(@1 + ¢2) (I4 + x) sin g3 cos (p1 + 2) — @112 cos gy
—¢3 (I4 4+ x) cos g3 sin (g1 + @2) +  sin g3 sin (1 + ¢2)
. . T . .
| [~ @1+ @)coses) | lsxx 0 0 [—(@1+¢2)cosgs
| (@1 +¢2)sing; 0 Isyy O (@1 +¢2)sings | =
2 ! ;
@3 0 0 Is;, @3
1 o1 P
Emslgéh + 3 [ISZZ +ms (l4 + 614)2] q+ Emsqz%Jr

1 . . .

3 [stx cos? g3 + (ISyy +ms (l4 + C14)2> sin? 613] @1 +d2)* +
[(l4 + g4) I singa cos q3]1 G143 — ms [[2singz singa] G1ga—

ms [(I4 4 q4) b cosqa singz1 g1 (g1 + §2) -

Potential energy
The potential energy V = Z?:l Vpn; contains

Vin, = const, V,,, = const, V,,, = const,

Ving = —mag (ds cos @3 + const) = —myg (d4 cos g3 + const) ,

Vins = —mag ((l4 + x) cos 3 + const) = —m4g ((l4 + g4) cos g3 + const) ,
which gives

V = —myg[(ds +14) cos g3 + qa] cos g3 + const.

Non-potential forces
The generalized non-potential forces are as follows:

Qnan—pot,l =T — ffric—l(;bl =T — ffric—lq.ly
71 is a twisting moment,
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Onon-pot,2 =72 — ffric—202 =12 — frric—242,
T is a twisting moment,

Qnon»pot,3 =13 — ffric73¢3 =13 — ffricf3q.3y
73 is a twisting moment,

Qnun-pot,4 =Fy— ffric—4)27 =Fy— ffric—4q'4’
Fy is a force of longitudinal movement.

Lagrange equations
The obtained formulas for 7 and V allow to derive the Lagrange dynamic equations

d 9 L 9 L=Q =1 4, L=T -V
——L—-—L= poti-1=1,..,4, L=T =V,
dt aC}i qu non-pot,i

which can be represented in the following standard matrix format:

D(@)§+C(q,9)q+g(q) =T,

where
D11 (g) Dix(q) Di3z(g) —mslysing;sing;
D1 (q) D2 (g) 0 0
D = ,
@ D31 (¢) 0 D33 (q) 0
—mslp singy sing3 0 0 ms

D11 (q) = Liyy + mads + Dy + I3y + (M3 +my + ms) 13+
<m4df + Layy + Isyy +ms (I3 + q4)2) sin? q3 + (Igxx + Isxx) cos> q3—

21y (mads 4+ ms (l4 + q4)) cos g2 sin g3,
D21 (q) = I3yy — 2 (mady + ms (l4 + q4)) cos g singz+

<m4df + Layy + Isyy +ms (l4 + 614)2) sin g3 + (Iaxx + Isyx) c0s g3,

D31 (q) =l (mady + ms (I4 + q4)) singz cos g3,
D12 (q) = I3yy — I (m4dy + ms (I4 + q4)) cos g2 singz+

(mad3 + Layy + Isyy + ms (s +q2)?) sin g3 + (g + I 05 g3,
D (q) = +13yy + (Iaxx + Isyyx) cos” g3+

<m4df + layy + Isyy +ms (Is + cI4)2) sin” g3,
D13 (q) =Ip (mady + ms (I4 + q4)) sings cos g3,
D33(q) = +mady + Iazz + Isze + ms (4 + q4)*
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and

with

Cn(g,.q9) Ci2(g,q9) Ciz(g.q) Cia(g,q)
Co(q,.q) Cn(q,q9) Cxn(q.q) Culg,q)
C31(q.9) C32(q,.9) C33(q,9) 0 ’
Ciu1(q.9) Ca2(q.9) Cau3(q.q)  frric-a

Ci1(q,q§) = frrie—1 — 2lo (mads + ms (ls + q4)) 3 cos g2 cos g3,
C21(q, q) = =21 (mads + ms (I3 + q4)) 3 cos g2 cos g3 —

Iy (mady + ms (I3 + q4)) singz sings (1 + ¢2) ,
C31(q, q) =2y (mads + ms (I4 4 q4)) cos g2 cos 32+

2lrms singa cos q3g4 + lp (mads + ms (14 4+ q4) 1) g1 cos g cos g3 —

(ISyy +ms (Is + qa)? — Isgx + madi + Layy — I4xx) (g1 + ¢2) singz cos g3,

Ca1(q,q) = [mslycosqasing3l1 g1 — [mS (4 + qa) sin® 613] (G1+42).
C12(q,q) =l (mady +ms (I3 + q4)) (241 + ¢2) singz sings,
C2(q,§) = frric—2 + o (mads +ms (Is + g4)) ¢ sin gz sings,
C3(q,9)=— (ISyy +ms (s + qa)? — Isgx + madi + Layy — I4xx> X
(42 + q1) singz cos g3,
Ca(q,q9)=— [ms (4 + q4) sin” %] (g1 +q2),
Ci3(q,q) = —l2 (m4ds + ms (I4 + q4)) singz singzg3+
2 (nmdf + Lyyy + Isyy +ms (s + qa)* — Lygy — ISxx) (g1+4¢2) sing3 cos g3,
Ca(q,q)=2 <m4df + Layy + Isyy +ms (s + qa)* — Lixy — ISxx> X
(41 + g2) singz cos g3,
C33(q,q) = frric—3 +2ms (4 + qa) 4a,
Cs3(q,q) = —2msly singz cos q3q1 — [ms (la + q4)1 g3,
Cia (@, §) =2 (ms (4 + q4)) sin* g3 (1 + 42) G4—
2lpms [cosga sing3] (g1 +¢2)
C24 (g, 4) =2ms (la + qa) sin” g3 (41 + G2) ,

0 T1
@) = 0 = ||
844)= mygdssings +mag (I4 + q4)sings|” || w3

—m48 COSq3 Fy
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12.16 Robot manipulator of multicylinder type

Let us consider a robot manipulator of multicylinder type, depicted in Fig. 12.16.

1

Figure 12.16 Robot manipulator of multicylinder type.

Generalized coordinates
The generalized coordinates are

q1:=¢1, q2:=¢2, q3:=¢3, (g4:=¢4.

Kinetic energy
The kinetic energy T = Z?:l T,,; contains the terms

Tml =Tm 0+ Tml,rot—O +my (VMI—C.i.—01 VO) =

1 .2 .2
Tml,rutf() = _Ilyywl = _Ilyyql ’

2 2
ng =Tm,,0+ Tmz,rot—O + my (sz—C.i.—Os VO) = Tmz,rot—O =
. T .
1 %2 Dxx 0 0 ¢2 1 1
f f . .2 )
E @1 0 12yy 0 1| = 5 2yyq1 + 5 2xx97
0 0 0 b, 0

Tm3 = Tm;,0+ Tm3,rot—0 + my (Vm3—c.i‘—01 VO) =

. . . 2
—@pa cos @1 singy — @1a sin gy cos g2

1 .
—m3 ©2a COS @3 +
—@1a COS @1 COS @2 + @ra sin @1 sin g

LN T .
02+ @3 Iy 0O 0 02+ @3
o1 0 I3y O o1 =
0 0 0 I 0

[\SR

1 . ) 1 . . .
73 [az cos® 247 + azq%] + 2 |:13ny% + I3xx (g2 + 613)2] ,
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Tm4 =Tmy,,0+ Tm4,r0t70 + my (Vm4fc.i.707 VO) =

Tyxx 0 0
1 2.2 2 201, 1 70 mab?
§m4 [a cos” 97 +a <p2] + §W4 +14yy , wa+
0 mab
+14z;
@1bsing; cos (2 + ¢3) + T (—gracos g singr—
(@2 + ¢3) beos gy sin (g2 + ¢3) @1asing; cos ¢
myg | — (@2 + ¢3)bcos (g2 + ¢3) @2acos @2 =
@1b cos g1 cos (p2 + ¢3) — —@1acos | cos Y2+
(¢2 + ¢3) bsin gy sin (¢ + ¢3) @a sin @y sin @)

1 . .
3 [I4xx sin” (q2 + ¢3) + <m4b2 + I4yy) cos® (q2 + 613)] at+

150, 1 2.2 )
5maa q2+2m4 a®cos” gy —2abcosqacos (g2 + q3) | 41+

! . _—
7 Taxx [2sm (92 +93) 4194 +61§] +

! . o
5[ (mab? + 1i22) | G2 + 43)% = Imaab cosgs] (62 + ) do.

where

@1 8in (@2 + ¢3) + @4
wai=| ¢icos(p2+ ¢3)
@+ ¢3
Potential energy

The potential energy V = Z?:l Vi, 1s given by

Vim, = const, V,,, = const,

Vin; =m3g (asing, 4 const) =m3g (asing + const) ,

Vin, =mag (—bsin (g2 + ¢3) + asing; + const) =
mag (—bsin (g2 + g3) + a singy + const) ,

which implies
V =ma3gasingy + maglasing, — bsin (g2 + g3)] + const.

Non-potential forces
The generalized non-potential forces are

Qnon-pot,i =T — ffric—i(pi =T — ffric—iq%
7; is a twisting moment, i =1, ..., 4.
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Lagrange equations
Based on the obtained equations for 7" and V, we are able to represent the dynamic
model of the considered system in the Lagrangian form:
d 9 L 0 L=9Q i=1,..,.4, L=T -V
e — L L= - i, L=1,...,4, = - )
dt aql 86]1' non-pot,i
which in the standard matrix format represents the dynamic model of the considered
system:

D(@)G+C(q.9)qg+g(q) =T,

where
D11 (q) 0 0 Lyxx sin (g2 + q3)
0 D (q) D23 (q) 0
D(q)= ,
@) 0 D3> (q) D33 (q) 0
[4xx sin (Q2 + 613) 0 0 I4xx

D11 (q) = Ity + Doy + I3yy + m3a* cos® o+
Lycxsin® (g2 + q3) + (m4b2 + I4yy> cos? (q2 + q3) +

m4a2 cos? g2 — my2abcosqr cos (g2 + q3),

D2 (q) = Ioxx + (m3 +ma)a®+
2 [I3xx +mab* + I4ZZ] — 2myab cos g,
D32 (q) = I3xx +mab* + Luy, — maabcosgs,
D23 (q) = +13xx + mab* + Lug; — maabcos g3,
D33 (q) = Bxx + mab® + Lz,
and

Cii(g.9) 0 0 Cia(q.9)
Clq.i)= Co(q:4)  frrie=2  €23(q,9) —laxxcos(q2+4q3) 4
’ C31(q.9) C32(q.9)  frriees  —laxxcos(q2 +q3) 41
Cu1(q,9) 0 0 Sfrric—a

Ci1(q,9) = frric-1—2 <m3a2 + m4az) sing cos q2go+
2myab sing cos (2q2 + q3) G2 + 2maab cos g2 sin (q2 + q3) g3+
2 (I4xx — myb* — I4yy) sin (g2 + ¢3) cos (g2 + q3) (42 + ¢3)
C1(q,q) = (m3a2 + a2m4) singp cos g2g1 — mgab sin 2gz + g3) g1
— (Faxx = mab® = Luyy ) sin (g2 + g3) c0s (g2 + 43) 41,

C31(q,9)=— (I4xx — mab® — I4yy> q1sin (g2 + q3) cos (g2 + g3)
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—mgab cos gz sin (q2 + q3) 41,
Ca1(q,q) = laxxcos (q2 +¢3) (G2 +G3)
C3x(q,q) = —maabsingsqa,

C23(q,q) =maabsings 2¢2 +q3),
C14(q,q) = laxx cos (a2 + q3) (42 + §3) ,

0 71

2(q) = m3gacosqy +mag (acosqr — bcos(q2 + q3)) )
—magbcos (g2 + q3) ' 73

0 T4

12.17 Arm manipulator with springs

Consider an arm manipulator with springs, as depicted in Fig. 12.17.

Figure 12.17 Arm manipulator with springs.

Generalized coordinates
The generalized coordinates are

q1'=¢1, Q:=¢2, q3:=¢3, q4:=¢4, g5:=¢5

(in Fig. 12.17, 6 = ¢; (i = 1, ..., 4)).

Kinetic energy
The kinetic energy T = Z?:o Typ; is calculated as

Tmo = Tmy,0 + Tmo,rot—O + myg (Vmo—c.i.—Oy VO)

Lmorg ., 1 .
= Ting,rot—0 = ET(p% = Zm()r()‘hz,
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where

Tml =Tm,,0+ Tml,ratfo + m (lefc.i‘fos VO) = Tml,rotfo =

lex 0 0
grsingy | A% @1 8in g
. 0 m|(z) +1yy 0 .
5 @1 COoS @2 2 ) @1COS @)
%) 1 )
O O ni (§> + Ilzz

! .2 r’ > o 1] P 2
ZE Tixxsin®go + mlz‘f‘llyy cos“qr | g7 + = |mi— + Tz | g5,

—_—

2 4

ng =Tm,,0+ Tmz,rat—O + my (le—c.i‘—Oa VO) =

1 — @11 sin @1 cos ¢y — @pl cos @1 sin @)
Emz @l cos ) +
—@1l cos @1 cos a4+ @al singg sin o
Dxx 0 0
| 2
Ew; 0 mzZ + IZyy 0
2

0 0 may7 + Iz

wo+

e N . T
@17 sing; cos (92 + @3) + (92 + @3) 5 Cosgisin (2 + ¢3)

, L1
m — (92 +@3) 5 cos (92 + ¢3) X
1 ) L1 .
$15 COS @1 COS (p2 +¢3) — (@2 + @3) 5 Singisin (p2 + ¢3)

— @1l sin@q cos gy — @pl cos 1 singy
@2l cos g2 =
—@1l cos @1 cos @z + ¢al sin g singa
[ 5 .2 I? 2 .2
mal” cos” gy + Ioxx sin” (g2 + q3) + ma7r + Loy ) €087 (g2 +43) | 41—

_ . 1 .
mal? cos q2 cos (q2 + q3)] qlz + 3 [mzlz] 61§+
A ..

mag + Dz [ (2 +G3)" —

N = N = = ] =

mal? cos 613] (42 +43) 42,

@1 8in (@2 + @3)

wo = [ ¢rcos(p2+¢3) |,

»+ @3

Tm3 = Im;,0+ Tm3,rot—0 +m3 (Vm3—c.i4—0a VO) =



Collection of electromechanical models 447
— @1l singq cos gy — @al cos 1 singy 2
| +@1lsin g1 cos (92 + ¢3) + (¢2 + ¢3) Lcos ¢y sin (92 + ¢3)
7™M3 @l cosgr — (g2 + ¢3) L cos (g2 + ¢3) +

—@1l cos @1 cos @y + ¢ol sin g sin gy
+@1lcos @i cos (92 + ¢3) — (@2 + @3) I singy sin (2 + ¢3)
I3xx 0 0

l 2
1 _
lor] © m3<2) + Iy, 0 et
2 1\2
0 O ms (§> —i—]gzz

L
—¢15 s cos (92 + 3+ ¢a)

) . .1 :
— (92 + @3+ @a) 5 cosgusin (2 + 93+ ¢4)
) , L1
m3 (92 + @3+ @a) 5 cos (92 + @3+ 94) X

1
—¢17 COs g1 €08 (2 + 93+ ¢4)

) , o0 )
+ (92 + @3 + @4) 5 singisin (02 + @3 + @4)

—@1lsing| cos gy — @2l cos ¢ sin gy
+@11sing; cos (92 + ¢3)
+ (92 + ¢3) L cos @1 sin (g2 + ¢3)

@l cos@y — (g2 +@3)lcos (2 +@3) | =

— @11 cos @1 cos @2 + ¢ol sin @y sin @y
+@1lcos g1 cos (92 + ¢3)
— (@2 + ¢@3) Isingy sin (g2 + ¢3)

1
§m312 [(cosgz — cos (g2 + g3)) cos (g2 + q3 + q4) —

2¢08q2 o8 (q2 + q3)1 47+

msl? (0052 g> + cos® (¢2 + q3))] a1+
2

q 2

2

N = N= N =

mSZz] 3+ 2

r

ms [12 cos q4] (g2 + g3 +q4) (g2 +g3) ,

N | =

I3y x Sin2 (g2 +q3+q4) + <m3z + I3yy) 0052 (g2 +q3+ 6]4)} 6]12+
21, . 2 1 [ . . .32
[m3l ](612+613) + 2|7 + Iz | (@2 +G3+q4)" —

m3l? cos qs] (@2 +43) 42+ 3m3 [12 cos (g3 + 6]4)] G2+ d3 +4a) Go—
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with

@1 8in (@2 + @3 + @4)
w3 = | ¢1cos (g2 + @3 +94) |,

@+ @3+ @4
2
1 a1
Tm4 = Imy0+ Tm4,rot—0 +my (Vm4—c.i4—0a VO) = §m4 a +
as
14xx 0 0
1\ 2
1 z
_WI 0 my (2> + Iyyy 0 Wit
2 N2
0 0 ny (§> + I4ZZ
T
S1 S4
mg | 52 ss | =
53 56
2| cosgacos (g2 + g3 +qa +g5) — ‘]_12_
cos(q2+q3)cos(qa+q3+qa+gs)| 2
%)

q
mal? [cos (g2 + g3 + q4) €08 (q2 + g3 + g4 + ¢5)] 71+

-2
mal? [cos2 g2 +cos® (g2 + q3)] %Jr

L sin® (@2 + g3 + g4 + g5) pr:
I? =
+ <m4z + I4yy> cos> (g2 +q3+qa+qs) | 2
mal® [cos g2 (cos (q2 + q3 + q4) — cos (g2 + ¢3))] 6}12—
mal? [cos (g2 + q3) cos (g2 + q3 + q)1 43+

1 ) 1 ) 1 ) )
5 [m412 cos® (g2 +q3 + q4)] gt + 5 [m412] g+ 5 [m412] (@2 +¢3)° +

1[ 12](‘+‘+‘)2+1
L I
5 [mal? | G2+ 3+ Ga)* + 5 | ma

[m4E + I4ZZ} (@243 +Ga+ds)* —
[mat?cosa3 | G2+ 43) 2 +ma [ 12 cos (g3 +an) | (62 + 3 + 4) o~
may [2cos @5+ a4+ 9] o+ ds + s+ ) ot

m4% [12 cos (q4 + qs)] (2 +q3 +q4 +45) (2 + ¢3) —

m4% [12 cosqs] (92 +43+q4+45) (g2 + 43+ q4) —

ma [12 cos q4] (G2 + g3 +q4) (g2 +g3) ,
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where

a; = —@1lsingy cos gy — @zl cos g singpr+
@1lsing) cos (2 + @3) + (92 + ¢3) [ cos gy sin (92 + ¢3) —
@1lsingi cos (@2 + ¢3 + ¢4) —
(P2 + @3 + )L cos gy sin (92 + @3 + ¢a),
ar = gl cos gy — (@2 + ¢3) L cos (2 + ¢3) +
(P2 + @3 + Qa) L cos (92 + @3 + ¢4),
az = —@1l cos @1 cos ¢ + @ol singg sin gy +
@1l cos gy cos (g2 + ¢3) — (92 + @3) [ singy sin (p2 + ¢3) —
@1l cos g cos (g2 + @3 + ¢a) +
(@2 + @3 + @) I singy sin (g2 + @3 + ¢4) ,

@1 8in (@2 + @3 + @4 + @s)
wy = | @rcos(g2+ @3+ es+9s) |,
D2+ @3+ @a+ s

51 =¢1éSin<.01 cos (g2 + ¢3 + ¢4 + ¢s5) +

(¢2+¢3+¢4+¢5)%COS¢1 sin (@2 + @3 + @4 + ¢s),
s2=—(p2+¢3 +¢4+¢5)é005(¢2+¢3+<P4+<,05),
53 =¢1é005<ﬂ1 cos (g2 + ¢3 + @4 + ¢s)

) , . oL )
—(¢z+<ﬂ3+<p4+<p5)551n<p1sm(<pz+<p3+<p4+¢5),

s4 = —@1lsingy cos @y — @al cos @y singy + @1l sin g cos (g2 + @3) +
(@2 + @3) L cos gy sin (@2 + ¢3) — @il sing) cos (92 + ¢3 + @4) —
(92 + @3+ @a) L cos gy sin (92 + 3 + ¢4)

s5 =@l cos gy — (@2 + ¢3) [ cos (92 + ¢3) +
(P2 + @3 + @a) L cos (g2 + @3+ ¢a) ,

56 = — @1l cos @1 cos 2 + @ol sin g sin gy +
@1l cos gy cos (g2 + @3) — (92 + ¢3) I singy sin (@2 + ¢3) —

@1l cosprcos (g2 + 3+ @) +
(2 + @3 + @a) I singy sin (g2 + 3 + @4) -

Potential energy
The potential energy V is

8 4
V="V + YV,
i=1 i=0
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1 2 1/2 2
Vi = 5 <2r1 (1 —singy) + — (1 + singy) + 2rllcos¢2> — l:|
| 2 1/2 2
= Ecl |: 2r12 (1 —singp) + 0} (1 +sing2) + 2rllcosq2) — l:| ,
2 172
<2r1 (1 —singy) + — (1 + singy) — 2ryl cos (p2> —1
2 172 2
2r12 (1 —singy) + — (1 +singp) — Zrllcoscp) — l:| ,
| 2 1/2 2
Viy =502 <2r22 (1 —cosg3) + 7 (14 cosg3) + 2ral Sin%) - 1}

1 ? 172 2
= 56‘2 |: 2r§ (1 —cosg3) + ) (1 +cosg3) +2rzlsinq3> —lj| s

2 1/2

2r22 (1 —cosq3) + — (1 + cosq3) — 2l s1nq3) -1,
1 2 1/2 2

Vs = 5 <2r3 (1 —cosgq) + 3 (1 4 cosgq) + 2r3l sin<p4> —1

2 172 2
2r3 (1 —cosqq) + — (1 + cosqa) + 213l s1nq4> — l:| ,
| P2 1/2 2

Vig = 5 <2r3 (1 —coses) + — (1 + cos¢4) — 2r3l sin g04> —1

2 1/2 2

2r3 (1 —cosqq) + — (1 +cosq4) — 2r3lsinq4> — l:| ,
2 12 2

(2@% (1 —cosgs) + ) (1 + cos gs) + 2ral sin(ps) — l:|

| 2 172
= 504 |: ZrZ (1 —cosgs) + ) (1 + cosgs) + 2r4l sinq5> — l:| R

|
(
|
| (
|
(
2| (
|
| (
|
| (
|
(
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Vi =

2

1 I
5c4 [(2& (1= cos@s) + = (1 4 cos ps) — 2ral sin ps

2
VmO = 07

(1 . l 1 .
Vi, =m1g —smg02+—j|:—mlgl[smq2+1],

2 2 2

l . . [
Vin, =mog | —= sin(@a + ¢3) +1Isingy + §i| =

2

1 . :
Engl [2singy — sin(g2 +¢q3) + 11,

Viny =m3g

]

1 12 1/2
==c4 [(2& (1 —cosgs) + 5 (1 + cosgs) — 2r4l sinq5> - 1] ,

[ . . . l
551n(<p2+<p3 + @4) —Isin (@2 4+ @3) +Isingy + 5]

1. . .
=m3g§l[sm (g2 + g3 +q4) — 2sin (g2 + g3) + 2singz + 1],

1 . . .
Ving = zmag [2[sin (q2 + g3 + q4) — sin (g2 + ¢3) + singa]

2

—sin(q2 +¢q3 +q4 +qs5) + 1],

which gives

2

2 1/2

2r22 (1 —cosg3) + b (1 +cosg3) + 2ralsings

1/2

2 1/2

[
2r32 (1 —cosqy) + 3 (1 +cosqgq) —2r3lsingy
2 1/2

2 172
2r32 (1 —cosqyq) + 3 (1 + cosqy) + 213l sinq4>
21@% (1 —cosgs) + ) (1 + cosgs) + 2ral sinc]5)

_ P
(2”22 (1 —cosg3) + b (14 cosqz) — 2ralsings

2
2 1/2
y=2 {(2;»12 (1 —sing) + S+ sing) —|—2rllcosq2> —1| +

l2 12 2
2;’12 (1 —sinq2)+5(l+sinq2)—2rllcosq2) —l:| +

12
+

!
l_
| +
;
;
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| 2 1/2 2
56‘4 |:<2rf (1 —cosgs) + ) (14 cosgs) —2r4l sinq5> — l:| +

migl . 1 . .

2 [singz + 1]+ Engl [2singy —sin(g2 + q3) + 1]+
m3gl . . .

> [sin(q2 + g3 + g4) — 2sin(q2 + g3) + 2singz + 1]+

mag . . .
— [2[sin (g2 + g3 + g4) — sin(q2 + q3) +singz] —

sin(q2 +¢q3 +q4 +gs) + 11.

Non-potential forces
The generalized non-potential forces are

Onon-pot,i =Ti — ffric—i®i =T — ffric—iqi»
7; is a twisting moment, i =1, ..., 5.

Lagrange equations
Based on the obtained formulas for 7 and V, we are able to derive the dynamic
equation of the considered system in the Lagrange form:

d 9 L 0 L=0Q =1 5, L=T-V

N . — L L= - i, L=1,...,9, = - )

dt 86], aql_ non-pot,i
which allows to represent the dynamic model of the considered system in the standard
matrix format:

D(@)§+C(q,9)q+g(q) =T,
where

diy di2 diz dig dis
dyi dy dy dyg dos
D(gq)=|ds1 ds» d33 d3q dss|,
dyy dyp daz  dag  das
dsi; dsp dsz dsq dss
l2

1 )
di = [Emoro + Iy sin® g2 + <ml_

2 + 11yy> cos® qz] +

. 2
mal? cos? qo + Ly sin? (g2 + q3) + (mzz + IZyy) cos? (q2 + CB)} +

2

. I
Ly sin? (g2 4+ q3 + q4) + <m3Z

+ I3yy> cos® (g2 +q3 + 614)} +

: 2
Ly sin® (@2 4+ q3 + g4 + g5) + ("”Z + I4yy> cos? (q2+q3+q4+q5)} +
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2 [m3 (cos2 g+ cos? (g2 + q3)) — my cos gy cos (g2 + C13)] +

m3l? [(cos g2 — cos (g2 + ¢3)) c0s (q2 + g3 + qa) — 2c0s g2 cos (q2 + q3)] —
mal® [cos g2 cos (q2+q3-+qa+qs) — cos (q2 + g3) cos (qa-+q3+qa+gs)] +

mal® [cos2 (q2 + g3 +q4) —cos (g2 +q3 +qa) cos (g2 +q3 + g4 + 615)] +

myl? [COS2 g2 +c08” (q2 + q3) — 20 (g2 + q3) cos (g2 + q3 + q4)] +

2mal? [cos g2 (cos (g2 + g3 + qa) — cos (q2 + g3))],
dip=diz=diu=di5=0, dy =0,

1
dy = |:<Zm1 +my +m3 +m4> I+ 114 +

(/1
<Zm2 +m3 +m4> 2+ 121zj| - [(mz +2m3 +my) 12 0056]3] +

(1 I?
(ZmS + m4) I+ I3zzi| + |:m4z + I4zz:| +

3+ 2mg) 1205 (g3 + q4) — (m3 + ma) 2 cosga | +

mal? [cos (g4 + g5) — c0s (g3 + g4 + g5) — cos gs],
12
dyz = el [m4cos(ga + qs5) — (m3 + my) cosqa] +

1 ma +2m3 + my) 2
(—m2 +m3 +m4) ? +1211i| _ 23 4 [cosg3]+

1 12
<—m3 +m4) I+ I3zz] + [m4z + I4zz:| +

| —

N

~

1

1
5 [(om3 +2ma) 2 cos (g3 + qa) — (m3 +ma) P eosq | +
m412 maqr.»
> [cos (g4 + g5) — cos (g3 + g4 + g5) — cosgs5] — - [1 cos qs] ,
1 ) 12
drg = 7™M +mg |17+ Iagz | + ma + Loz [+

1
5 [(m +2mg) 12 cos (g3 + qa) — (m3 + my) 1> cosq4] +

mal? m4 T,
- [cos (g4 + g5) — cos (g3 + g4 + q5) — cosqs] — > [l cosqs] ,

2

2 mal
drs = ["“Z + 144 + - [cos (g4 + g5) — cos (g3 + g4 + g5) — cosgs],

d31 =0,

1
d3p = —3 [(mz + 2m3 + 2my) 1% cos q3 + (m3 + 2my) cos q4] +
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2
£} [(m3 + 2m4) cos (q3 + q4) + m4 co8 (g4 + q5) —m4cos (g3 + g4 +g5)] +

1 1
[(Zmz +m3 + m4> >+ Izz,z] + [(Zma + m4) I+ 134 -

12 (m3 + 2my)
2

mal?

— [cos (g4 + g5) — cosgs],

/1 1
dy3 = (Zmz +m3 +m4> >+ IzZZ} + [(Zm3 +m4> >+ 134 -

2

l
12 (m3 + 2m4) cos g4 + |:m4z + I4zz] + mal? [cos (g4 + g5) — cosgs],

12 myl?
cosqs4 + m4z+14zz - cosqs+

(/1 1
dzs = (Zm3 + In4> I+ 1321] - 512 [(m3 + 2my) cosq4] +

m4z + lyzr | — 5 [l cos%] + Em4l [cos (g4 + g5) — cosgs],

2 1
dzs = [m4z + 144 + 5"1412 [cos (g4 + g5) — cosgs],

dy1 =0,
12
dgp = 3 [(m3 + 2my) cos (g3 + ga) —macos (g3 + g4+ q5)] —
12
) [(m3 + 2m4) cos g4 + m4 cosqs — m4 o8 (q4 + g5)] +
(1 2 1.7 2 1 lrs
—m3+mg |17+ gy |+ | ma— 4 sy | —ma— [l COS%],
L\ 4 ] L 4 ] 2
12
dyz = ) [(m3 + 2m4) cos g4 + m4 cosqs — mgcos (g4 + g5)] +
/1 1.7 7 1 m
<Zm3 +m4> I’ + I3, |+ m4z + Ly, | — 74 [lz cosqs] s

1 T 2
dyy = |:<Zm3 + m4> >+ I3, | + |:m4z + I4zzi| — my [12 COqu] ,

12 1
dss = [m4— + 144 M [12 COSQS] )

4
ds1 =0,
mal? 1my4l?
dsp = ——cos (g3 +qa+qs) + cos (g4 +gs) —
m4l2

ZZ
cosgs + |:m4z + I4zzi| ,
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2 mal? 2
ds3 = cos (g4 +gs) — c0sqs +ma + lazz,
{ 2
dss = _§m412 cosqgs + ma - + lagz,
2
dss = m4z + Iszz,

and

Ccl1 €12 €13 Cl4 CI5
€21 €2 €23 €24 €5
C(g,q)=|c31 32 ¢33 c34 C35),
C41 C42 €43 C44 €45
€51 €52 €53 Cs4 €55

et = frrie—1+
12 ) . .
2 lex_mlz_llyy + 17 (mg —m3 —my) | singacosqz | g2+
12 [(m2 + 2m3 + 2m4) sing cos (g2 + g3)1 G2,

I? [m4 sin g2 cos (g2+q3+qa+qs) — (m3 + ma) singa cos (g2 +q3+q4)1 go+

4
(@2 +q3+qa+qs)+

12 )
2 [(Im —my— — I4yy) sin(g2 +¢q3 +qa +gs)cos (g2 + g3 + g4 + 45)} X

12 . L
2 |:<12xx —M2Z—12yy+12 (m4—m3)> sin (q2+¢3) cos (g2 + 613)} (G2 +q3)+

12 [(m2 + 2m3 + 2m4) cos g2 sin (g2 + ¢3)1 (G2 + ¢3) +

12 [(m3 + 2ma4) sin (g2 + q3) c0s (q2 + g3 + qa)1 (§2 + ¢3) +
12 L

2 <13xx My 3yy> (g2+43+q4) sin (g2 + g3 + q4) cos (g2 + g3 + q4) —

12 (m3 +2m4) (42 + §3 + 4a) cos g2 sin (q2 + q3 + g4) +

12 (m3 + 2m4) (42 + 3 + Ga) cos (q2 + g3) sin (g2 + ¢3 + q4) +

2mal® (g2 + 43 + G4) sin (g2 + q3 + q4) cos (g2 + 3 + qa) +

mal® [sin (q2 + q3 + qa) cos (q2 + q3 + qa + g5)1 (G2 + ¢3 + G4)

mal? [cos (q2 + q3) sin (g2 + q3 + qa +¢5)1 (42 + G3 + Ga + §s5) +

mal? [cos (q2 + q3 +qa) sin (g2 + g3 +qa + ¢5)1 (G2 + 43 + da + §s) ,
cp=ci3=ciy=c15=0,

1? . 1 . .
c21 =— |:(I]xx —mig = 11yy> sings cos gz + Emzl2 sin (2¢2 +613):| q1—
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2

. l . )
|:m212 sing, cos gz + <12xx —mag - IZyy) sin (g2 + g3) cos (g2 + f13)i| q1—

2 . )
|:<13xx —m3g - ISyy) sin (g2 +q3 + q4) cos (g2 + g3 + cm} q1—

m3l? . . . .
- [2sin (22 + g3) + sin (g3 + q4) + sin (292 + 2g3 + q4)1 g1 —

m3l? [sin gz cos g2 + sin (g2 + ¢g3) cos (g2 + ¢3)1G1—

mal? . .
— [sin (22 + g3 + g4 + q5) — sin 2q2 + 2q3 + q4 + q5) 1 g1—

mal® . R
- [sin (2g2 + 2q3 + 294 +g5)1 g1+

mal? [sin gz cos g2 + sin (g2 + ¢3) cos (g2 + ¢3)1§1—
2 . )
[(14” —mag - I4yy> sin (g2 + g3 + g4 +gs) cos (q2 + g3 + g4 + qs)] q1—

mal® [sin (2q2 + q3) — sin 2q2 + q3 + q4) + sin 2q2 +2¢3 + g4)1 41+

mal® [sin (q2 + g3 + q4) cos (q2 + q3 + g1)1 41,
€22 = ffric-2,

1 . .
€3 = 512 [(m3 +m4)sings] ga—

1 . L
512 [(m3 + 2ma) sin (g3 + q4)] (242 + ¢3 + Ga) +
12

(my +2m3 +mg) 1> ) . ny
[sing3] (2g2 +g3) —

> > [sin (g4 + g5)] (g4 + g5) +

2

2
_ P (m3+my)
- 2

[sin (g3 + g4 +g5)]1 (242 + g3 + g4 + g5) ,

€24 [sings — (m3 +2my) sin (g3 + q4)] (22 + g3 + q4) +

2

myl” . . ) ) . .
- [sin (q3 + g4 + g5) — sin(q4 + q5)] (242 + g3 + Ga + G5) ,

mal® : . . . ) )
€5 =—— [sings +sin (g3 + g4 + g5) — sin (q4 + ¢5)1 (242 + g3 + g4 + g5) +

l2

[sings] (g3 + q4),
12
31 =— [(12xx —myg = I2yy) sin (g2 + g3) cos (g2 + qa)} q1—

2 , )
[(13” —m3g - 13yy> sin (g2 +q3 + q4) cos (g2 + g3 + cm)} q1—

2 , .
|:<I4xx —mag - I4yy> sin (g2 + q3 + g4 + gs) cos (g2 + g3 + q4 + 615)] q1—



Collection of electromechanical models 457

12 (my + 2m3 + 2my)
2
1% (m3 + 2my)
2
I [(m3 + ma4) sin (g2 + g3) cos (q2 + ¢3)1 41 —
12 (2my — m3)
2

[cosgasin (g2 + ¢3)]1g1—

[sin 22 + 2q3 + q4)1 g1+

[cos gz sin (g2 + g3 + q4)1G1—
12

> [cos g2 sin (g2 + g3 + g4 + q5)1 §1 + mal® [singa cos g2] §1—

mal® . .
— [sin 22 + 2q3 + 2q4 + g5) — sin 2q2 + 2q3 + q4 + g5)1 g1+

mal® [sin (q2 + g3 + q4) cos (q2 + g3 + qa)141,

(m3 +2myg) 7 . . .
2 = T [sin (g3 + qa) — (2 +2m3 + 2mg) 1 sings | 42—
mal? . (m3+2myg) . )
- [sin(g3 + g4 +g5)142 + — [sing4] ga—
mal® . . .
> [sin (g4 + g5)] (g4 + G5) .
€33 = frric—3,
(m3 +2mg) 1% ) . .
U= — [sing4] (g2 +2g3 + g4) —
2
myl” . ) ) . .
— [sin (g4 + q5)1 (G2 + 243 + Ga + G5) ,
12
€35 =" [sings] (g2 + Ga4) +

mal?® . . ) . .
- [sings —sin (g4 + g5)]1 (42 + 243 + g4 + g5) ,

1? . :
c41 = — |:(I3xx — m3z — I3yy> sin(q2 + g3 + g4) cos (q2 + g3 + C]4)i| q1—

2 : )
[(Im _m4Z_I4yy> sin (g2 +¢q3 + g4 +gs)cos (g2 + g3 +qa4 + qs)] q1+

(m3 + 2myg) 2

2
2

myl . .
- [(cosgz —cos (g2 +¢3)) sin (g2 + g3 + g4 + g5)1G1—

[(cosgz — cos (g2 + q3)) sin (g2 + g3 + g4)]1 g1 —

1 . .
Em412 [sin (2q2 4+ 2g3 + 2q4 + g5)1 g1+
12
my . .
- [sin (g2 + g3 + g4) cos (g2 + q3 + q4)1 41,
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(m3 +2my) 1% . (mz+2my)® ..
i — [sin (g3 + q4)1 g2 — — [sing4] (g2 + q3) +

mal® . . mal® .
— [sin (g4 + g5)1 (g4 + gq5) — - [sin (g3 + g4 + g5)1¢s,

C42

(m3 +2my) I

43 = > [sing4] (2 + ¢3) +

4 2

> [sin (g4 +g5)]1 (g2 + G3 + G4) ,

mal® . .
c44 = ffric—4 — — [sin (g4 +gq5)]1 (g2 + q3) ,
myl® ) myl® ) . ) .
Ca4s=—— [sin (g4 +g5)]1 g2 + > [sings] (2q2 + 2¢3 + 244 + g5) ,
mal? . .
c51=— I4xx_T —layy | sin(q2+g3+qa+qs) cos (q2+q3+qa+qs) | q1—
m4l2

— [(cosga — cos (g2 + g3) +cos (g2 + g3 + q4)) X

sin (g2 + q3 + g4 + g5)141,
2 2

. ) myl
[sin(g3 +q4 +g5)]1g2 + >

c50=— [sin (g4 + g5)] (g2 + ¢3)

2
1 . . . .
—§m412 [sings] (g2 + 43 + 4a) .
| . N N P
sy = 3ma [Zz sin (g4 + qs)] (G2+q3) — 5ma [12 smqs] (@2 +q3+q4),

1 ) . . .
Cs54 = —§m4 [12 smqs] (G@2+g3+4q4),

¢55 = ffric—5,
81 71
82 2
g(q)=|g3||, T=|13,
84 T4
85 75
g1 =0,
i 2 1/2
g =ci <2r12 (1 —singp) + ) (1 +singp) + 2rllcosq2> —1|x

| 2 —-1/2
_ |:<2r12 (1 —sinq2)+E(l+sinq2)+2rllcosq2) ] X

12
((5 — 2r12> cosqy — 2l sinqz> +

[\
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2 1/2
2r12(1—sinq2)+5(1+sinq2)—2rllcosq2> —1|x

2 —-1/2
|: 2rl (1 - s1nq2)+—(1+s1nq2) 2rllcosq2> :|><

l

2

( 5 2r1> cosqy + 2r;l sinq2>

N (m1 +2my +§m3 +2m4) gl [cosga] — gl cos(q2+q3+q4+qs)—
(m2_|_2m3-;2+2m4) gl cos (g2 +q3) + w cos(q2+q3+q4),

2 1/2
g3=0 |:(2r22 (1 —sing3) + ) (1 4+ sing3) + 2rpl cos q3> —1|x

[\

| 2 —-1/2
i |:(2r22 (1 —sing3) + 5(1 +sinq3)+2rzlcosq3> :| X

l2
((5 — 2r22) cos g3z — 2ol sinq3) +

2 1/2
c2 |:(2r22(1 —sing3) + 3 (1 +sing3) — 2rglcosq3> —1|x

1 12 —1/2
5 [(2@(1 —sings) + 5 { + sing3) —2r21cosq3) } X

12
((5 — 2r2> cos g3 + 2rol sinq3> —

(mo + 2m3 + 2my) gl (m3 4+ 2my) gl
£ cos (g2 +93) + ST A8

> 5 cos (g2 +q3 +q4) —

magl

cos (g2 +q3 +q4 +qs),

12 172
g4=03 |:<2r32 (1 —singy) + 7 (1 4+ singy) +2rglcosq4) —1|x

1 2 172
3 |:<2r32 (1 —singyg) + ) (1 +singq) + 2r3lcosq4) :| X

12
(( > 2r3> cos g4 — 2r3l sincI4> +

l2 1/2
C3|:<2r32(1—sinq4)+5(1+sinq4)—2r3lcosq4> —1|x
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1 12 —-1/2
5 [<2r32(1 —singy) + 5 (1 + singy) —2r3lcosq4) ] X

12
<<§ — 2r32> cosqq + 2r3l sinq4> +

(m3 4+ 2my) gl magl
fg [cos (g2 + g3 + q4)] — 2g

12 1/2
g5=c4 |:(2rf (1 —sings) + ) (1 +sings) + 2r4lc0sq5) —1|x

cos (g2 +q3 +q4 +qs),

2 ~1/2
[(2&(1 —sings) + 5 (1 +sings) +2r4lcosq5) x

1
2
12
<<E — 2r3> cosqs — 2ral sinq5> +

2 1/2
c4 (er (1 —sings) + 7 (1 +sings) — 2r4l cosq5> —1|x

1 2 —1/2

2 |:<2rf (1 —sings) + 0} (1+sings) — 2r4lcosq5) :| X
E —2r2 ) cos 2r4l si _n
) 4 q5 + 2r4l sings

12.18 Articulated robot manipulator 2

I
g cos(q2+q3+q4+qs).

Consider the robot depicted in Fig. 12.18.

qh&

N

Pa

Figure 12.18 Articulated robot.

Generalized coordinates
The generalized coordinates for this mechanical system are as follows:

q1:=¢1, qQ2:=¢2, (g3:=@3, (g4:=¢4.
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Kinetic energy

The kinetic energy T = 215: 1 T; of this system is given by the following expres-
sion:

Tm1 =Tm 0+ Tml,rot—O +m (le—c.i.—09 VO) =

Lo, 1,
Tml,rot—O = _Ilyy(pl = _Ilyyql ’

2 2
ng =Tm,0+ Tmz,roth + my (szfc.i.ny VO) = ng,() + Tmz,roth =
s {0\ |l 0 0[O
> (h +r)*of + 3 @1 0 DLy O0fler]=
0 0 0 b, 0

! l 24 by |g?
3 my (ly +12)” + Layy | 415

1 i
Tm3 = 1m0+ Tm;,rot—O + my (Vm3—c.i.—0» VO) = EmS (h+ r2)2 ¢12+

: 0 \ |l 0 0 0
3 o1+ ¢ 0 ma3(a+d)>+hyy, O ||¢1+¢]|+
0 0 0 I3, 0
. T ) .
— (@1 +@2) (r2 + d3) cos (p1 + ¢2) —@1 (I1 +r2) sing
ms3 0 0 =

— (@1 + @2) (r2 +d3) sin (@1 + ¢2) —@1 (I1 +r2) cos gy

ms3 . 1 . .

[0+ 7]+ 5 [ma 02+ a0 + Iy | G + 427 +
m3 [(r2 +d3) (I +1r2) sin (2q1 + g2)] (41 + ¢2) 41,

Tm4 =Tmy0+ Tm4,r0t—0 + my (Vm4—c.i.—09 VO) =
maqr.o I 2 . N d:)2
5 4 1+r) + (@1 +¢) (n+d)” |+

mq [¢1 (@1 + ¢@2) (1 +1r2) (r2 + d3) sin 21 + ¢2)] +

1 I4xx 0 0
EWT 0 m4d2 + Lyyy 0 W+ maa by =
0 0 mad? + Iu;

1 . . .
3 ["M (r2 + d3)? + Lagy sin® g3 + <In4df + I4yy) cos? 613] @1 +¢2)* +
[ma (1 +1r2) (r2 + d3) sin 2q1 + q2)1(41 + 42) G1—

L. my )
[mads (1 +72) c0s (2q1 +g2) cosg31 @1 +3d2) 1 + 5+ | (h+72)7 [ 41+

1 ) . . ..
3 [m4d§ + 14“] 43 — mylds (Iy +r2)sin (2q1 + q2) sings1 G143 —
my [dy (r2 + d3) sings] (1 + ¢2) g3,
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where
— (@1 + ¢2) sing3
wy=|—(¢1+¢2)cosgs3 |,
@3
— (@1 + ¢2) dasin (¢1 + @2) cos g3 + @3d4 cOs (@1 + @2) sin g3
ay= ¢3d4 o8 @3 ,

(@1 + @2) dacos (@1 + ¢2) cos 3 + @3ds sin (@1 + ¢2) sin g3

—¢1 (I1 +12)singy — (@1 + @2) (r2 + d3) cos (@1 + ¢2)
b4 == 0 )
—@1 (I1 +r2) cosg1 — (@1 + @2) (ra + d3) sin (91 + ¢2)

Tm5 = Ims,0+ Tm5,rot—0 +ms (Vm5—c.i4—0a VO) =

T [eh i+ + @1+ 2+ )|+

2
ms [@1 (91 + ¢2) (1 +12) (r2 + d3) sin 291 + @2) ]+
1 Isyy 0 0
S w !l 2 T _
2W5 0  ms(y+ds)” + Isyy 0 W5 +mgag bs =
0 0 ms (4 + ds)* + Is;:

1 2].2, 1 2 o 1 2
> ms (I +1r2) 611+2 ms (4 +ds)” + Is;; qs+2[15xx1614+

1 ) . .
3 [ms (ra4d3)* + Isyy sin® g3 + <m5 (I4+ds)* + ISyy) cos? %] @1+ ¢2)* +

ms [(l1 +r2) (r2 + d3) sin 2q1 + q2)1(q1 + ¢2) g1 —

[ms (la + ds) (I1 + r2) cos (291 + q2) cos 31 (41 + G2) G1—

Isxyx [sing3] (g1 + 2) Ga — ms (4 + ds) (I1 +r2) [sin (2q1 + q2) sing3] G143 —
ms (4 + ds) (r2 + d3) [sing3] (41 + §2) ¢3,

with

— (@1 + ¢2) sings
+¢4

— (@1 + ¢2) cos g3

@3

— (@1 + ¢2) (l4 + ds) sin (¢1 + ¢2) cos p3+

@3 (l4 + ds) cos (¢1 + ¢2) sin g3

as = @3 (I4 +ds) cos g3 .

(@1 + ¢2) (la + ds) cos (1 + ¢2) cos p3+
@3 (Ia + ds) sin (p1 + ¢2) sin g3

—@1 (L1 +12) singy — (@1 + ¢2) (r2 + d3) cos (@1 + ¢2)

bs = 0
—¢1 (I +r2) cos @y — (@1 + @2) (r2 +d3) sin (@1 + ¢2)

W5 =

’
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Potential energy
The potential energy V = Z?:l Vi, contains

Vi, = const, V,,, = const, V,,, = const,
Vin, =magdssings =mygdssings,
Vins =msg (la + ds) sing3 = msg (la + ds) sings,

so that

V =[magds + msg (14 + ds)] singz + const.

Non-potential forces
The generalized forces are given by the following formulas:

Qnan-pot,i =T — ffric—1¢i =T — ffric—léi,
7; is a twisting moment, i =1, ..., 4.

Lagrange equations
Based on the expressions for T and V, we can derive the Lagrange equations for

the system:
d 9 L 9 L=Q =1 4, L=T-V
——L—-—L= poris i=1,...,4, L=T -V,
dt 8q'i aqi non-pot,i

which can be represented in the standard matrix format

D@)G+C(q.9)qg+g(q) =T,

where
D11 (q) D12 (q) D13(q) —Isxxsings
D(q) = D71 (q) Dy (q) Dy3(q) —Isxxsings
D31 (q) D3> (q) D33 (q) 0 ’
_ISxx sin q3 _15xx sin q3 0 ISxx

D11 (q) = L1y + (ma +m3 +ma +ms) (y +712)* + Lyy+
(m3 +ma +ms) (r2 +d3)* + Iy + (Iaxx + Isyy) sin g3+
(m4df + Iayy +ms (s + ds)2 + 15yy) cos? q3+
2(m3 +ma+ms) (l1 +r2) (r2+ d3)sin(2q1 + q2) —
2(lh + r2) (mady + ms (s + ds)) cos (291 + g2) cos g3,

D1 (q) = (m3 +myg +ms) (I1 +12) (r2 +d3) sin 2q1 + q2) —
(l1 + r2) (mady +ms (ls + ds)) cos (2q1 + q2) cos g3+
m3 (ry + d3) + Ly +ma (r2 + d3)? +ms (r2 + d3)* +
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(Iaxx + Isyy) sin® gz + (nudf + Layy +ms (s +ds)* + ISyy) cos® g3,
D31 (q) = — (1 + 12) (mady + ms (I3 + ds)) sin (2q1 + g2) sing3—
(mady +ms (l4 + ds)) (r2 + d3) sings,
D12 (q) = (m3 +ma +ms) (r2 + d3)* + Izyy + (Iaxx + Isxx) sin® g3+
<m4d‘% + I4yy +ms (s + d5)2 + Isyy) cos? q3+
(m3 +mq +ms) (I} +r2) (r2 + d3) sin 2q1 + q2) —
(I1 +r2) (mads + ms (I3 + ds)) cos (2q1 + q2) cos g3,
D2 (q) =m3 (r2 + d3) + L3y +ma (r2 + d3) +ms (r2 + d3)* +
(Laxx + Isxx) sin? q3 + (m4df + lyyy +ms (s + al5)2 + I5yy> cos? q3,
D33 (q) = — [mady + ms (4 + ds)] (r2 + d3) sings,
Dy3(q) = — (I} +r2) [mads + ms (I4 + ds)] sin (2q1 + q2) singz—
[mady + ms (14 + ds)] (r2 + d3) sings,
D23 (q) = — [mady + ms (4 + ds)] (r2 + d3) sings,
D33 (q) = mady + laze +ms (la + ds)* + Iz,
and
Cin(q.q9) Cia(g.q) Ci13(q,q)  —IsxxCc0sq3q3
Clg.q) = C21(q.9) ffrie—2 Cx3(q,q9)  —Is5xxc0OSq3qG3
’ C31(q,9) C32(q.9) Srriec=3 Isxxcosqs (g1 +¢q2)|’
—Isyx €08 q3G3 —Isxx COS G343 0 Srric—a
with

C11(q,9) = frric—1+
2(m3 + myg +ms) (I1 +r2) (r2 + d3) cos 2q1 + q2) (41 + ¢2) +
2(ly + r2) [mads + ms (l4 + ds)] sin (2q1 + q2) cos q3 (41 + g2) +
2(ly +r2) [mads + ms (I4 + ds)] cos (2q1 + q2) sing3 g3,
C21(q,q) = (m3 +mg+ms) (I1 +r2) (r2 +d3) g1 cos (2q1 + q2) +
(I1 + r2) (mady + ms (l4 + ds)) g1 sin (2q1 + q2) cos g3,
C31(q,q) = — (li+r2) (mads+ms (I4+ds)) cos (2q1+q2) sin g3 (3G1+2q2) —

<I4xx —madi — Layy + Isyx — ms (g + ds)* — ISyy) singz cos g3 (41+2q2) ,

Ci2(q,q) = (m3 +mg +ms) (I1 +1r2) (r2 +d3) cos 2q1 + q2) g2+
(I1 + 1r2) [mads + ms (I3 + ds)1 g2 sin (2q1 + q2) cos g3,

Cx(q,9)=— (I4xx — madf — layy + Isxx —ms (I + ds)* — [5yy) X

sings cos g3 (¢2 + 241) ,
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C13(g.4) =2 (Laux + Isx — mad?) [sings cos sl @1 +2)

2 (I4yy + msd} + 15yy) [sing3 cosg3] (g1 + g2) —

(I1 4 r2) [mady + ms (I4 + ds)] sin (2q1 + g2) cos g3G3—
(r2 + d3) [mady + ms (I3 + ds)] g3 cos g3,

Cxy(g,q)=2 (I4xx + Isyy — m4d4% - I4yy - dez% - ISyy) X

singz cosq3 (q1 + q2) — (r2 +d3) (mads + ms (l4 + ds)) 43 cos g3,

0 71

(@)= 0 o
8D = —magdscosgs —msg (la+ ds) cos g 73
0 T4

12.19 Maker 110

Consider the robot Maker 110 represented in Fig. 12.19.

W

Figure 12.19 “Robot-Maker 110.”

Generalized coordinates
The generalized coordinates are

q1:=¢1, q2:=X, g3:=¢@2.

Kinetic energy
The kinetic energy T = Z?:l T,n; consists of

1 o1 .2
Tm1 =Tm,0+ Tml,rot—O +m (le—c.i.—Oy VO) = Ellyy(pl = Ehny] s

ng = 1m0+ Tmz,rot—O + my (le—c.i.—09 VO) = Tmz,rot—O =
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O\ [ 0 0 0
5 o 0 m2d22+12yy 0 1| =
0 0 0 mad3 + ;|| \ 0

1 )
5 (’"2‘122 + ]2yy) at

Tm3 =Tm;,0+ Tm3 rot—0 + m3 (Vm3 —c.i.—0, v0 m3 rot—0 =
T
1 0 I3y 0
3 o1 0 m3l§ + I3yy
0 0 0 m3l + I3,

1 )
5 [m3l§ + I3yy] at.

Tm4 = Tm4,0 + Tm4,rat—0 + my (Vm4—c.i‘—0: VO) = Tm4,r0t—0 =

L0\ a3+ Lax 0 0 /o0
A4 0 mal3 +Lyy 0 [ |e1]=
0 0 0 In.| \ O

1 )
3 [m4l§ + I4yy] qlz,
Tm5 = Ims,0+ Tm5,rot—0 + ms (Vm5—c.ii—0a VO) = Tms,O + Tm5,rot—0 =

—Xsing] — @1x cosp; — @1l sing

1
—ms 0 +
2 . .. .
—Xcos@1 + @1xsing]; — @1lr cos ¢
L (O |fse 0 0 [0
E @1 0 ISyy 0 + o1 | =
0 0 0 Is; 0

1 . 1 . ..
5 [ms <l§ + q%) + ISyy] 41 + 5msd3 +mslaqign,
Tm(, = Tmg,0+ Tm(,,rotfo + mg (Vmgfc.ifOs VO) =

1 —xsing; — @1 (x +ds) cosp; — @1l sing
5’"6 0 +
—Xcosg| + @1 (x +ds) sing; — @112 cos gy

. T .
1 [ Pr8m¢2 Toxx 0 0 @1 8in @)
B —¢1Co8 @) 0 11166162 + Ioyy 0 —g@rcosgy | +
%) 0 0 med? + I @
me . | 1 .
meag b = — [13 + (g2 + ds)z] i + Em()q% + 3 [msdg + 16yy] a3+

1 . )
7 [I6xx sin® g3 + (m6d62 + I6yy) cos® 3 + me (g2 + ds) dg cos C]3] qi+

melaq142 — [mede sings] gag3 — [medglz sings] 4143,
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where

—@1dg cos @1 cos @2 + ¢adg sin @ sin @y
ag = —@2ds cOs @2 ,
$1de sin g1 cos 2 + @2de cos @1 sin g

—xsing| — @ (x +ds)cos g — @1lrsing
bs = 0
—X cos@y + @1 (x +ds) sing; — @112 cos @

Potential energy
The potential energy V = 21'5:1 Vin; contains
Vin, = const, V,,, =const, V,,, =const, V,,, =const, Vs = const,

Ving = megde singy = megde sings,
which gives
V =megde singz + const.

Non-potential forces
The non-potential forces are

Qnan—pot,l =1 — ffric—l¢1 =T — ffric—lq.L
71 is a twisting moment,

Qnon-pot,Z =F - ffric—Z).C = - ffric—2q'2,
F> is a force of horizontal motion,

Qnan-pot,3 =13 — ffric—3¢3 =713 — ffric—3q.3y
73 is a twisting moment.

Lagrange equations
Based on the obtained formulas for T and V, we are able to get the Lagrange

equations
4o, 9, 0 i =1,2,3, L=T -V
—_—— _—— = _ i s 1 = y Ly D, = _ N
dt aq.i 8%’ non-pot i

which can be rewritten in the following standard matrix format, representing the dy-
namic model of the considered system:

D(@)§+C(q,9)q+g(q) =T,
where

D11 (q) [ms +melly —medgls sing;
D (g)=| [ms+mglh [ms + mg] —megdgsings |,
—megdegly sings —megdg sings m6d62 + Igyy
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Dy, (Q) = Ilyy +m2d22 + IZyy +m31% + I3yy+
mall + gy +ms (13 403) + Isyy +me (13 + (@2 +d5)”) +

me (g2 + ds) dg cos q3 + Iexx sin? q3 + (m6d62 + If)yy) cos2 q3,

Ci(q,q) medscosqgsqi 0
C(q,.9)=|C2(q,9) Sfrrie=2 —mede COS 4343 |
C31(g.9) 0 frric—3

Ci(q,9) = frric—1 +2(mg (g2 + ds) +msq2) g2+

2 (I6xx — medg — Iﬁyy) g3 sing3 cos g3 — me (g2 + ds) deq3 sings,
) ) 1 )
C21(q,q) = —[msq2 +mg (g2 + ds)]1 g1 — [Eméds COSCB} q1,

C31(q,9)=— [(I6xx — medg — I6yy) sings COSCI3] g1+
[me (g2 + ds) de singz] g1,

0 T1
g(g)= 0 ,T=|F).
megde cos g3 73

12.20 Manipulator on a horizontal platform

Consider the following manipulator located on a horizontal platform, which is repre-
sented in Fig. 12.20.

Figure 12.20 Manipulator on a horizontal platform.

Generalized coordinates
The generalized coordinates for this mechanical system are as follows:

q1:=Xx, q2:=Yy, {g3:=¢1, (q4:=¢2.

Kinetic energy
The kinetic energy T = Z?Zl T,; of this system is given by the following expres-
sions:
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Tm1 =T1m,0+ Tml,rotfo + m (lefc.i.foa VO) =
1 . . 1 ) .
Tn0= Eml <x2 +y2) = Eml <q12 +q%>,

1 . .
ng =Tm,0+ Tmz,rot—O +my (sz—c.i.—09 VO) = EmZ <x2 + y2> +

L (0 T I 0 0 0
3 o1 0 madl + by 0 o1+
0 0 0 mad? + .|| \ 0
—@1dy singy x
0 vyl =

—@1d> cOs @1 0
1 ) ) . . ..
3 [mz (6]12 + 6]22) + (m2d22 + IZyy) 43 — 2mods Slnc]36116]3] ,

Tm3 = 1m0+ Tm3,r0t70 + my (Vm3fc.i.707 VO) =

1 . . ) .. .
§m3 [x2 + y2 + (p%l% —2x¢1lp 51n<p1] +

0 \ |5 0 0 0
—|o1+¢ 0 m3di+ By 0 o +@3 |+
0 0 0 m3d; + Iz, 0
.. ) T L
— (@1 + @2) d3 sin (@1 + ¢2) X — @1l singy
m3 0 y =
— (@1 + @2) d3 cos (@1 + ¢2) -1l cos ¢y

1 24520 1252 oL .. Fr . .2
3 m3(qi +q5 +15q5 — 2l sing3q1q3 ) + (m3d3 + I3yy ) (g3 +q4)7 |+

m3 [d3 sin (g3 + q4) (¢3 + G4) g1 + d3l2 cos q4 (§3 + 4a) g3] .

Potential energy
The potential energy V = Z?:l V; contains

Vi, = const,

Vin, =mag (da singy + const) = mogd, (sing3 + const),

Vins =m3g (—dsz sin (@1 + ¢2) + > sin gy + const) =
m3g (—d3zsin (g3 + qa) + > singz + const) ,

which gives
V =mpgd> singz — m3g (d3 sin (g3 + q4) — I sing3) + const.

Non-potential forces
The non-potential forces are given by

Onon-por1 = F1 = ffric—1X = F1 = ffric—141,
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F is a force of horizontal motion,

Qnun-pat,2 = - ffric—Z)} =F - ffric—Zq'Z,
F> is a force of transversal motion,

Onon-pot,3 =13 — [fric—391 =13 — ffric-143,
73 is a twisting moment,

Qnon-pat,4 =T — ffric—4¢2 =T — ffric—4q4y
74 is a twisting moment.

Lagrange equations
Using the obtained expressions for 7 and V, we are able to derive the Lagrange
equations

d 9 L 9 L=Q =1 4, L=T -V
——L—-—L= poti-1=1,..,4, L=T =V,
dt aq.i aCIi non-pot,i

which leads to the following dynamic model:

D(@)g+C(q.9)qg+g(q) =T,

where
D11 (g) 0 D13 (q) m3dzsin(q3 + q4)
D(q) = 0 [m1 4+ my + ms] 0 0
q D31 (q) 0 D33 (q) D34 (q) ’
m3ds3 sin (q3 + q4) 0 Dy3(q)  m3d3 + Iy,

Dy (g) =[mi +mp +m3],

D31 (q) = (madz + m3lz) sings + m3ds sin (g3 + q4) ,

Di3(q) = — (madz + m3ly) sings + m3d3 sin (g3 + q4)

D33 (q) = mad3 + bLyy + m3l3 + mads + Byy + 2m3dsly cos g4,
Dy3 (q) = +m3d3 + I3y + m3dsly cos qa,

D34 (q) = +m3d3 + Iy + m3dslp cos ga,

and
Srrie—1 0 Ci13(q.9) Cii(q,9)
. 0 ffric‘72 0 0
C ) == 3 )
@a=] o 0 frriess  Cu(@,d)
0 0 m3dsly singaqs  frric—4

C13(q,q) = — (mada + m3ly) cos q3g3+
m3ds cos (g3 + q4) (43 + 244) ,

Ci14(q,q) = m3dz cos (q3 + q4) (44 + 243) ,

C24(q,q) = —m3dslysings (243 + qa) ,



Collection of electromechanical models 471

0 F
0 F

g(q) = _ _ s T= :
magdy cosq3 —m3g (dz cos (q3 + q4) — 12 cosq3) 73
—m3gd3cos (g3 + q4) T4

12.21 Two-arm planar manipulator

Consider the two-arm planar manipulator represented in Fig. 12.21.

Figure 12.21 Two-arms planar manipulator.

Generalized coordinates
The generalized coordinates are

q1: =1, q2:=9¢2, 43 =93, q4:=¢4, g5:=¢s.

Kinetic energy
The kinetic energy T = Ziﬁ:l T,; consists of

Tml = m1,0+ Tml,rot—O"f'ml (le—c,i_—O»VO) =
1, 1,
Tml,rotfo = Ellyyfpl = Ellyyql’

ng =Tm,,0+ Tmz,rot—O + my (le—c.i.—O» VO) =

I R
Tmz,rotfo = 512)’y‘p1 = 5 12yyq7,

2
2
1 12 )
Tm3 = Tm;,0 + Tm3,r0t—0 +m3 (Vmg—c.i.—O» VO) = §m3 E o1+
. 0\ | 0 0 0
5 @1+ ¢ 0 m3di+ By 0 o1+ |+

0 0 0 m3ds + Iz, 0
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1)
. . . T s Yl s
— (@1 + ¢2) dz sin (@1 + ¢2) $17 sing)

— (¢ p2) d %)
(1 + ¢2) d3cos (@1 + ¢2) #1% cose
m3l% oo 1 2 . .2 m3 . N
T2t 5 [madd + Ly | G+ 3202 = S ladscosga] (61 + 42

Tm4 = Tmy,0+ Tm4,rat—0 + my (Vm4—c.i‘—01 VO) =

) ) . L b 2

. — (@1 + @) l3sin (@1 + ¢2) + g1 singy
—m 0 +
2 o b

— (@1 + @2) I3 cos (g1 + ¢2) +§015008(p1
1 14xx 0 0

0 0 m4d4%+14zz
"4 1202 4 Lonat2 G+ 60+ L [mad? + Lagy | (6 + 62 + 637> —

g 241 T ymalz (a1 q2) 5 |madi + layy (g1 +q2+g3)

ms .. P
- [l2l3 cosg2] (g1 + g2) g1 — m4 [l3dscos q3] (g1 + g2 + g3) (g1 + ¢2) +

my . . ..
- [l2dscos (g2 +g3)]1 (g1 + g2 + ¢3) 41,

where
0 (@1 + @2 + @3) dy sin (@1 + @2 + @3)
wi=| (o1 +¢2+@3) |, as= 0 )
0 (@1 + @2+ ¢3) dacos (91 + 2 + ¢3)

. . . L b

— (@1 + @) l3sin (g1 +¢2) + @1 5 siney

by = 0 ,
. . s

— (@1 + @) I3 c08 (91 + ¢2) + @1 5 Cos @i

1 (b,
Tm5 = Ims,0+ Tm5,rot—0 + ms (Vms—c.i.—Oa VO) = —ms 5 o1t

2
1 0 i Isyx 0 0 0
3 @1+ ¢4 0 msd?+ Isyy 0 P1+¢4 |+
0 0 0 msd? + Is; 0

. b
_((Pl +§04) d5 sin ((p4 —(pl) —<p1§sm¢)1
ms 0 0 —
(@1 + @4) ds cos (o4 — ¢1)

. Db
— — COS
?1 B @1
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msl3 ., [msds + Isy, ]
g 7l 2
Tm6 = Timg,0 + Tmé,rot—O + my (Vm6—c.i.—07 VO) =

. . ms . . .
@1+ 4a)* — ~ [bdscosqal (§1 +da) 4n,

. ) . LD 2
— (@1 + ¢4) I5sin (@4 — @1) — @1 7 Singi
e 0 +
2 !
. . .2
(@1 + @4) Iscos (@4 — @1) — @1 7 Cos¢n
1 I4xx 0 0
Ewg— 0 mﬁdg + Igyy 0 We + m6ag—b6 =
0 0 med? + I

llz-zllz--zldzl Y
g6 2611+2m65(611+Q4) +2 medg + Igyy | (1 + g4 + g5)

me .. P
> [l2l5 cosga] (g1 + q4) g1 — me [Isde cos 5] (g1 + ga + g5) (g1 + g4) +

1 ..
M [l2de cos (g4 + g5)]1 (g1 + g4 + ¢5) 41,

with
0 (@1 + @4+ ¢5) do sin (@4 + @5 — @1)
we=| (01 +@4+¢s) |, ag = 0 ,
0 — (@1 + ¢4 + ¢5) dg cos (94 + @5 — @1)

. . b .
— (@1 + @) Issin (g4 — @)) — g1 sing;
bg = 0
. . D
(@1 + @a)lscos(pa — @1) — @1 5 cosgi

Potential energy
The potential energy V is calculated as

6
V=3 V.
i=1

Vi, = const, V,,, =const, V,,, = const,
Vi, = const, V,,; = const, V,,, = const,
which gives
V = const.
Non-potential forces
The non-potential forces are

Qnan-pot,i =T — ffric—igoi =T — ffric—iq.iv
7; is a twisting moment, i =1, ..., 5.
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Lagrange equations
Based on the obtained expressions for 7 and V, we are able to derive the Lagrange
equations

d 0 il .
Ea_qlL B 8_q1L = Qnaﬂ-pol,iv 1= 17 "'757 L=T- V’

which lead to the following dynamic model:

D(@)§+Cq,.9)q+g(q) =r,

where
D1 (q) Di2(q) D13 (q) D4 (q) Di5(q)
D21 (q) Dxn(q) D3 (q) 0 0
D(g)=|D31(q) D3 (q) m4df + Iy 0 0 ,
Dy (q) 0 0 D44 (q) Dys (q)
Ds1 (q) 0 0 Dss(q) med2 + Igyy

D11 (q) = Liyy + Ly + % (m3 +ma +ms +me) 13+
m3d3 + Ly +mal3 — 2mylzdy cos gz — (m3ds + malz) 2 cos ga+
malydy cos (q2 + q3) + madi + Luyy +msd2 + Isyy + mel2—
2melsde cos qs — (msds + mels) [ cos g4 + melade cos (qa + q5) +
m6d62 + Isyy,

Dr1(q) = —% (m3d3 +mal3) 1> cos gy + %m4lzd4 cos (g2 +43) +

m3ds + Lyy +maly — 2malzdy cosqs + madj + Luyy.

1
D31 (g) = 5M412d4 cos (q2 + q3) — malzdy cos g3 + mady + Luyy,

1 1

D4y () = ) (msds + megls) I cosqq + Em612d6 cos (g4 +gs) +

”’15d52 + Isyy + mﬁlg — 2melsde cos gs + m6d62 + Isyy,

1

Ds1(q) = §m612d6 cos (g4 + gs) + medg + loyy — melsde cos gs,
Dy (g) = m3d32 + I3y, + m4l§ — 2m4l3dy cos g3—

(m3ds +myl3) 1 mylady

f Cos g2 +
D2 (q) = m3d32 + I3yy + m4l§ — 2myl3dy cos gz + m4df + Iayy,

cos (g2 + q3) + madj + Luyy,

D32 (q) = —mal3ds cos g3 + mady + layy,
1
Di3(q) = §m4lzd4 cos (q2 + q3) + madi + Iuyy — malzds cos g3,

D23 (q) = madj + Layy — malzdscosgs,
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D14 (q) = m5d52 + Isyy + m6l§ — 2mels5de cos g5 —
(msds + mels) [

2
Dus (q) = m5d52 + Isyy + m6152 — 2melsde cos gs + m6d62 + Igyy,

dg 2
cos (g4 + qs) + medg + lgyy,

Ds4 (q) = med; + Igyy — melsds cos gs.
1
D15 (q) = 5melads cos (g4 + gs5) + medg + Ioyy — melsde cos gs,

Dys (q) = medZ + Ioyy — melsds cos gs,

and

frriee1 Ci2(g,9) Ciz(g.q) Cia(g.q) Cis(q,q)

Cu(q,9)  frriee2  C23(q,9) 0
Cq.9)=|C314,9) Cx(q.9) ffric-3 0

Ciu(q,9) 0 0 frric—4  Cas(q,q)
Cs1(q,9) 0 0 Cs4(q.9)  frric—s

) (m3d3z +mal3)ly _ . . myl
Co (q,Q):_f[SIHQZ]C]l‘F 2

) . . . mylydy . .
C31 (g, q) = —mylzdssings (g1 + q2) + [sin (g2 + g3)]1 41,
(msds + mgls) I

2

) . . melds
Cy1(g,9)=— [sings] g1 +

de . )
[sin (g4 + g5)]1 41,

) . ) ) mgl
Cs1(q, q) = —mglsdg sings (g1 + q4) +

.. (m3dz+malz)lr | ) ;
Ci2(g,q)= I e— (241 +q2) —

mylordy

sin (g2 +¢3) 2¢1 + g2 +q3) ,

C3(q,q) = —mylzdssings (§1 + ¢2) ,
C13(q,q) = mylzdysings 21 +2¢2 + q3) —
m4lz 4
—— [sin(q2 + ¢3)1 241 + g2 + ¢3) ,
Cx (q, q) = myl3dssings 21 + 22 + ¢3) ,
(msds + mgls) I

Cu(g,9) = — 5 [singdl 241+ 44) —

m612 6
——— [sin (g4 + g5)1 241 + G4 + G5) ,

Css (q, q) = —mglsdg sings (§1 + q4) ,
C15(q, q) = [melsds sings] (241 + 244 + g5) —

mﬁlz 6
——— [sin (g4 + g5)] 241 + G4 + g5) ,

0
0

dy . .
[sin (g2 + g3)]1 41,

[sin (g4 + g5)]141,

bl
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C45(q,q) = melsde sings (241 + 244 +gs)

g(q)= , T=

S OO OO
R

12.22 Manipulator with three degrees of freedom

Consider the manipulator with three degrees of freedom represented in Fig. 12.22.

Figure 12.22 Manipulator with three degrees of freedom.

Generalized coordinates
The generalized coordinates are selected as

q1 ' =2, 42 ‘= ¢, 3 '=X.

Kinetic energy
The kinetic energy 7' = Zi2=l T, for this system is as follows:

2
Tml =Tm,,0+ Tml,rot—O +my (sz—C.i.—01 VO) = Tml,O + Tml,rot—O = Emlz

o\ [n, 0 0] o

) N i .
+§ ® 0 Ilyy 0 Q1| = E I:mlq]z+11yyq22:|’
0 0 0 Ii..| \O

2z

T;nz = Lmy,rot—0 + my (sz—C.i.—Oa VO) = Tmz,O + Tmz,rut—O =

1 1., . .
Sm2 [x2 +22 4+ <a2 + (b +x)2) ¢2] +
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L(O [ O 0] [0
¢ 0 h, O0|l¢]|=
0 0 0 &L.|\O

2
mpr. . .
> [q32 +4% + <a2 + b+ q3)2) q%] )

Potential energy
The potential energy V = 21'2:1 Vpn; contains

Vi, =mi1gz=mi18q1, Vin, =magz=msgqi,
which gives
V =(m; +m2)gq.

Non-potential forces
The non-potential forces are

Qnon—pmf,l =F - ffric—l)" =F - f]‘ric—lél»
F is a force of vertical motion,

Onon-pot,2 =72 — ffric—20 =12 — ffric—2492,
T is a twisting moment,

Qnan—pot,3 =F— ffric—3).€ =F;— ffric—3q'3,
F3 is a force of horizontal motion.

Lagrange equations
The obtained expressions for 7 and V allow us to derive the following Lagrange

equations:

49 aL_Q i =1,2,3, L=T—-V
rarys - N = = '71_ b b K = - b
drdg;  9qi rompont

which leads to the following dynamic model:

D@)g+C(q.9)q+gq) =T,

where
[m1 4+ m3] 0 0
D(q) = 0 [, +m2(@®+ (B +4g3)%)] 0,
0 0 nmy
ffricfl 0 0
Cg,9)= 0 Sfrrie—2 +2[m2 (b +g3)143 0 ,

0 —ma[b+q3]q2 ffrie—3
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[m1 +malg F
8(q) = 0 ,T=|T
0 F

12.23 CD motor with load

Consider now a CD motor with load, as depicted in Fig. 12.23.

i R L
o o o 222%
()
u
o
T
+—
-Uo
v

o

Figure 12.23 CD motor with load.

Here:

i is the armor current,

u is the terminal voltage,

L is the armature inductance,

Ao is the counter-electric force constant,
R is the armor resistance,

u is the switch position control,

w is the angular velocity,

77 is the load torque,

J is the motor and load inertia, and

k is the torque constant.

Generalized coordinates
The generalized coordinates are

9 =9, 92=9,

so that

i ::(,?1 :q.’ a)::(,}z:(i)_ (128)
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Kinetic and potential energies and non-potential forces
Using Table 6.1 we obtain

1 . ‘ '
Tl = ELindq127 Vl = O, Ql,’wn-pot =u — qu _ qu’

1

I, = 5-’5}227 Vo =0, Q2,n0n—p0t =kq1 — 1.

Lagrange equations
In this case the Lagrange equations

d 9 a

———L——L=0; pot, L =1,2,
di 81]1 qu Qt,nun pot> 1

2 2
L=T-V, T:ZT,-, V=ZV,-
i=1 i=1

are as follows:

9 L= 0 Ti = Linaq 9 L=0
841 = aql 1 = Lijndq1, 31]1 =Y,
9 L 9 T Jq 9 L=0
—L=—-mD=J¢, —L=0,
g2 992 9g2

and, as a result,

Linag1 =u — Rq1 — Aqa,
Jgr =kq1 — 1,

or using (12.8), we finally obtain
d . .
Lipng—i=u— Ri — \w,
dt

JECL):kl.—T[.

12.24 Models of power converters with switching-mode

power supply

Four non-isolated switching-mode (SM) DC-to-DC converter topologies are known:
buck, boost, buck-boost, and Cuk. Here we will consider only the first two. The input
is on the left side, and the output with load is on the right side. The switch is typically

a MOSFET, IGBT, or BJT transistor.

The buck (step-down, Fig. 12.24) or boost (step-up, Fig. 12.25) converter is a type
of DC-to-DC converter that has an output voltage magnitude that is either greater than
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or less than the input voltage magnitude. It is equivalent to a “flyback converter” using
a single inductor instead of a transformer.

Two different topologies are called buck or boost converter. Both of them can pro-
duce a range of output voltages, ranging from much larger (in absolute magnitude)
than the input voltage, down to almost zero.

12.24.1 Buck type DC-DC converter

The buck type DC-DC converter has a counter-circuit, as shown in Fig. 12.24, where:

Ve C) c R

Figure 12.24 Buck type DC-DC converter.

iz, is the coil current,

vg is the capacitor voltage,

L is the converter inductance,
V, is the voltage source,

R is the load, and

u is the switch position control.

Generalized coordinates
The following coordinates are defined:

q1=iL, ¢q2=vo.

Kinetic and potential energies and non-potential forces
Using Table 6.1, the kinetic and potential energies are defined as

Lg} qi
T = —, V; = —,
=7 e
C4?
TZZ%, V2=07

T=Ti1+T,, V=Vi+V,
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and

Ql,non-pot = Vgua
d. ¢
QZ,non—pot = EQ] - E,
where u takes the values
v = 1, switch in position 1,
0, switch in position 2.
Lagrange equations
Lagrange’s equations are given by

doT-Vv)y o9(T-V)_

dt  9qi 9g;
d aT n av 0 19 (12.9)
—_— — = ; _ . | — y Lo
dt Bq'i 86]1' i,non-pot

The following dynamic equations are derived from (12.9):

d
LEQI +q2= Vgua
.. d. ¢
Cir=—q — —,
q2 del R

or equivalently,

d .
LEZL = —vgo + Veu,

Integrating the second equation we obtain
L 4, +V,
—ip =—V u,
dt L 0 g
Vo

Cvy=ip — —,
0=1L— 5

if the relationship

vo (0)
R

Coo (0) =i (0) —

is taken into account.
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12.24.2 Boost type DC-DC converter

A boost type DC-DC converter is shown in Fig. 12.25, where again:

2 Vo

Ve

Figure 12.25 Boost type DC-DC converter.

iz, 1s the coil current,

vg is the capacitor voltage,

L is the converter inductance,
V, is the voltage source,

R is the load, and

u is the switch position control.

Generalized coordinates
Analogously, define the generalized coordinates as

g1=iL, q2=vo.

Kinetic and potential energies and non-potential forces
Using Table 6.1, the kinetic and potential energies are defined as

Lg} ai
T1:—19 1 _]1
2 2C
C'2 2
T2:ﬁ’ V2:q_2141
2 2L

T=T1+T,, V=Vi+V,,
and

Ql,nan-pol = —qau + Vg,

d. ¢
Q2,n0n—pot = EQI - E

)
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where u takes the values

"y 1, switch in position 1,
10, switch in position 2.

Lagrange equations
Lagrange’s equations are given by

daT-V) aT-V)

dt  9qi 9gi
d oT n av 0 19
—_— — = ; _ . | — y Lo
dt aql 86]1' i,non-pot

The following dynamic equations are derived from the relations above:
L 2, ( Y2 +V,
Zoi=—(l—u ,
2 92
Integration of the second equation gives

d .
L—gi=—1—u)gy+V,,

dt

d . ) q2
C—qy=q) — - =,

dth q1 —qiu R

or equivalently,

d
L—ip=—({0—u)vy+V,,

dt
d
Covo=(1—wis— q—Rz.

12.25 Induction motor

A model of an induction motor can be represented by the circuit shown in Fig. 12.26,
where:

iy 1s the current in the stator,

i, is the rotor current,

R; is the stator resistance,

R, is the rotor resistance,

L, is the inductance in the stator,
L1, is the rotor inductance,

L,, is the mutual inductance,

pAg is the magnetic flux in the stator,
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Rs Lis Lir Ry

is ir
°—’va YY)
A A A A
"
Vs p}ﬁ' p},m Lm p}»r ](Uj.r

o

Figure 12.26 Model of an induction motor.

e pl, is the magnetic flux in the rotor,
e v is the voltage applied to the stator, and
e jwA, is the induced voltage in the rotor.

Generalized coordinates
Expressing the coordinates in terms of the currents that appear in the figure we have

q1=1is, q2=Ir.

Kinetic energy
Using the relation (see Chapter 6)
& =1Li,

we are able to derive the kinetic energies in stator, rotor, and mutual induction, which
are

Ligi2

Ty = 2s = )

_ L]rirz

r — 2 )
o Ln (im+ir>2_

2

Potential energy
Here (in the no capacity case)

V=0.

Non-potential forces
Moreover

Qs,non-pat = —vs +is (Ry + jowLig) + (is +iy) joLy,,
Qr,nan—pot =—v +i (R + joLy) + (is + i) joLy.
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Lagrange equations
Applying the Lagrange formula

d oT oT

d1dg  oqi

i,non-pot, 1 = 1,2,

to the two branches, as shown in the circuit of Fig. 12.26, the following equations are
obtained:

. . . L s di d (i +is)
ls(Rs+JwL1x)+(ls+lr)JwLm=Us_led_ts_Lm%,
. . C di d (ir + i)
Ir (Rr+]a)L1r)+(ls+lr)]wLm:Ur_Llr—d; _Lmidt =

Defining the vectors

. I v
i=("),.v=("),
i vy

we can rewrite the previous relations in the vector format

d (i 1 1
Z (%)= —Ai+ —Byv,
dt \Ir L _» L >

o o

where
A: —Ly (Ry +ijm +jWLs)+ijr2n _ijer+Lm (Ry +jCULm +ijr)
—jwLgLm + LR (Rs + joLm + joLs)  joLgLm — Ls(Ry + joLm + joLy) )’
B= —Liy L
Lg —Ls)’
Here
LR = Lm + Llrv
Ls=Ly + Ly,

Lyo=Ly,Ly—L2.

Flow equations are represented by

d .
Ep)\s = vy — Ry,

d :
Ep)nr =V, — Ryi,.
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